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Abstract. The principle of Minimum Relative Entropy (MRE) is applied to 
characterize a 'proportionality' relationship between the state probabilities of in-
finite and finite capacity queues at equilibrium and thus, establish an informa-
tion theoretic interpretation for the exact global balance solution of some finite 
capacity queues with or without correlated arrival processes. This result serves 
to establish the utility of the MRE inference technique and encourage its appli-
cability to the analysis of more complex, and thus more realistic, queuing sys-
tems. The principles of Maximum Entropy (ME) and MRE are then employed, 
as least-biased methods of inference, towards the analysis of a Internet link car-
rying realistic TCP traffic, that exhibit this ‘proportionality’ relationship  
between a finite and infinite buffer system, as produced by a large number of 
connections. The analytic approximations are validated against exhaustive 
simulation experiments. Despite its simplicity, the methodology captures the 
behavior of the system under study both in the cases of finite and infinite buff-
ers and finally and can easily be utilized for network management and design, 
capacity planning, and congestion control. 

1   Introduction 

Nowadays Internet traffic is carried by networks using primarily TCP as the transport 
protocol. Research efforts in the field span from direct measurements and TCP proto-
col simulations to analytical modeling towards more elaborate problems such as  
network management and design, capacity planning and congestion control. In this 
paper, we present a simple information theoretic approach to the case of both uncon-
gested and congested links. The specific topic is extensively studied with many efforts 
devoted to study characteristics of Internet traffic such as long range dependence, 
self-similarity, and multi-fractal scaling (e.g. [1], [2], [3]). In certain cases, traditional 
approaches proved inadequate to handle the complexity of the packet arrival process 
with new theoretical tools suggested in [4] for traffic engineering purposes. Packet-
level characteristics of Internet traffic is studied in  [5], [6], [7], [8] and finite size 
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TCP connections studied in [9], [10], [11]. In [12] the notion of batch arrivals is used 
for the study of link fed with a varying (large) number of finite TCP flows. The ap-
proach although close to simulation results under a set of assumptions proves some-
how elaborate and time consuming with the calculation of the batch size distribution 
and the use of iterative processes in the finite buffer cases. In a similar fashion [13] 
considers short TCP flows that never leave slow-start and uses a burst-level M/G/1 
model to evaluate the queue length distribution at the bottleneck router for the infinite 
buffer case. To our knowledge there is no simple and robust suggestion towards the 
estimation of the queue length distribution of an Internet link (with finite or infinite 
buffer) carrying realistic traffic as produced by converging TCP flows.  

Classical queuing theory provides a conventional and powerful framework for for-
mulating and solving models of discrete flow systems such computer systems, com-
munication networks and flexible manufacturing systems. However, in many cases, 
simplified assumptions are employed in order to produce tractable solutions, whilst 
approximate methods are required to analyze more complex, and thus, more realistic 
models. Since mid-60s, alternative ideas and tools have been proposed in the litera-
ture ([14], [15], [16]). 

It can be argued that one of the most fundamental requirements for the analysis of 
complex queuing systems is the provision of a convincing interpretation for a prob-
ability assignment free from arbitrary assumptions. In a more general context, this 
was the motivation behind the principles of Maximum Entropy (ME) ([17], [18]) and 
Minimum Relative Entropy (MRE) ([19], [20]). These principles provide self-
consistent methods of inference for estimating uniquely and in a least biased fashion 
an unknown but true probability distribution, based on information expressed in terms 
of known to exist prior distribution estimate and/or true mean value constraints. Over 
the recent years, these principles have been applied to characterize useful information 
theoretic approximations of performance distributions  for queuing systems and net-
works and the formation of experimental  performance bounds (e.g., [21], [22], [23]). 

In this paper, the principle of MRE is used to determine a 'proportionality' relation-
ship between the state probabilities of some infinite and finite capacity queues and 
thus, establish an information theoretic interpretation of global balance solutions for 
finite capacity queues with or without correlated arrival processes. The MRE method-
ology can be further applied to characterize exact and approximate relationships for 
more complex queuing systems for which the 'proportionality' relationship may not 
have as yet been established  via classical queuing theory. Furthermore, the MRE 
principle may lead to cost-effective closed form solutions and performance bounds for 
finite capacity queues which in turn can be used as cost-effective building blocks for 
the performance analysis of Queueing Network Models (QNMs) of discrete-flow 
systems.  An example of such application can be seen in [23]. 

The main contribution of this paper can be summarized as follows: (i) the principle 
of MRE is used to determine a 'proportionality' relationship between the state prob-
abilities of some infinite and finite capacity queues and thus, establish an information 
theoretic interpretation of global balance solutions for finite capacity queues; (ii) we 
focus on an Internet link with traffic resulting out of converging flows of TCP con-
nections and show that a ‘proportionality’ relationship exists between finite and infi-
nite capacity systems; (iii) we introduce the information theoretic concepts of ME and 
MRE, as least-biased methods of inference, towards the estimation of the queue 
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length distribution, for both finite and infinite buffer systems, based on a small set of 
system characteristics; (iv) we show the good fit of our approach.  

The principles of ME and MRE, a generalization, are described in Section 2 whilst 
Sections 3 and 4 present the analysis of infinite and finite systems based on the ME 
and MRE principles and discuss on the ‘proportionality’ relationship amongst finite 
and infinite systems. Section 5 outlines the system setting and presents the analysis of 
the infinite and finite systems based on the ME and MRE principles, respectively. 
Extensive simulation study with ns-2 proves the good fit of the approach and the 
‘proportionality’ relationship between internet links with finite and infinite capacity 
buffers. Section 6 concludes the work and suggests future directions. 

2   The Principles of ME and MRE 

Let x be the state of a system with a set D of feasible states. Let D* be the set of all 
the probability density functions (pdf) p on D such that p(x)≥0, ∀x∈D, and 

( ) 1
D

p x dx =∫  
   (1) 

  Suppose that the system under consideration is described by a true but unknown 
density function p*∈D* and that q∈D* is a prior density that is a current estimate of 
p*, such that q(x)≥0, ∀x∈D. 

 In addition, new information for the system places a number of constraints on p*, 
in the form of expectations defined on a set of k suitable functions {αi(x)}, i=1,2,…,k 
with known values {<αi>}, i=1,2,…,k  namely 

( ) ( )i iD
a x p x dx a=< >∫ , i=1,2,…,k,    (2) 

where k is less than the number of possible states. 
Since the above set of constraints (1)-(2), denoted by Ι=(p*∈Φ) do not determine 

the form of p*(x) completely, they are satisfied by a set of pdfs Φ ⊆ D*. 
The principle of MRE (e.g., [20]) states that of all pdfs that satisfy constraints I, the 

least biased one is the posterior pdf, p∈Φ  that minimizes the relative entropy func-
tion, H(p,q) in the set Φ, namely 

'
( , ) min ( ', )

p
H p q H p q

∈Φ
=  (3) 

where 

( )'( )( ', ) '( ) log ( )D

p xH p q p x dxq x= ∫ . (4) 

By applying the Lagrange’s method of undetermined multipliers the form of the 
posterior pdf is [20] 

( )0 01
( ) ( ) exp ( )

k

ii
p x q x a xβ β

=
= − −∑ , (5) 

where {β0} and {βi}, i=1,2,…,k are the Lagrangian multipliers whose values are de-
termined by the constraints (1) and (2). 
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From (1) the normalizing constant is given by 

( )0 1
exp( ) ( ) exp ( )

k

i iiD
q x a x dxβ β

=
= −∑∫ . 

(6) 

If the integral in (6) is solved analytically, closed form expressions could be de-
rived for {βi}, i=1,2,…,k  in terms of the mean values <αi>. 

In an information theoretic context (c.f.,[17]), the MΕ solution corresponds to the 
maximum disorder of system states, and thus is considered to be the least biased dis-
tribution estimate of all solutions that satisfy the system’s constraints. In sampling 
terms, Jaynes in [18] has shown that, given the imposed constraints, the ME solution 
can be experimentally realized in overwhelmingly more ways than any other distribu-
tion. Major discrepancies between the ME distribution and the experimentally ob-
served distribution indicate that important physical constraints have been overlooked. 
Similar justifications can be advanced for relative entropy minimization. 

In formal terms, the relative entropy minimization procedure may be seen as an in-
formation operator “o” that takes two arguments, a prior distribution q and a new 
constraint information I of the form (1) and (2), yielding a posterior MRE distribution 
p, i.e. p=qoI. To this end it can be shown that minimization of H(p,q) uniquely char-
acterizes distribution p, satisfying four consistency inference criteria proposed by 
Shore and Johnson in [20]. In particular, it has been shown that ME and MRE  
solutions are uniquely correct distributions and that any other functional used to im-
plement operator “o” will produce the same distribution as the entropy and relative 
entropy functionals, otherwise it will be in conflict with the consistency criteria. 

In the field of systems modeling, expected values of various performance distribu-
tions of interest, such as the number of jobs in each resource queue concerned, are 
often known, or may be explicitly derived, in terms of moments of interarrival and 
service time distributions. Note that the determination of the distributions themselves, 
via classical queuing theory, may prove an unfeasible task even for systems of queues 
with moderate complexity. However, prior estimates of distributions may be obtained 
by using properties of the system, as appropriate. Hence, it is implied that the methods 
of entropy maximization and relative entropy minimization may be applied to charac-
terize useful information theoretic approximations of performance distributions of 
queuing systems and networks. 

3   Maximum Entropy Solution of the M[X]/G/1 Queue 

The M[x]/G/1 queues denote, single server queuing systems at equilibrium with infi-
nite capacity, general (G) service times and exponential (M) batch interarrival times, 
respectively, where x is an independent random variable representing the number of 
customers within an arriving batch.  Let at any given time, n, n=0,1,…, be the number 
of packets in the system and {q(n)}be the true but unknown steady state probability of 
having n packets. Suppose all that is known about the state probabilities q(n), 
n=0,1,…, is the following set of mean value constraints: 
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( i ) Normalization 
0

( ) 1
n

q n
∞

=
=∑ , (7) 

( ii ) Probability of a busy system 
0

( ) ( ) 1 (0)
n

h n q n q
∞

=
= −∑ , (8) 

where h(n)=0, n=0, or 1, otherwise,  

( iii ) Average queue length, <n>,
0

( )
n

nq n n
∞

=
=< >∑ . (9) 

The probability distribution q(n) can be completely specified by maximizing the 
entropy functions 

0
( ( )) ( ) log( ( )

n
H q n q n q n

∞

=
= −∑  (10) 

subject to prior information expressed in the form of constraints (7)-(9). By applying 
the method of Lagrange's undetermined multipliers the ME solution is expressed as 

( )( ) (1/ ) , 0,1,...h n nq n Z g x n= = , (11) 

where Z, g, x, can be determined form the set of constraints (7)-(9). 
To this end, the Maximum Entropy solution for q(n) is given by 

( )
1 , 0,

( )   
1 , 0,n

Z n
q n

Z gx n

=⎧
= ⎨ >⎩

 (12) 

where 
1/ (0)Z q= , 1 (1 (0)) /x q n= − − < > , (1 (0))(1 ) /( (0) )g q x q x= − − ⋅  (13) 

4   Minimum Relative Entropy Solution of the M[X]/G/1/N Queue 

The M[x]/G/1/N queue denote, single server queuing systems at equilibrium with finite 
capacity, general (G) service times and exponential (M) batch interarrival times, re-
spectively, where x is an independent random variable representing the number of 
customers within an arriving batch. It is assumed that all those customers that upon 
arrival find the buffer full are turned away. At any given time, let n, n=0,1,...,N, be a 
system state representing the number of customers present in the system and {λ, Ca2} 
and {μ, Cs2} the mean rate and square coefficient of variation (SCV) of the interarri-
val and service time distributions, respectively. Suppose that ( )Np n , n=0,1,...,N, is 

the true but unknown probability distribution that there are n customers in the system 
and q(n) is a prior estimate of ( )Np n . Moreover, new information takes the form of 

the following constraints, 

( i ) The Normalization,
0

( ) 1,
N

Nn
p n

=
=∑  (14) 

(ii) The Full Buffer State Probability, ( ) ,  0 1Np N ϕ ϕ= < < , written as  

0

0,
( ) ( ) ,   ( )=

1,

N

Nn

n N
f n p n f n

n N
ϕ

=

<⎧= ⎨ =⎩
∑ , 

(15) 

and satisfying the flow balance condition 
(1 ) Uλ π μ− = , (16) 

where, π is the probability that an individual customer will be blocked upon arrival, 
and U is the utilization. 
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The form of the MRE solution ( )Np n , n=0,1,…, N can be characterized by mini-

mizing the relative entropy function, H(pN,q), subject to constraints  (i) and (ii). This 
can be achieved by applying the method of Lagrange’s undetermined  multipliers, 
leading to the MRE solution 

( )( ) (1/ ) ( ) f n
Np n Z q n y= , (17) 

where Z is the normalizing constant and y is the Lagrangian coefficient corresponding 
to constraint (ii). 

4.1   The Proportionality Relationship 

For the queuing systems under consideration the stationary distribution, ( )Np n , satis-

fies the following set of equations 
1

1
( ) (0) ( ) ( ) ( 1),0 2,

n

N N Nj
p n p n p j n j n Nα α+

=
= + − + ≤ ≤ −∑  (18) 

where ( )nα  is the probability that n messages arrive during a service period. Note 

that eqs. (18) are of the same form as those for the queue length distribution (qld) 
{ ( );0 2}p n n N∞ ≤ ≤ −  of the corresponding infinite queuing system, namely 

1

1
( ) (0) ( ) ( ) ( 1),0 2.

n

j
p n p n p j n j n Nα α+

∞ ∞ ∞=
= + − + ≤ ≤ −∑  (19) 

By dividing the system of eqs. (18) and (19) by (0)Np  and (0)p∞ , respectively, 

ratios ( )Np n / (0)Np  and ( )p n∞ / (0)p∞  become identical for 0 1n N≤ ≤ − . Thus: 

( ) ( (0) / (0)) ( ),N Np n p p p n∞ ∞=
 
0 1n N≤ ≤ − . (20) 

4.2   MRE Solution and the Proportionality Relationship 

The form of the MRE solution suggests the following proportionality relationships 
between the unknown probability distribution ( )Np n  and the prior estimate for that 

distribution, q(n), namely 
(1/ ) ( ), 0 1,

( )
(1/ ) ( ) , .N

Z q n n N
p n

Z q n y n N

≤ ≤ −⎧
= ⎨ =⎩

 (21) 

The prior distribution estimate, q(n) can be determined by the qld of the corre-
sponding infinite capacity M[x]/G/1 queues, given in Section 3. The MRE solution for 
the finite capacity systems, after some mathematical manipulations, can be clearly 
expressed by proportionality relationship (20) for 0 1n N≤ ≤ −  , whilst                                                        

( ) ( (0) / (0)) ( ) ,N Np n p p p n y∞ ∞=
 
n N= . (22) 

The remaining unknown y can be evaluated by using the set of constraints ex-
pressed by eqs. (14) and (15) and the flow balance equation (16). Thus, the MRE 
solution captures the exact solution for the finite capacity system. Moreover, the MRE 
solution is of closed form and thus it can be used as a cost effective building block 
towards the analysis of queuing networks with finite capacity. 

Two typical case studies involving the Exponential (M) and Generalized Exponen-
tial (GE) interevent-time distributions are applying expressions (14)-(16), (20) and 
(22) are presented below. 
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4.2.1   M/M/1N Queue 
For a stable M/M/1/N queue Lagrangian coefficients Z and y are determined by 

11 ,NZ ρ += −  1.y =  (23) 

Thus, the MRE solution for the M/M/1/N queue is identical to the exact state prob-
ability 

1( ) (1 ) /(1 ) , 0N N
Np n n Nρ ρ ρ+= − − ≤ ≤ . (24) 

4.2.2   GE/GE/1N Queue 
The GE type distribution is of the form 

Pr( ) 1 exp( ), 0W t t tτ σ≤ = − − ≥ , (25) 

where 22 (1 )Cτ = +  and σ τν=  and W is the random variable of the interevent 

time, while 1/ν  and C2 are the corresponding mean and SCV. 
Moreover, the qld of the infinite capacity GE/GE/1 queue is given by [22] 

1 , 0,
( ) ( )

(1 ) 1, 2,...,n

n
q n p n

gx n

ρ
ρ∞

− =⎧
= = ⎨ − =⎩

 (26) 

For a stable GE/GE/1/N queue Z and y, can be determined by using constraints 
(14)-(15) and the prior distribution of the form (26), namely 

2 11 NZ xρ −= − , ( (1 ) ) ( )y τ ρσ ρσ τσ= − + , (27) 

where 22 (1 )Caσ = +  and 22 (1 )Csτ = + . Thus, the MRE solution for the 

GE/GE/1/N queue is given by 
(1/ ) ( ), 0 1,

( )
(1/ ) ( ) , ,N

Z q n n N
p n

Z q n y n N

≤ ≤ −⎧
= ⎨ =⎩

 (28) 

and turns out identical to the exact solution for the GE/GE/1/N queue. The latter can 
be derived directly by carrying out a considerable amount of non-trivial algebraic 
manipulations to solve the system of GE-type global balance equations via the 
method of Z-transform. 

5   Internet Link Carrying Realistic TCP Traffic 

The simulation topology used in ns-2 [24] to validate the described approach is illus-
trated in Fig. 1. It assumes that there are 100 source and destination nodes connected 
via a bottleneck link of capacity 50Mbps and two-way propagation delay of 1ms. The 
capacity of the source and destination links equals that of the bottleneck link. The 
two-way propagation delays of the source and destination links are uniformly distrib-
uted in [2ms,10ms] and [10ms,200ms], respectively. The buffer at the output queue of 
S/R 1 towards the bottleneck link has a size of N packets. 

The arrival process of new connections is assumed to be Poisson. When a new con-
nection opens it chooses randomly a source and a destination node and performs a 
data transfer of S packets using the Reno flavor of TCP. The maximum packet size is 
1500 bytes and S is exponentially distributed with an average of 30 full-size packets. 
The maximum window size advertised by the receivers is 32 packets. 
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S/R 1 S/R 2LINK

Source

Destination  

Fig. 1. Internet Link topology 

5.1   ME and  MRE Solution for the Internet Link  

In this section the principles of ME and MRE and classical queuing theory are applied 
to device a computationally efficient solution for the performance analysis of Internet 
links for the cases of infinite and finite buffer systems. 

5.1.1   ME Solution for the Internet Link with Infinite Buffer  
Let at any given time, n, n=0,1,…, be the number of packets in a typical Internet 
queue as depicted in Fig. 1, {q(n)} be the true but unknown steady state probability of 
having n packets. Suppose all that is known about the state probabilities q(n), 
n=0,1,…, is the following set of mean value constraints: 

( i ) Normalization 
0

( ) 1
n

q n
∞

=
=∑ , (29) 

( ii ) Probability of a busy system 
0

( ) ( ) 1 (0)
n

h n q n q
∞

=
= −∑ , (30) 

where h(n)=0, n=0, or 1, otherwise,  

( iii ) Average queue length, <n>,
0

( )
n

nq n n
∞

=
=< >∑ . (31) 

Following the reasoning in Section 3, the ME solution for q(n) is given by 

( )
1 , 0,

( )   
1 , 0,n

Z n
q n

Z gx n

=⎧
= ⎨ >⎩

 (32) 

where 
1/ (0)Z q= , 1 (1 (0)) /x q n= − − < > , (1 (0))(1 ) /( (0) )g q x q x= − − ⋅ . (33) 

5.1.2   MRE Solution for the Internet Link with Finite Buffer  
Let at any given time n (n=0,1, …, N) be the number of packets in a typical Internet 
link queue of finite capacity N (>0), {p(n)} be the true but unknown steady state prob-
ability of having n packets and q(n) be a prior steady state probability estimate of 
p(n). Moreover new information takes the form of the following mean value  
constraints: 

(i) Normalization, 
0

( ) 1
N

n
p n

=
=∑ , (34) 

(ii) Full Buffer State Probability, {φ=p(N), 0<φ<1}, 
0

( ) ( )
N

n
f n p n ϕ

=
=∑ , (35) 

where f(n)=1, if n=N, and 0 otherwise. 
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In a manner similar to Section 3 the MRE solution for the system is expressed by  
( )( ) (1/ ) ( ) , 0,1,..., ,f np n Z q n y n N= =  (36) 

where 1/Z, and y can be determined by using the set of constraints (34) and (35), and 
q(n) a the prior estimate for the pdf. 

The prior pdf q(n) is estimated by the qld of the corresponding infinite queue. This 
type of prior is a natural choice which enables the MRE approximation pdf p(n) to 
capture the exact solution in certain cases (c.f., [23]). In the present analysis the ME 
solution for the corresponding infinite capacity queue is derived in the previous sub-
section and proposed as the prior pdf q(n). The form of the MRE solution suggests the 
proportionality relationships already discussed in Section 4 between the Infinite and 
Finite Buffer Systems for the case of Internet Links carrying TCP traffic. 

5.1   Validation  

The ‘proportionality’ relationship between infinite and finite buffer cases is exhibited 
in Fig. 2 via a set of typical numerical experiments, with system parameters as given 
in Table 1. Moreover the credibility of the proposed ME (infinite buffer case) and 
MRE (finite buffer case) solutions towards the analysis of Internet links carrying TCP 
traffic, outlined in the previous sections, is demonstrated against simulation via the 
same set of typical numerical experiments. 

Table 1. Systems Parameters for the Infinite and Finite Buffer Cases 

 Infinite Buffer System Finite Buffer System 
ρ <n> q(0) N <n> p(0) p(N) π 

0.3 1.029 0.864 50 1.047 0.861 2.3E-4 9.1E-4 
0.6 7.347 0.550 150 7.252 0.553 2.8E-5 6.1E-5 
0.8 28.368 0.268 150 25.454 0.268 1.4E-3 2.3E-3 
0.9 88.998 0.098 150 52.176 0.118 9.4E-3 1.6E-2 
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sim - ρ=0,9 (F)

 

Fig. 2. qlds for the finite (F) and infinite (I) buffer cases obtained from simulation for ρ=0.3, 
0.6, 0.8, 0.9 
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Fig. 3. qlds for the infinite buffer case obtained from simulation and the ME for ρ=0.3, 0.6,  
0.8, 0.9 
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Fig. 4. qlds for the finite buffer case obtained from simulation and the ME for ρ=0.3, 0.6,  
0.8, 0.9 

Fig. 3 and Fig. 4 depict the qld for the infinite and finite buffer cases respectively 
for certain values of utilization, ρ. It is apparent, that the suggested approach manage 
to capture the behaviour of the system under various settings. In the finite buffer case, 
in particular, the MRE solution produces in accordance to the simulation a certain 
final peak at the full buffer probability, p(N). An insight on the existence of this final 
peak is offered by this notion of ‘parallel’ distributions. 

6   Conclusions 

In this paper the information theoretic principles of Maximum Entropy and Minimum 
Relative Entropy were applied, as a method of inference towards the analysis of  
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infinite and finite capacity systems. In particular, the principle of MRE is applied, as a 
method of inference, to the general problem of estimating finite buffer stationary qld, 
given, as a prior estimate, the qld of the corresponding infinite capacity buffer queue. 
Under the ‘proportionality’ relationship MRE is shown to provide with exact results 
for certain typical cases of queuing systems. It is also observed that certain real sys-
tems such as Internet links carrying TCP traffic exhibit this ‘proportionality’ relation-
ship between finite and infinite systems. In the latter case, ME and MRE solutions 
manage to follow closely the behavior of the  real systems, providing this way simple, 
cost effective, closed form expressions for the queue length distribution of the sys-
tems under study. Exhaustive experimentation showed the very good fit of the results 
with the outcome of simulation runs.  Despite its simplicity, the methodology captures 
the behavior of the system under study both in the cases of finite and infinite buffers, 
and thus can easily be utilized for network management and design, capacity plan-
ning, and congestion control. 

Further work is required to identify more subtle constraints that would give exact 
finite buffer qld for other types of queues with more complex interarrival and service 
time distributions, to analyze conditions for prescribed degrees of accuracy of ap-
proximate MRE solutions applicable to other cases of finite capacity queues where 
the ‘proportionality’ condition does not hold, and to extend the study to a network of 
internet links. 
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