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Abstract. New finite difference schemes with flexible local approxima-
tion are applied to screened electrostatic interactions of spherical col-
loidal particles governed by the Poisson-Boltzmann equation. Local an-
alytical approximations of the solution are incorporated directly into
the scheme and yield high approximation accuracy even on simple and
relatively coarse Cartesian grids. Several parallel iterative solution tech-
niques have been tested with an emphasis on suitable parallel precondi-
tioning for the nonsymmetric system matrix. In particular, flexible GM-
RES preconditioned with the distributed Schur Complement exhibits
good solution time and scales well when the number of particles, grid
nodes or processors increases.

1 Introduction

The study described in this paper has three key ingredients: (1) A new class
of finite difference (FD) schemes; (2) Efficient parallel solvers; (3) Applications
to the Poisson-Boltzmann equation (PBE) for electrostatics in solvents. These
three components are intertwined: the new schemes are particularly suitable for
electrostatic fields of dielectric particles (for other applications, see [1, 2]), and
their practical use is facilitated greatly by suitable parallel solvers.

Under the mean field theory approximation, the electrostatic potential of mul-
tiple charged particles in a solvent is governed by the Poisson-Boltzmann equa-
tion (Sect. 2). Several routes are available for the numerical simulation. First, if
particle sizes are neglected and the PBE is linearized, the solution is simply the
sum of the Yukawa potentials of all particles. If the characteristic length of the
exponential field decay (the Debye length) is small, the electrostatic interactions
are effectively short-range and therefore relatively inexpensive to compute. For
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weak ionic screening (long Debye lengths) Ewald-type methods [3] or the Fast
Multipole Method [4] can be used. However, our goal is to develop algorithms
that would be applicable to finite-size particles and extendable to nonlinear
problems. Ewald-type methods and FMM are not effective in such cases.

An alternative approach is the Finite Element Method (FEM) and the Gener-
alized Finite Element Method (GFEM) [5]. FEM requires very complex meshing
and re-meshing even for a modest number of moving particles and quickly be-
comes impractical when the number of particle grows. In addition, re-meshing
is known to introduce a spurious numerical component in force calculation (e.g.,
[6]). GFEM relaxes the restrictions of geometric conformity in FEM and allows
suitable non-polynomial approximating functions to be included in the approx-
imating set. This has been extensively discussed in the literature [7], including
our own publications [8, 5, 9]. Unfortunately, GFEM has a substantial overhead
due to numerical quadratures and a higher number of degrees of freedom in
generalized finite elements around the particles.

A two-grid approach from computational fluid mechanics has been adapted
to colloidal simulation: a spherical mesh around each particle and a common
Cartesian background grid [10, 11]. The potential has to be interpolated back
and forth between the local mesh of each particle and the common Cartesian
grid; the numerical loss of accuracy in this process is unavoidable. In contrast,
the Flexible Local Approximation MEthod (FLAME) (Sect. 2, [1, 2]) has only
one global Cartesian grid but incorporates local approximations of the potential
near each particle into the difference scheme. The Cartesian grid can remain
relatively coarse – on the order of the particle radius or even coarser. This is in
stark contrast with classical FD schemes, where the grid size has to be much
smaller than the particle radius to avoid the spurious ‘staircase’ effects.

2 Formulation of the Problem

The electrostatic field of charged colloidal particles (‘macroions’) in the solvent
is screened by the surrounding microions of opposite charge. If microion cor-
relations are ignored (a good approximation for monovalent ions under normal
conditions), the electrostatic potential is known to be governed by the PBE

εs∇2u = −
∑

α

nαqα exp
(

− qαu

kBT

)
, (1)

where summation is over all species of ions present in the solvent, nα is volume
concentration of species α in the bulk, qα is the charge of species α; εs is the
(absolute) dielectric permittivity of the solvent; kB is the Boltzmann constant,
and T is the absolute temperature. The right hand side of (1) reflects the Boltz-
mann redistribution of microions in the mean field with potential u. Note that
inside the colloidal particles the potential simply satisfies the Laplace equation.

If the electrostatic energy qαu is smaller than thermal energy kBT , PBE can
be approximately linearized to yield (after taking electroneutrality into account)
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∇2u − κ2u = 0, with κ = (εskBT )−
1
2

(
∑

α

nαq2
α

) 1
2

. (2)

(This value of the Debye-Hückel parameter κ corresponds to linearization about
u = 0.)1 Typically, the sources of the electrostatic field are surface charges
on the colloidal particles. Standard boundary conditions apply on the particle-
solvent interface: the potential is continuous, while the normal component of the
displacement vector D = −ε∇u has a jump equal to the surface charge density.
The Dirichlet condition at infinity is zero (in practice, the domain boundary is
taken sufficiently far away from the particles). Alternative boundary conditions
(e.g. periodic) are possible but will not be considered here.

The remainder of the paper deals only with the linearized equation and with
the relevant FD schemes and parallel solvers for it. However, the numerical pro-
cedure can be extended to the nonlinear PBE by applying the Newton-Raphson-
Kantorovich method to the continuous problem [1, 2].

Flexible Local Approximation MEthods (FLAME). The accuracy of clas-
sical Taylor-based FD schemes deteriorates substantially if the solution is not
smooth enough (e.g. at material interfaces where one or more components of
the field are discontinuous). In FLAME schemes [1, 2], the Taylor expansions of
classical FD are replaced with local basis functions that in many important cases
provide very accurate and physically meaningful approximation. In the ‘Trefftz’
version of FLAME, these basis functions are chosen as local solutions of the
underlying differential equation. Various examples ranging from the Schrödinger
equation to PBE to electromagnetic scattering are given in [1, 2].

Let rα (α = 1, 2, . . . , M) be the node positions of an M -point grid stencil;
usually a regular Cartesian grid is used. Further, let ψβ (β = 1, 2, . . . , m) be a
set of local approximating functions which (in Trefftz-FLAME) satisfy the un-
derlying differential equation; the number m of these functions is typically equal
to M − 1. First, let the underlying linear differential equation be homogeneous
(no sources) in the vicinity of the stencil. Then the FLAME scheme is a coeffi-
cient vector s ∈ RM such that s ∈ Null(NT ), where matrix N comprises the
nodal values of all basis functions on the stencil: Nαβ = ψβ(rα), 1 ≤ α ≤ M ,
1 ≤ β ≤ m. As shown in [2], consistency of FLAME schemes follows directly
from the approximation properties of the basis set.

For the electrostatic problem governed by the linearized PBE (2), a FLAME
scheme on a global Cartesian grid is obtained in the following way. First, one
chooses a suitable grid stencil (standard seven-point grid stencils are used in the
numerical experiments reported in Sect. 4; higher-order schemes on expanded
stencils will be considered elsewhere. In the vicinity of a given particle, Trefftz-
FLAME basis functions – local solutions of the electrostatic problem – can be
generated by matching harmonic expansions inside and outside the particle:

ψnm(r, θ, φ) =
{

rnYnm(θ, φ), r ≤ rp

(anmjn(iκr) + bnmnn(iκr))Ynm(θ, φ), r ≥ rp
, (3)

1 For a systematic account of “optimal” linearization procedures, see [12, 13].
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where Ynm are the spherical harmonics, rp is the radius of the particle, and
the coefficients anm, bnm can be determined from the boundary conditions. The
spherical Bessel functions jn(iκr) and nn(iκr) in (3) are expressible in terms of
hyperbolic sines / cosines and hence relatively easy to work with. The actual
expressions for the coefficients anm, bnm are given in [1]. For the seven-point
stencil, one gets a valid FLAME scheme by adopting six basis functions: one
‘monopole’ term (n = 0), three dipole terms (n = 1) and any two quadrupole
harmonics (n = 2). Away from the particles, the classical seven-point scheme
for the Helmholtz equation is used for simplicity. For inhomogeneous equations,
the FLAME scheme is constructed by splitting the potential up into a particular
solution u

(i)
f of the inhomogeneous equation and the remainder u

(i)
0 satisfying the

homogeneous one [1, 2]. For the linearized PBE, the inhomogeneous part can be
taken as the Yukawa potential that satisfies the PBE in the solvent, the Laplace
equation (in a trivial way) inside the particle, and the boundary conditions:

uY ukawa =
{

q [4πεsrp(κrp + 1)]−1
, r ≤ rp

q exp(−κ(r − rp)) [4πεsr(κrp + 1)]−1
, r ≥ rp

. (4)

To summarize, the FLAME scheme in the vicinity of charged particles is con-
structed in the following way: (i) compute the FLAME coefficients for the ho-
mogeneous equation; for each grid stencil, this gives the nonzero entries of the
corresponding row of the global system matrix; (ii) apply the scheme to the
Yukawa potential to get the entry in the right hand side.

3 Parallel Solution Methods

Realistic multiparticle simulations require three-dimensional grids with millions
of grid points, which renders direct solvers infeasible. Iterative methods provide
a suitable alternative. FLAME matrices have a regular sparsity structure (7-
diagonal if the standard 7-point stencil is used) but are not symmetric and
not in general diagonally dominant. This increases the importance of parallel
preconditioning in making the iterative solution scalable with respect to problem
size and the number of processors.

In parallel iterative methods, each processor holds a set of equation and the
associated unknowns. The resulting distributed sparse linear system may be
solved using techniques similar to those of Domain Decomposition [14]. Three
types of variables are distinguished: (1) Interior variables coupled only with local
variables; (2) Inter-domain interface variables coupled with external as well as
the local ones; and (3) External interface variables that belong to neighboring
processors. These external interface variables must be first received from neigh-
boring processor(s) before a distributed matrix-vector product can be completed.
Each local vector of unknowns xi (i = 1, . . . , p) is also split into two parts: the
sub-vector ui of interior variables followed by the sub-vector yi of inter-domain
interface variables. The right-hand side bi is conformally split into sub-vectors fi

and gi. The local matrix Ai residing in processor i is block-partitioned according
to this splitting. The equations assigned to processor i can be written as follows:
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(
Bi Fi

Ei Ci

) (
ui

yi

)
+

(
0∑

j∈Ni
Eijyj

)
=

(
fi

gi

)
. (5)

The term Eijyj is the contribution to the local equations from the neighboring
sub-domain number j, and Ni is the set of sub-domains that are neighbors to
sub-domain i.

Additive Schwarz and Schur Complement Preconditioning. Additive
Schwarz (AS) procedures are the simplest parallel preconditioners available.
They are easily parallelized and incur communications only in the exchange
of interface variables, which may be the same as communications during a dis-
tributed matrix vector product and must precede the update of the local residual
vector. This vector is used as the right-hand side for the local system to find the
local update. There are several options for solving the local system: a (sparse)
direct solver, a standard preconditioned Krylov solver, or a forward-backward
solution associated with an accurate ILU preconditioner [14, 15].

Schur complement (SC) methods iterate on the inter-domain interface un-
knowns only, implicitly using interior unknowns as intermediate variables. SC
systems are derived by eliminating the variables ui from (5):

Siyi +
∑

j∈Ni

Eijyj = gi − EiB
−1
i fi ≡ g′i, (6)

where Si is the “local” SC, Si = Ci−EiB
−1
i Fi. Equations (6) for all sub-domains

i (i = 1, . . . , p) constitute a global system of equations Sy = g′ involving only
the inter-domain interface unknown vectors yi. Once the global SC system is
(approximately) solved, each processor computes the u-part of the solution vector
by solving the system Biui = fi − Eiyi obtained by substitution from (5) [16].

4 Numerical Results

We have used parallel iterative methods as implemented in the pARMS package
[17, 18]. The pARMS package contains several state-of-the-art algebraic parallel
preconditioning techniques, such as several distributed SC algorithms. For the
subdomain solution, pARMS has a wide range of options including the Algebraic
Recursive Multilevel Solver (ARMS) [19]. The following is a subset of pARMS
preconditioners used here for the numerical experiments: add ilu(k) denotes an
AS procedure described in Sect. 3. The local system is solved approximately by
applying incomplete LU factorization with level k fill-in (called ILU(k)) as solver.
add arms is similar to add ilu(k) but ARMS is used as an approximate solver
for local systems. sch ilu(k) consists of solving the (global) SC system, associ-
ated with the inter-domain interface variables, with a few iterations of GMRES
preconditioned by Block-Jacobi, in which ILU(k) is used locally on inter-domain
interface variables. sch arms is the same as sch ilu(k) but ARMS acts as local
solver for the Block-Jacobi preconditioner. In the pARMS package, typical input
parameters, such as the maximum number of iterations, convergence tolerance,
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Fig. 1. Iterations for add arms and
sch arms and various κ values
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Fig. 2. Timings for add arms and
sch arms

and the restart value (for GMRES), are augmented with the parameters that
fine-tune the preconditioners. To estimate these parameters, consider that the
FLAME matrices for PBE are non-symmetric and the weight of the main di-
agonal, defined as the weak diagonal dominance, depends on the Debye-Hückel
parameter κ in (2). For example, for the 60 × 60 × 60 grid the relative weak
diagonal dominance is 99% when κ = 10 but decreases by 10% when κ = 1. We
have investigated the preconditioners described earlier with a different amount
of fill governed by the input parameter lfil. It means either the level of fill,
for the (local) ILU(k) preconditioner or the number of entries to be retained in
the L and U factors of ARMS. or the latter, the drop tolerance has been defined
as 10−3. The problems have been solved using flexible GMRES (FGMRES) [15]
with the restart value 20 and tolerance 10−9. Flexible GMRES allows precon-
ditioners containing inner iterations and thus changing for each outer iteration.
In particular, the sch arms preconditioner is set to perform five inner iterations,
which is a rather small number taken to accelerate the convergence without
large increases of the execution time. The experiments have been performed on
the IBM SP RS/6000 supercomputer at NERSC, which has 6,080 processors on
16-way SMP nodes interconnected by the IBM proprietary switching network.
Each processor has the peak performance of 1.5 GFlops and shares between 16
and 64 GBytes of main memory.

For a 3D 12-particle problem with 40 grid nodes in each direction, Fig. 1
shows outer iterations to convergence for add arms and sch arms when different
κ values are used and lfil=25. Although the iteration numbers grow as κ
decreases for both add arms and sch arms, the latter exhibits a more scalable
behavior as the number of processors increases. Since sch arms performs inner
iterations and solves the global system at each step, it is somewhat more costly
than add arms (Fig. 2) for a small number of processors. To study the effect
of the amount of fill, we have varied the lfil parameter for the same twelve-
particle problem. Figures 3 and 4 indicate that, even for small κ, decreasing fill-in
yields acceptable convergence and may reduce the execution time. Thus for large
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Fig. 3. Iteration numbers of add arms
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Fig. 6. Speedup of add arms for differ-
ent fill-in amounts on a large problem
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problem sizes, it may be beneficial to very small fill-in, as in arms ilu(0), on
smaller numbers of processors. Figure 5 presents a comparison of the execution
times for a two-particle problem on an 803 grid. For AS with different amounts
of fill, the speedups are shown in (Fig. 6). Note that the speedup is defined as
the ratio of the execution time of the corresponding sequential algorithm to the
parallel execution time. Due to a rather drastic increase, by 38% on average, in
the number of iterations from sequential to parallel execution for AS (Fig. 7),
the best speedup is only 84% of the ideal (linear) case. On the other hand, the
speedups for sch arms are almost linear for a sufficient amount of fill (Fig. 8).

5 Conclusion

Several parallel iterative solvers have been applied to linear FLAME systems for
PBE, with the goal of finding the best methods and preconditioning techniques
in parallel environments for varying problem difficulty and size. It has been
observed that Schur Complement preconditioning with a small amount of fill
and a few inner iterations scales well and becomes competitive with Additive
Schwarz for large number of processors, while attaining almost linear speedup.
The number of iterations and the computational time depends only mildly on
the Debye parameter. Overall, the parallel distributed Schur Complement solver
is promising for the simulation of colloidal suspensions, as well as polymer and
protein molecules in solvents.
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