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Abstract. Based on dynamic fourth order partial differential equations, we present an iterative finite difference algorithm. With C++ language and OpenGL
graphics library, we implement the finite difference algorithm into a user interface and develop shape control parameters, density, damping coefficient,
boundary tangents and external forces into user handles for dynamic manipulation of surface deformations. Using the developed user interface, we investigate
how these user handles influence the deformation of dynamic surfaces.
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1 Introduction
Deformation of surfaces can be purely geometric or based on some physical laws.
Purely geometric deformation tools change surface shapes mainly by tweaking control points of surfaces represented by Bézier, B-spline or NURBS [1].
In order to follow underlying laws of surface deformations, physics based surface
deformation methods were introduced. Depending on whether dynamic effects and
time variable are considered, these methods can be classified into static and dynamic.
Static deformation methods of surfaces only consider static material properties.
Based on the concepts of elasticity, Kang and Kak presented a finite element analysis
method at two resolutions: a coarse resolution for calculations of gross deformations,
and a finer resolution for a better and smoother delineation of surface layers [2]. Léon
and his co-workers presented an approach for parametric deformations of free-form
surfaces which uses a bar network to represent the control polyhedron of a surface
and changes the surface shape by deforming the bar network [3, 4].
Dynamic deformation approaches consider the effects of density and damping on
deformations and motion and are time dependent. In general, these approaches are
based on the equation of motion and solved by some numerical methods such as the
finite element method and finite difference method. Terzopoulos and his co-workers
proposed a deformable model derived from the theory of elasticity [5, 6] and further
incorporated viscoelasticity, plasticity and fracture [7]. Later on, Metaxas and Terzopoulos gave a technique developed from parametrically defined solid primitives,
global geometric deformations and local physics-based deformations and used it to
build and animate constrained, nonrigid, unibody or multibody objects [8]. Celniker
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and Gossard solved the deformable model based on the minimization of an energy
functional subjected to user controlled geometric constraints and loads [9]. Güdükbay
and Özgüç described a system for the animation of deformable models [10]. Deriving
the control equations of motion from Lagrangian mechanics, Guan et al. introduced a
deformable curve and surface modeling module and applied it in construction of Nsided patches, surface smooth joining, curve and surface fairing and so on [11]. Terzopoulos and Qin described an interactive modeling system called dynamic NURBS
which incorporates mass distributions, internal deformation energies and other physical quantities into the popular NURBS geometric substrate and demonstrated the
flexibility of their models in a variety of applications [12]. Qin and Terzopoulos also
presented a dynamic NURBS swung surface model which can be formulated constructively from two NURBS profile curves or by applying a nonlinear constraint to a
dynamic NURBS surface [13].
Partial differential equation (PDE) based modeling was firstly proposed by Bloor
and Wilson [14] and applied in surface generation[15], surface blending[16], shape
parameterization of a two-stroke engine [17] and fluid membranes and vesicles[18],
and aerodynamic design of a flying wing [19] etc. In recent years, this modeling
method has become more and more active. For example, Ugail and Wilson discussed
shape parameterization for automatic design optimization based a PDE formulation
[20]. Ugail also used the spine of a PDE surface to parameterize the shape of a complicated object [21]. You and Zhang proposed some new resolution methods and
applied them in surface blending [22, 23]. Du and Qin combined PDE with the equation of motion and developed a novel modeling approach using popular numerical
methods [24, 25].
In this paper, we will present an iterative finite difference algorithm to dynamic
fourth order partial differential equations, implement it into a user interface, and investigate how different user handles affect dynamic deformations of surfaces.

2 Dynamic PDEs
Considering the influences of density and damping on deformations and motion, dynamic surfaces can be described with the solution to the following dynamic fourth order
partial differential equations together with the corresponding boundary conditions
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where u and v are parametric variables, t is a time variable, x1 , x 2 and x 3 are
position functions, bi , c i and d i are shape control parameters, ρ is the density, η is
the damping coefficient, f1 (u , v, t ) , f 2 (u , v, t ) and f 3 (u , v, t ) are force components
acting in the directions x1 , x 2 and x 3 , respectively.
Surface patches can be defined by four boundary curves and the boundary tangents
of the surfaces at these boundary curves. Therefore, the boundary conditions used for
solving the above dynamic partial difference equations are
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= bi1 (v, t )
= bi 3 (v, t )
= bi 5 (u , t )

(2)

= bi 7 (u , t )

where bi 0 (v, t ) , bi 2 (v, t ) , bi 4 (u , t ) and bi 6 (u , t ) are boundary curves, and bi1 (v, t ) ,
bi 3 (v, t ) , bi 5 (u , t ) and bi 7 (u , t ) are boundary tangents.

3 Iterative Finite Difference Algorithm
Partial differential equations (1) subjected to boundary conditions (2) are difficult to
solve. For most cases, closed form analytical solutions do not exist. In order to address
this problem, in this section, we introduce an iterative finite difference algorithm. Using
the mesh indicated in Fig. 1 and the central difference approximation, the difference
equations of different orders of partial derivatives of the position functions x i with
respect to the parametric variables u and v in Eqs. (1) and (2) can be written as
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where Δt is a time increment, h is the interval between two adjacent nodes, the subscript 0 on the left-hand side of the equations represents the typical node 0, the first
subscript i on the right-hand side of the equations indicates the ith component of the
position functions x i , and the second subscript stands for the index of nodes.
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Fig. 1. Typical node of finite difference approximation

Similarly, the first and second partial derivatives of the position functions x i with
respect to the time variable t are transformed into
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Substituting Eqs. (3) and (4) into (1), formulating the finite difference equations for
all nodes excluding those on the boundaries, and removing xit0− Δt by means of the
relation between the velocity and the displacement
Vit0 =

x it0 − x it0− Δt
Δt

(i = 1, 2, 3)

(5)

we obtain the following linear algebra equations
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Substituting Eq. (3) into (2), the boundary conditions are changed into the finite
difference equations below
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where the subscript 0 stands for the typical node on the boundaries.
Solving Eqs. (6) and (7) for each time instant, the values of the position functions
x i at all nodes are determined and the deformed surface is defined by the new positions of these nodes. This process is repeated until the whole time period is completed.

4 Influences of User Handles
The above finite difference algorithm has been implemented into a user interface, and
shape control parameters, density, damping coefficient, force functions and boundary

a
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Fig. 2. Influences of shape control parameters
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tangents are developed into user handles. In the following, we investigate how these
user handles influence shapes of dynamic surfaces.
The basic data of user handles are taken to be: shape control parameters bi = d i = 1
and c i = 2 (i = 1, 2, 3) , density ρ = 0.1 , damping coefficient η = 1 , force functions f1 =
f 2 = 0 and f 3 = 800 , and all the boundary tangents are set to zero. The obtained surface was given in Fig. 2a.
Firstly, we use different shape control parameters and see how the surface shape
varies. Setting bi = 10 only leads to the shape in Fig. 2b, changing c i to -1.5 causes
that in Fig. 2c, and taking d i = −0.001 generates the surface in Fig. 2d. It can be concluded that a big value of shape control parameters bi decreases the deformation,
minus values of c i and d i raise the size of the deformation, but reduce the deformation region. Between them, the impact of d i is more obvious.
Next, the effects of boundary tangents on deformations are discussed. Taking different values of boundary tangents, the images in Fig. 3 were generated where Fig. 3a is
from bi1 (v, t ) = 3 , Fig. 3b is from bi 3 (v, t ) = 10 , Fig. 3c is from bi1 (v, t ) = bi 3 (v, t )
= bi 5 (u , t ) = 3 , and Fig. 3d is from bi1 (v, t ) = bi5 (u , t ) = −3 and bi 3 (v, t ) = bi 7 (u , t ) = 3 .
Clearly, these different combinations of boundary tangents create quite different appearances of the surface.
Finally, how force functions, density and damping coefficient affect the surface
shape were shown in Fig. 4. Keeping all the data same as those in Fig. 2a and only
changing the sign of the force, a reverse deformation is produced as depicted in Fig. 4i.
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Fig. 3. Influences of boundary tangents
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Fig. 4. Influences of force functions, density and damping

Increasing the damping coefficient from 1 to 20, the deformation of the surface becomes more difficult resulting in a much smaller deformation in Fig. 4j. Raising the
density of the surface can also decrease the deformation of the surface. Compared the
image in Fig. 2a where the density is 0.1, the deformation in Fig. 4k is noticeably
reduced due to a rising of the density from 0.1 to 1.

5 Conclusions
In this paper, we have presented an iterative finite difference approximation for
dynamic deformations of surfaces which is based on dynamic fourth order partial
differential equations. We also implemented the finite difference algorithm into a user
interface using C++ and OpenGL graphics library.
With the developed user interface, we examined the influences of user handles on
surface deformations. These user handles include shape control parameters, density,
damping coefficient, force functions and boundary tangents. They are found to be
very effective in shape manipulation of dynamic surface deformations.
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