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Abstract. This paper introduces a new method for simultaneous es-
timation of lens distortion and multi-view geometry using only point
correspondences. The new technique has significant advantages over the
current state-of-the art in that it makes more effective use of correspon-
dences arising from any number of views. Multi-view geometry in the
presence of lens distortion can be expressed as a set of point correspon-
dence constraints that are quadratic in the unknown distortion param-
eter. Previous work has demonstrated how the system can be solved
efficiently as a quadratic eigenvalue problem by operating on the normal
equations of the system. Although this approach is appropriate for situ-
ations in which only a minimal set of matchpoints are available, it does
not take full advantage of extra correspondences in overconstrained situa-
tions, resulting in significant bias and many potential solutions. The new
technique directly operates on the initial constraint equations and solves
the quadratic eigenvalue problem in the case of rectangular matrices. The
method is shown to contain significantly less bias on both controlled and
real-world data and, in the case of a moving camera where additional
views serve to constrain the number of solutions, an accurate estimate
of both geometry and distortion is achieved.

1 Introduction

Radial distortion introduces systematic error into the results of standard linear
algorithms (e.g. the Eight Point Algorithm, Direct Linear Transform homog-
raphy estimation, trifocal tensor estimation) that do not account for it. Many
applications require wide-angle lenses, for which distortion can be quite severe.
Although a priori modelling of lens distortion [1] can remedy the problem, some
computer vision tasks, such as structure and motion recovery from uncalibrated
video, preclude offline calibration by definition. Assumptions about the scene
structure in order to perform online distortion estimation [2] are often undesir-
able, and can be error-prone.

Consequently, there has been significant work to obtain distortion estimates
based only on image-to-image correspondences and the application of multi-view
geometric constraints, that is, exactly the information available in uncalibrated
video of an unknown scene. By insightful choice of distortion model, Fitzgib-
bon [3] is able to express the epipolar constraints for distorted correspondences
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as a quadratic eigenvalue problem (QEP). Solutions may be found via efficient
and globally convergent algorithms, yielding an estimate for both the distortion
and the epipolar geometry. Some information is lost, however, in multiplication
by the transpose matrix in order to make the rectangular eigensystem square.
One can see this is the case by noting that no matter how many correspondences
are available, the square QEP will still allow multiple solutions. Even the cor-
rect choice out of the solutions, that is, the one that best minimizes re-projection
error, suffers from a surprising amount of bias due to noise, even when many
correspondences are available in a strong geometric configuration.

The standard answer to these deficiencies, refinement via bundle adjustment,
can suffer from slow or unreliable convergence when an accurate initialization
is unavailable. Consequently, a technique is sought which possesses the highly
desirable efficiency and convergence properties of the square QEP while more
efficiently exploiting the extra information in all matchpoints to obtain a more
accurate estimate of distortion and multi-view geometry.

Section 2 of this paper presents such a technique. Rather than solving a square
QEP, a rectangular QEP is constructed with one row for each available corre-
spondence. The rectangular QEP does not have an exact solution, but an opti-
mal approximation may be defined by seeking the closest perturbed eigensystem
which does have an exact solution. With the help of results from [4], an efficient
algorithm is presented which solves this problem. Building on this contribution,
Section 2.3 presents a second, generalized algorithm which supports simultane-
ous solution of multiple, independent multi-view geometries while enforcing a
single, global radial distortion model. Thus, not only are additional correspon-
dences exploited, but also extra view pairs, which need not be interconnected by
long-lived feature tracks. Section 3 compares the new algorithms to the previous
square QEP method [3] on simulated and real data, revealing striking reductions
in estimation variance, and especially bias.

1.1 Related Work

The work builds on a recent tradition of exploring how radial distortion estima-
tion can occur simultaneously with the recovery of multi-view geometry [3, 5, 6].
This tradition is quite different from methods that estimate lens distortion of-
fline [1] or techniques that combine a priori scene knowledge with the results
of feature extraction such as plumb-line methods [2]. Instead, more recent ef-
forts don’t make assumptions beyond those required for traditional multi-view
geometry estimation (e.g. the eight-point algorithm). Much of these efforts have
emphasized the importance of simultaneous estimation of both a linear geomet-
ric model and the nonlinear distortion parameters. This is an improvement over
other methods that have been designed for online radial distortion estimation [7]
in that they must deal with each task independently. Independent estimation can
lead to bias in the geometric estimate because distorted points are used.

Simultaneous estimation was first explored by Fitzgibbon as a hypothesis gen-
erator for RANSAC [3]. The technique was shown to be successful in providing
better discrimination between outliers and inliers even in the presence of signif-
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icant distortion. Because the radial component is computed simultaneously, the
geometric estimate is no longer biased by unmodelled distortion.

In addition to the work of Fitzgibbon, more recent work has presented alter-
native direct methods of estimating lens distortion parameters without a priori
knowledge of scene structure. These methods provide for graceful extension to
overdetermined systems, but have other drawbacks. Lifting the correspondences
into a higher-dimensional space [8] can allow the distorted epipolar mapping to be
represented by linear matrix multiplication in the higher-dimensional space. The
lifted matrix, however, has multiple unwanted degrees of freedom, and attempts to
appropriately constrain the relationship have not yet been satisfactory. Deriving
1D radial correspondences from the original 2D correspondences allows estimation
of a distortion-free multi-view geometry [6] which in turn supports direct estimates
of the distortionmodel. The method requires, however, that all correspondencesbe
constrained to lie on a single plane, or the camera motion be purely rotational.

In addition to work from computer vision, this paper draws on results from
the numerical analysis community. Recent results lay the groundwork for an
alternative solution based on solving an extended notion of the QEP, one in which
the matrices are not square. The concept of pseudospectra, a generalization of
eigenvalues for non-square matrices, is discussed and studied in [9]. A non-square
analogue of the generalized eigenvalue problem is posed in [4] that builds on these
results, and an algorithm is presented for the special case in which only a single,
primary pseudoeigenvalue is sought. This line of inquiry informs our approach
in solving the rectangular QEP that results from the formulation of the problem
studied in this paper.

2 Problem Formulation

Assume that a camera in motion observes an arbitrary scene and that the radial
distortion is fixed throughout the image sequence. Under these conditions, the
goal is to simultaneously estimate pairwise epipolar relationships as well as the
radial distortion coefficient λ. We denote 2D points observed in image i as x =
(x, y) and their correspondences in image j as x̂. Following the notation of [3],
each image point, x, is said to arise from a radial distortion model applied to an
underlying undistorted point, p.

We shall denote by Fij the fundamental matrix corresponding to the pair of
images i and j. The task of this paper, given an image sequence and a set of
n image pairings (i1j1, . . . , injn) for the sequence, is to derive the fundamen-
tal matrices (Fi1j1 , . . . , Finjn) for the view pairs, in addition to the distortion
parameter λ governing the radial distortion of points observed in all images.

Traditionally, the eight-point-algorithm can be used to estimate F for any
given pair in the image sequence [10, 11]. By assuming no distortion, a linear
system can be derived that utilizes the epipolar constraint described by the
fundamental matrix:

p̂TFp = 0 (1)
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The traditional eight-point algorithm requires either offline measurement of
λ, an independent estimation of distortion using scene knowledge (e.g. plumb
line methods), or restricting matchpoints to a central region of the image where
distortion can be neglected. Each of these approaches has significant drawbacks.
Offline estimation can be cumbersome and is impossible in the case of archival
video. The use of scene knowledge to measure distortion (e.g. [2]) requires that
the scene conforms to a priori constraints, and the feature extraction process
is typically higher-level and more susceptible to failure than the low-level task
at hand. Neglecting potential matchpoints near the periphery of the image is
not desirable and can unnecessarily eliminate matchpoints arising from robust
features. Many image sequences contain overlap primarily at the periphery of the
image, and ignoring matchpoints from these regions leads to unstable estimation
of camera geometry.

Given these problems, techniques that support simultaneous estimation of λ
are of interest. Recently, Fitzgibbon [3] demonstrated that radial distortion can
be cleanly incorporated into Equation 1 by developing a distortion model that
only depends on x and x̂, the measured matchpoints:

p =
1

1 + λ‖x‖2 x (2)

Given this division model of distortion, the epipolar constraint is:

(x̂ + λẑ)T F (x + λz) = 0

x̂TFx + λ
(
ẑTFx + x̂Fz

)
+ λ2ẑTFz = 0 (3)

where z is
[
0 0 ‖x‖2

]T. Note that Equation 3 is comprised of four terms in F,
each possessing the same form as the traditional epipolar constraint.

2.1 The Quadratic Eigenvalue Problem for Estimating λ and F

Simultaneous estimation of λ and F may be performed by formulating Equation 3
as a quadratic eigenvalue problem (QEP). The QEP is obtained by gathering the
vector factors of F, for each term, into a separate design matrix. The elements
of F are extracted into vector f [3]. This procedure is identical to the method by
which the traditional eight-point equations are obtained from Equation 1.

(
D1 + λD2 + λ2D3

)
f = 0 (4)

Well-known techniques may be employed to solve this QEP for f and λ when the
matrices are square [12]. These techniques cannot be directly applied, however,
in the case where there are more than 9 correspondences, and the design matrices
are consequently non-square.

In order to solve the QEP for such over-determined problems, Fitzgibbon [3]
obtains the normal equations of Equation 4 through left-multiplication by DT1.
This technique has the virtue of preserving the true solution in the noiseless case.
Empirical results have shown, however, that in the presence of noise the solution



Overconstrained Linear Estimation of Radial Distortion 257

to the normal equations suffers from bias and significant variance. Furthermore,
the square problem arising from the normal equations admits 10 general so-
lutions, of which 6, in practice, are real regardless of how overdetermined the
system becomes. This is counter-intuitive as oftentimes scene geometry and other
constraints should support only a single solution.

It may be surprising that the normal equations have proved so problematic, as
they usually provide reasonably good results. For example, the standard eight-
point algorithm’s residual is minimized through the normal equations, specif-
ically by computing the eigenvector with smallest-magnitude eigenvalue. This
situation appears to parallel that of the QEP, but there is an important differ-
ence. In the eight-point algorithm, the normal equations are constructed from the
transpose of the entire matrix factor of f . In the QEP, however, λ is not known,
and only the component D1 of the entire matrix factor Dp = D1 + λD2 + λ2D3
is used. If the radial distortion λ were known, then one could solve the normal
equations DTpDpf = 0 to obtain an eigenvector that minimizes the residual of
Equation 4. The radial distortion λ is not known, however, and approximate
normal equations DT1Dpf = 0 are solved instead. It is not surprising that this
approximation obtains a biased result.

As a driver for RANSAC, one solves minimal problems, in which the matrices
are already square, and the techniques of [3] are appropriate. However, in the case
where an accurate F and λ is required directly from a large set of matchpoints,
a new approach is desired.

2.2 An Algorithm for Overconstrained Estimation of F and λ

If we allow D1, D2, and D3 to be rectangular, the problem is overconstrained and
typically there will be no solution in the presence of noise. We therefore construct
a minimization problem that defines a suitable approximate solution to the QEP
of Equation 4. Because noise corrupts the entries of D1, D2, and D3, it is reasonable
to seek a solution which involves perturbing those noisy matrices (hopefully
removing the noise) in such a way that an exact solution of the perturbed system
does exist. This formulation is a constrained optimization problem in which the
perturbed system must satisfy Equation 4 exactly (additionally there is the
familiar constraint that the eigenvector f must be nontrivial). The metric to be
minimized is the magnitude of the perturbation, given by ‖~D1 − D1‖2

F + ‖~D2 −
D2‖2

F + ‖~D3 − D3‖2
F , where the perturbed matrices are denoted by ~D1, ~D2, and ~D3,

and ‖ · ‖2
F is the squared Fröbenius norm.

Obvious approaches to this problem, such as general-purpose minimization via
e.g. iterative Levenberg-Marquadt or gradient descent, are unlikely to be satis-
factory, because they would be equally suited to an error metric which better
represents the statistics of observational error (e.g. the Euclidean reprojection
error used in standard bundle adjustment). The expectation is that the above
optimization problem, while more descriptive than the normal equations, is still
simpler than bundle adjustment in a way that will admit a non-iterative algo-
rithm, or a (more) globally convergent one, or one that is faster.
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The rectangular QEP may be converted to a linear rectangular generalized
eigenvalue problem through a technique similar to the linearization procedure for
the square QEP. A new variable u = λf is introduced, obtaining the simultaneous
linear matrix equations:

D1f + λ (D2f + D3u) = 0
u − λf = 0

This system of equations may be written equivalently as a single matrix
equation ([

D1
I

]
− λ

[
−D2 −D3
I

]) [
f
u

]
= 0 (5)

Here I is the 9 × 9 identity matrix.
Recent work studying the eigenvalue problem in the case of non-square pencils

has shown that this problem can be solved efficiently, and spurious eigenvalues
are avoided [4]. We draw on these results to develop an algorithm that simulta-
neously estimates radial distortion and epipolar geometry while exploiting the
additional information that matchpoints afford.

Let

A =
[
D1

I

]
; B =

[
−D2 −D3
I

]
; v =

[
f
u

]
(6)

The problem may then be expressed as finding perturbed rectangular matrices
~A and ~B, an eigenvector v encoding the fundamental matrix, and an eigenvalue
λ determining the radial distortion, which minimizes the quantity ‖~A − A‖2

F +
‖~B− B‖2

F subject to the constraint encoded in Equation 6.
The algorithm is initialized with a choice of λ = 0. Given λ, an updated

estimate of the eigenvector v is obtained by computing the right singular vector
corresponding to the smallest singular value of A− λB. A refinement of λ is then
computed; following the result of [4], this refinement is given by the positive root
of the scalar quadratic equation

vT
(
BT + λAT

)
(A − λB)v = 0 (7)

This procedure is repeated until convergence. See [4] for a proof that the
procedure converges to a local minimum. In our experiments the algorithm has
converged reliably and swiftly (typically in less than 20 iterations) to the true
minimum.

2.3 Simultaneous Solution for Multiple View Pairs

Estimation of λ from a single view pair fails to exploit all of the available in-
formation in the common case where many views are available, all at the same
fixed (unknown) lens distortion. Given n pairs of views, and their n sets of
correspondences ({p̂1}, {p1}), . . . , ({p̂n}, {pn}), then the n epipolar constraints
may be expressed jointly with a single common lens distortion by the matrix
equation
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⎛

⎜
⎝

⎡

⎢
⎣

A1
. . .

An

⎤

⎥
⎦ − λ

⎡

⎢
⎣

B1
. . .

Bn

⎤

⎥
⎦

⎞

⎟
⎠

⎡

⎢
⎣

v1
...

vn

⎤

⎥
⎦ = 0 (8)

Each Ai and Bi is obtained from Equation 6 as applied to the correspondence
set ({p̂i}, {pi}). Straightforward application of the algorithm of Section 2.2 to
Equation 8 leads to a significant problem, however. If vi is a non-trivial null-
vector of (Ai − λBi), then [0 · · · 0 vT

i 0 · · · 0]T will be a nontrivial eigenvec-
tor of Equation 8, for all i ∈ 1 . . . n, as will any linear combination of such
eigenvectors. If the algorithm converges to one of these primitive eigenvectors,
then the information present in Aj and Bj for all j �= i is ignored and has
no impact on the estimation of the radial distortion parameter λ. It is de-
sirable to force each of the vi components of the eigenvector of Equation 8
to be individually normalized (and, hence, nonzero) in order to incorporate as
much information as possible into the estimate of λ, and to simultaneously ob-
tain a nontrivial estimate for each Fi, the fundamental matrix for each view
pair.

In order to accomplish this task, the algorithm discussed in Section 2.2 is
modified. Rather than explicitly constructing the large matrices in Equation 8,
it suffices to keep track of the individual Ai and Bi. As before, λ is initialized
to 0. The estimate for the eigenvector, however, is not taken from the SVD of
the large system. Rather, each component vi is estimated individually from Ai

and Bi. Doing this applies the normalization constraint individually to each vi.
The subsequent update of λ is performed as before, in which the equation to be
solved is obtained from the combined aggregate matrices and eigenvector.

It is worth noting that, in addition to the crucial property of ensuring that
each Fi is nontrivial, this algorithm also exploits most of the sparse structure of
Equation 8. Updating the eigenvector involves only the small, relatively dense
matrices Ai and Bi, and the computational cost is linear in the number of image
pairs. The other operation, defined in Equation 7, does formally involve the
large sparse matrices, but the matrix-matrix and matrix-vector products may be
implemented straightforwardly to take advantage of the block-diagonal structure
of A and B. Again, the cost is linear in the number of image pairs.

3 Experimental Results

We initially study the algorithm using the controlled conditions of a synthetic
dataset. In this dataset, feature points were distributed on a regular grid bounded
by the unit cube. Two views, each of 640x480 pixels, of this cloud of feature points
were synthetically generated and matchpoints between these views are therefore
known. Each synthetic camera observed the origin from a distance of 4 units,
and the baseline between the views was 30 degrees. The views were synthetically
distorted with a known value of λ. The experiment was intended to serve as a
baseline that does not involve potentially noisy estimates of feature location that
result from feature extraction on real-world data.
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Fig. 1. Accuracy of λ estimation in the presence of increasing Gaussian positional
noise. Ground truth is shown as dashed line. Both the rectangular method (solid line)
and the square methods (dashed line) are shown for comparison.

The robustness of the estimator with respect to noise was explored by per-
turbing feature locations with zero mean additive Gaussian noise. Given 75 cor-
respondences under these conditions, F and λ were estimated. Figure 1 compares
the ground truth λ to the estimated λ as noise σ ranged from 0 to 2 pixels. For
each noise level, 100 trials were performed and error bars depict one standard
deviation. Both the technique described in this work and the method of [3] are
shown for comparison.

Notice that the new method exhibits a great reduction in bias at one pixel
of error, an amount not uncommon in typical computer vision applications. As
error grows as large as two pixels the trend continues.

Given a fixed noise level of 1 pixel reprojection error, it is instructive to study
the behavior of the new algorithm as the number of available matchpoints in-
creases. Figure 2 plots λ accuracy as a function of the number of matchpoints
used. In this case, random subsets of the available matchpoints were gener-
ated over 100 trials for each datapoint. Error bars correspond to one standard
deviation.

For purposes of comparison, the new method is also compared to the previ-
ously known technique [3]. In order to do so, the earlier approach requires that
the rectangular design matrices resulting from the overdetermined set of match-
points be converted into a square system via the normal equations. Figure 2
shows the behavior of this approach (depicted as a dashed line) as compared
directly to the new method (depicted as a solid line).

In the minimal case of 9 correspondences, the two methods produce identical
distributions of λ estimates. This is a consequence of two things. First, corre-
sponding trials for the square and rectangular methods received identical input
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Fig. 2. Accuracy of λ with respect to increasing number of correspondences. (a) A
comparison between square (dashed lines) and rectangular QEP (solid lines) from 9
to 75 correspondences. (b) A closeup view of the results. Accuracy from 25 to 75
correspondences.

corrupted by the same noise samples. Second, and more importantly, the rect-
angular algorithm produces an exact solution which is identical to the result for
a square solver for a minimal data set.

Adding just a few additional correspondences dramatically reduces both the
bias and variance of the rectangular method, while similar improvements in the
results of the square method are not as dramatic. The rectangular method’s
variance drops significantly below the magnitude of the actual value λ at around
25 correspondences, a point at which the rectangular method’s estimate could be
said to provide meaningful information. The variance of the rectangular method
decreases to about 15% of λ at 75 correspondences, while the square square
method’s variance is approximately 23% of λ at that point. This difference,
while significant, is overshadowed by the dramatic differential in bias at high
numbers of correspondences.

3.1 Multiple View-Pair Results

Experiments were performed to provide empirical validation for the case in which
a single λ is estimated jointly for multiple view pairs. The setup was similar to the
above, except that the baseline for image pairs was reduced to 4 degrees. In all,
8 successive views were generated, and each of the 7 view pairs was obtained via
correspondences between adjacent views. Figure 3 shows a plot of the results.
The first error bar denotes the mean and standard deviation of λ estimates
obtained from 100 trials on the first view pair, each from 75 correspondences
corrupted by iid positional Gaussian noise of σ = 1 pixel. The second error bar
represents the results obtained from joint estimation for the first two view pairs;
the third bar, from joint estimation for the first three, and so forth.

The variance of the estimates clearly decreases as more pairs are added. The
benefits are most dramatic with the addition of the first few view pairs. Although
these results may suggest that an online algorithm making use of our new tech-
nique could perform well with only a few views, there is no real computational
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Fig. 3. Accuracy of λ using the rectangular QEP method with respect to increasing
number of view pairs. Ground truth is shown as dashed line.

incentive to do so. The computational cost of a single iteration of the multi-
ple view-pair algorithm applied to n pairs is equal to that of the independent
algorithm applied separately to the n pairs.

3.2 Real-World Results

In order to obtain a sense for the algorithm’s performance in a practical setting,
an experiment was performed on a real image sequence generated from a hand-
held camera. Each image was captured at a resolution of 640x480 pixels, and
the lens had a nominal focal length of 4 mm. The first and last images in the
sequence are shown in Figure 4.

The same camera was also calibrated offline using a well-known method [1].
The iterative technique was constrained to compute the first radial coefficient
of the standard multiplicative model. This was then converted to the division
model (see Section 2) using standard least squares to obtain a ground-truth
estimate of λ = −8.5 × 10−7 or a maximum of 54 pixels at the image corner.

The image data was then used to study the behavior of the new algorithm
in a real-world context with respect to this ground truth distortion. Proposed
matchpoints were generated [13], followed by RANSAC outlier detection based
on a square QEP hypothesis generator. An inlier threshold of 1 pixel was em-
ployed resulting in an average of approximately 100 inliers from approximately
140 proposals per image pair.

These correspondences were provided to the new method to estimate λ and
F for each image pair independently. In this case, the solution produced by the
square method that was known to be closest to the ground-truth estimate was
selected as a fair baseline comparison to the new technique. Figure 5 plots the
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Fig. 4. First and last images of a real-world sequence used to study the new algorithm.
The dataset is composed of six images total captured with a hand-held camera.
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Fig. 5. Accuracy of λ as estimated from each neighboring pair in the real image se-
quence shown in Figure 4. (a) The square method consistently overestimates distortion,
while the new rectangular method obtains dramatically better results. (b) A zoomed-
in view of the rectangular estimates in (a), compared with the joint estimate for all 5
pairs, obtained via the multiple view-pairs algorithm of Section 2.3.

distortion estimate (shown as a bar graph for clarity) achieved by both techniques
as compared to ground truth (shown as a dashed line).

The results appear to reflect what has already been observed in the simula-
tions. The rectangular method exhibits a large reduction in bias compared to
the square method. A close-up view of the results obtained by the new method
are shown in Figure 4b. The global estimate of λ derived from all five pairs is
also shown. This estimate is more accurate than any of the individual estimates.

4 Conclusion

We have developed a new approach to the simultaneous estimation of radial
distortion and multi-view geometry. The method supports any number of corre-
spondences arising from any number of views. In practice, this approach yields
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two new algorithms. The first exploits the redundancy of extra correspondences
much more effectively than previous methods, while the second introduces an
efficient method for estimating a single global λ simultaneously with multiple,
independent, multi-view geometries.

These algorithms have been explored in the context of the epipolar geometry,
in both simulated and real-world experiments. We find the results demonstrate
the striking benefits of the new technique, and lead to more reliable and accurate
camera calibration and motion estimation, with a reduced need for a priori
knowledge of the scene or camera.
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