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Abstract. Properties of traffic noise and flow are often measured on
complex networks and are used to diagnose the network’s functional state
and underlying structure, even though the precise structure–function in-
terdependences are often unknown. Here we attempt to unravel some
basic interdependences between structure and traffic on networks in nu-
merically controlled traffic models. We simulate constant-density traffic
on two different network topologies, which emerge from the same pref-
erential rewiring rules but one within growth and the other under static
conditions. We determine universal noise properties and the maximal-
flow spanning trees on these classes of network topologies. We study
both low-density traffic (structure dependences) and high-density traf-
fic, where queuing influences transport properties.

1 Introduction

Dependences of network topology and optimal network functioning are gaining
increased attention in network research lately [1, 2, 3]. While networks driving
e.g. biological processes have adapted and optimized their structures through
evolutionary mechanisms, whose details are largely unknown [4], artificial net-
works, on the other hand, often suffer from all kinds of dis-functional problems
and weaknesses. Both theoretical and practical aspects of the structure–function
interdependences are of interest.

In real networks, measurements of dynamic variables, such as flow through
individual links, fluctuations of noise at individual nodes, round-trip times of
information packets, high-throughput measurements etc., are often used to diag-
nose the network’s functional state and structure. The idea is that the temporal
fluctuations of the local node and link activities in an intricate way reflect the
underlying network structure and potential dynamic correlations. The nature
of these interdependences, however, is often hidden in the non-linearity of the
dynamics and in most cases not known. In the absence of precise theoretical
grounds, often largely simplified formal procedures are applied for these pur-
poses, often severely missing crucial aspects of the studied systems. It is therefore
of great importance to identify the essential elements of the structure—function
interdependences in complex networks in a systematic manner. One approach is
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to use numerical models of network dynamics in which a controlled variation of
both structural parameters and the dynamic rules can be done systematically
and inter-correlations can be detected and quantified. Moreover, robustness can
be checked against varied dynamic conditions.

Here we apply an approach of this kind to study information transport on
networks within a numerical model with driving, search, and queuing which we
introduced in Refs. [5, 6, 7]. We use two classes of networks which are grown from
the same preferential rewiring rules and same control parameters, but with differ-
ent conditions that are known as evolving and static networks. By implementing
the traffic rules on these networks, we show how they perform the informa-
tion transport within the same dynamical conditions of a stationary traffic flow.
Within the model we measure the travel times of packets, flow at all links on
the network and temporal fluctuations of all node activities. In the low-density
limit of our dynamics when packet density ρ → 1, representing the infinitely
slow driving (or sequential packet dynamics), these measures incorporate most
of the network structural effects on the transport. In the high density limit we
measure waiting times of packets at individual nodes and global noise correla-
tions, which give quantitative estimates of the queuing effects on networks. In
the low-density limit we present quantitative results for the flow intensity along
network links, which defines the maximum-flow spanning tree of the network,
as well as noise correlations and queue distributions, when the packet density
is kept high. We show how the observed properties of traffic are related to the
structural characteristics of both types of networks.

2 Structures and Traffic Rules

2.1 Network Structures

We consider two types of networks grown from preferential attachment [8] and
rewiring rules [9], in which we apply different constraints known as evolving and
static conditions. (i) In the evolving case, the network is grown by sequentially
added nodes from i = 1, 2, · · ·N , with the preferential attachment and prefer-
ential rewiring rules according to the time dependent probabilities pin and pout.
They are applied in the subset of pre-existing nodes at each growth step i. The
linking probabilities depend on the current number of incoming qin and outgoing
qout links at a node [9]

pin(k, i) =
α + qin(k, i)/M

(1 + α)i
pout(n, i) =

α + qout(n, i)/M
(1 + α)i

. (1)

These rules lead to power-law distributions of both incoming and outgoing links
[9], a large clustering coefficient and link correlations [10], a structure which is
statistically very similar to the actual WWW. This is why this network is called
Web graph (WG). An example of the emergent structure is shown in the left
column of Fig. 1. (ii) For the static graph we apply the same rules as in Eq. (1),
however, the links are added sequentially for the fixed number of nodes i = N .



1018 B. Tadić and S. Thurner

Fig. 1. Top row: Core of the cyclic scale-free Web graph (WG), left, and preferential
static network (SN), right. Bottom: Maximum-flow spanning trees of the above graphs,
obtained in constant-density traffic ρ = 1, with nnn-search.

Multiple linking between the same pair of nodes is not allowed. The emergent
structure of the static network (SN) where L = N = 1000 links is also shown in
Fig. 1 (right).

A detailed quantitative analysis of the structure reveals that both incoming
and outgoing links behave statistically the same and obey a stretched-exponential
distribution. In addition, the clustering in this graph is small compared to the
Web graph and link correlations are entirely absent. In Fig. 2 we show the degree
distributions for the two graphs.

2.2 Implementation of Constant-Density Traffic

The traffic of information packets on a network is implemented as a guided
random walk between specified pairs of nodes on the graph [5, 7, 10]—the origin
and destination (delivery address) of a packet. The created packets are navigated
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Fig. 2. Degree distribution for incoming and outgoing links in the Web graph (WG)
with its power-law tails [9], the static net (SN) exhibiting broad stretched-exponentials,
and the random graph (RN), for N = L = 103 nodes and links

through the graph using the local nnn-search rule [5, 10], where two depth levels
around each node (sometimes called information horizon 2) are searched for the
packet destination address. The rule is supplemented by random diffusion when
the search is unsuccessful. The packets are removed when they arrive at their
destinations. Here we implement the traffic for a fixed number of moving packets.
We start with a given number ρ of packets. The arrived and removed packets are
replaced in the next time step by creating the same number of new packets at
randomly chosen nodes. In the limit ρ = 1, this corresponds to the sequential
random walk problem. At density ρ > 1 packets interact by forming queues at
nodes along their paths. We assume finite maximum queue lengths of H = 1000,
and a LIFO (last-in-first-out) queuing rule. The length of an actual queue at
node i we denote by hi(t). Networks are given by their adjacency matrix. When
the graphs are disconnected, as it is the case with both WG and SN, we consider
the transport only within their giant clusters.

3 Low-Density Traffic: Limit ρ = 1

The limit of infinitely slow driving ρ → 1 is easily realized: as one packet arrives
at its destination, another one is created somewhere else in the network. There-
fore, packet interaction is absent and the properties of traffic entirely depend on
network topology.
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By running a large number of packets we record the number of walks along
each link (dynamic flow) and through each node (dynamic noise) in the network.
Obviously, the inequality of nodes with respect to their local network environ-
ment makes the flow and noise fluctuate throughout the network and makes it
differ among different network structures. One approach toward a quantitative
analysis of these fluctuations is to construct a maximum-flow spanning tree, on
which each node is connected to the rest of network nodes via its maximum-flow
link. Implementing a greedy algorithm, we determine the trees respective to the
flow at ρ = 1 limit on the two networks. The trees are shown in Fig. 1 (bottom).

The structure of these trees reflects both the underlying network geometry
and how that geometry effects transport with given navigation rules–local nnn-
search. In the case of the WG the tree exhibits a scale-free topology, suggesting
a certain degree of compatibility of the traffic and structure. Similarly, for the
SN the tree shows some inhomogeneity that resembles the one on the underlying
graph.
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Fig. 3. Distance distributions on the maximum-flow spanning trees for the WG and
the SN for ρ = 1, and nnn-traffic

The max-flow spanning trees represent the union of maximum-flow paths on
the underlying network structure. In Fig. 3 we show distributions of lengths of all
such paths on the two trees that are shown in Fig. 1. Once again, differences in
the graph topologies and thus in their maximum traffic trees manifest themselves
in the statistics of the maximum-flow paths. The average distance along such
paths on the WG and SN differs by a factor of about 5, the maximum distance
by about a factor of 3.

4 Noise Properties for High-Density Traffic

For large packet density ρ >> 1 motion of a packet may be affected by other
packets moving through the same node. Queues of packets then occur and a
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priority rule sets the order of processing (LIFO as a particular case). Apart
from the traffic density, the node surrounding on the network determines the
length of the queue at that node. In particular, on inhomogeneous networks,
hubs appear to receive more packets compared to other nodes, due to their
large connectivity. Since in the algorithm one packet is processed per time step,
other packets remain in the queue to be processed later (when no new packet is
received). The distribution of queue lengths is therefore reflecting the network
structure in a particular way. A snapshot of queue-lengths h, for traffic density
ρ = 100 in the two network structures WG and SN leads to the distributions
shown in Fig. 4.
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Fig. 4. Distributions of queue-lengths in the WG and the SN for a density ρ = 100

In the homogeneous SN most of the nodes are processing a similar numbers
of packets, which leads to a flat distribution of queues and a cut-off indicating
that queues larger than h = 40 are occurring rarely. On the other hand, a large
queue of h = 80 − 90, packets can be found on the hubs on the inhomogeneous
WG with high probability. On the rest of the nodes the queues are distributed
with a power-law distribution, apart from very small queues at periphery nodes.
The queuing times of packets extend their travel times, thus reducing the overall
traffic efficiency [7]. Note, that in the current implementation, with a constant
number of moving packets, jamming can not occur as long as the traffic density
ρ < H , where H is the maximum allowed queue length. However, the travel
times of packets can be very long (given by a power-law distribution) [5].

The observed queue lengths are compatible with the the temporal properties
of node activity on the two networks, shown in Fig. 5. While queues at im-
portant nodes in the inhomogeneous WG are long, the number of nodes that
are simultaneously active is small, fluctuating about an average value n ≈ 8.
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Fig. 5. Temporal fluctuations of the number of active nodes in WG and SN (lower
panel) and their power spectra (top panel) for a density of ρ = 100 packets and with
nnn-search

Compared to the more homogeneous SN for the same traffic density, on average
n ≈ 80 nodes are processing a packet simultaneously, leading to short queues at
all nodes. Further quantitative analysis of the time series reveals the differences
in the packet processing of the two classes on networks. In particular, long-range
correlations (anti-persistence) in the number of active nodes develops on both
networks. However, in the conditions of constant packet density the fluctuations
on the SN appear to be more correlated compared to the WG. The power spec-
trum exhibiting a power-law behavior S(f) ∼ f−φ for f above some threshold
value, are given in Fig. 5 (top panel), with φ = 1.1 for SN and φ = 1.4 for the
WG. Therefore, an increased traffic density leads to stronger correlations among
node activity on the more homogeneous SN. Differences are also observed in the
noise fluctuation properties on these networks, which will be reported elsewhere.

5 Conclusions

We have implemented a constant-density information-packet traffic on two
classes of network topologies: correlated, strongly clustered scale-free WG and
a more homogeneous, weakly clustered uncorrelated SN. We have shown that
for different driving conditions and the nnn-search strategy the WG tends to
form large queues at its hub nodes, whereas, the more homogeneous SN dis-
tributes traffic over a large number of nodes, whose activity appears to be
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strongly correlated in time. Therefore despite of generally larger distances as
illustrated e.g. with the maximum-flow spanning tree, the homogeneous network
performs well at high traffic density.
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5. Tadić, B., Thurner, S.: Information Super-Diffusion on Structured Networks. Phys-
ica A 332 (2004) 566-584; cond-mat/0307670
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10. Tadić, B.: Modeling Traffic of Information Packets on Graphs with Complex Topol-
ogy. Proceedings ICCS 2003, P. Sloot et al. Eds., Lecture Notes in Computer Sci-
ence, Springer (Berlin) Part I, 2657 (2003) 136-142

11. Bollobás, B.: Modern Graph Theory. Springer (New York) 1998


	Introduction
	Structures and Traffic Rules
	Network Structures
	Implementation of Constant-Density Traffic

	Low-Density Traffic: Limit $\rho =1$
	Noise Properties for High-Density Traffic
	Conclusions


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice




