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Abstract. A graph is proper k-layer planar, for an integer k ≥ 0, if it
admits a planar drawing in which the vertices are drawn on k horizontal
lines called layers and each edge is drawn as a straight-line segment
between end-vertices on adjacent layers. In this paper, we point out errors
in an algorithm of Fößmeier and Kaufmann (CIAC, 1997) for recognizing
proper 3-layer planar graphs, and then present a new characterization of
this set of graphs that is partially based on their algorithm. Using the
characterization, we then derive corresponding linear-time algorithms for
recognizing and drawing proper 3-layer planar graphs. On the basis of
our results, we predict that the approach of Fößmeier and Kaufmann
will not easily generalize for drawings on four or more layers and suggest
another possible approach along with some of the reasons why it may be
more successful.

Layered graph drawings [16] have applications in visualization [2, 9], DNA mapping [17], and VLSI layout [10]. In a layered drawing, the vertices are drawn
on a set of horizontal lines called layers, and edges are drawn as straight-line
segments between their end-vertices. Depending on the purpose of the drawing,
it may also satisfy additional constraints. Common constraints include bounds
on the number of layers in the drawing, and restrictions on the edges that may
intersect one another.
In this paper, we consider layered drawings that are proper and planar; that
is, we consider drawings in which the end-vertices of each edge lie on adjacent
layers, and edges intersect only at common end-vertices. Heath and Rosenberg [8]
show that the problem of recognizing graphs with proper and planar drawings on
layers is N P-complete. In a more restricted version of this problem, the input
is not only a graph but also a number k ≥ 0, and the problem asks whether
or not the graph has a proper and planar drawing on k layers. Though the
N P-completeness of the original problem implies that this problem is also N Pcomplete, Dujmović et al. [4] show that it can be solved in polynomial time
when k is bounded by a constant. Unfortunately, the constants in the running
time are impractically large even for k = 3.
The diﬃculty of this problem seems to increase as the number of layers increases. Consequently, this motivates a study of proper and planar drawings on
a very small number of layers in hopes of obtaining insights for drawings on a
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larger number of layers. Interestingly, this approach has had some limited success for planar layered drawings that are not proper. In particular, Cornelsen,
Schank and Wagner [3] show that a graph G has a planar layered drawing on
three layers if and only if a certain transformation of G has a drawing on two
layers. Using this result, they obtain a linear-time recognition and graph drawing
algorithm for three layers.
Proper planar drawings on up to three layers have also been studied. For one
and two layers, the drawings are quite simple and it is easy to determine in
linear-time whether or not a graph admits such a drawing [5, 7, 15]. For three
layers, Fößmeier and Kaufmann [6] also claim to have a linear-time recognition algorithm; however, we will show that, even though their algorithm seems
plausible, it contains signiﬁcant errors.
Following a few preliminary deﬁnitions and results in Section 1, we will brieﬂy
describe their algorithm in Section 2, and then discuss its ﬂaws in Section 3. We
will then describe a new characterization of graphs that have proper and planar
drawings on three layers, and derive a corresponding linear-time recognition and
drawing algorithm in Section 4.
The overall purpose of our work is not to correct an error, but rather to
obtain eﬃcient algorithms for layered graph drawing. Therefore, we would like
know if the approach of Fößmeier and Kaufmann [6] can be generalized to obtain recognition and drawing algorithms for four or more layers. The simplicity
of their algorithm seems to suggest a positive answer; however, based on the
complexity of our attempt to correctly handle all cases, such a generalization
would probably be very long and tedious. In Section 5, then, we will conclude
by suggesting another approach that may lead to eﬃcient algorithms for layered
graph drawing.

1

Preliminaries

In this paper, each graph G = (V, E) is simple, undirected and connected. A
graph G = (V, E) is bipartite if its vertices can be partitioned into two disjoint
sets V0 and V1 such that each edge in E has one end-vertex in V0 and the other
in V1 . We call V0 and V1 the bipartition classes of G and write G = (V0 , V1 ; E).
A leaf vertex in a graph is a vertex with exactly one neighbor. Any graph that
can be transformed into a path v1 , v2 , . . . , vp by removing all of its leaves is called
a caterpillar, and the path v1 , v2 , . . . , vp is called the spine of the caterpillar. The
2-claw is the smallest tree that is not a caterpillar. It consists of a vertex called
the root that has three neighbors, and each neighbor is additionally adjacent to
a leaf. See Figure 1 for a drawing of a caterpillar and a 2-claw.
A cut-vertex in a graph is a vertex whose removal disconnects the graph.
A planar drawing of a graph is a two-dimensional drawing in which each pair
of edges may intersect only at a common end-vertex. A planar embedding of a
graph deﬁnes a clockwise order of the neighbors of each vertex that corresponds
to a planar drawing of the graph. A graph is k-layer planar if it has a planar
drawing in which each edge is drawn as a straight-line between its end-vertices
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Fig. 1. (a) Caterpillar, (b) 2-Claw

and the vertices lie on k horizontal lines called layers. Such a drawing is called
a k-layer planar drawing. A graph is said to be proper k-layer planar if it has
a k-layer planar drawing in which the end-vertices of each edge lie on adjacent
layers. In other words, the edges in such drawings intersect layers only at points
that coincide with the drawings of their end-vertices. Such a drawing is called a
proper k-layer planar drawing.
As mentioned in the introduction, there is a simple characterization of proper
2-layer planar graphs:
Lemma 1 ([5, 7, 15]). Let G be a graph. The following are equivalent:
1.
2.
3.
4.

G is proper 2-layer planar;
G is a forest of caterpillars;
G is acyclic and contains no 2-claw; and
The graph obtained from G by deleting all leaves is a forest and contains no
vertex with degree three or greater.

In this paper, we will prove a similar though much more complicated characterization theorem for proper 3-layer planar graphs.

2

A Recursive Approach for Recognizing Proper 3-Layer
Planar Graphs

Rather than present the entire algorithm of Fößmeier and Kaufmann [6], we
will describe only the basic approach of the algorithm and then, in the following
section, describe in detail only those steps that contain signiﬁcant ﬂaws.
The algorithm depends on a few simplifying assumptions. First of all, the
algorithm assumes that the input graph is bipartite. This is because every proper
3-layer planar graph is bipartite (the vertices on the top and bottom layers in a
proper 3-layer planar drawing belong to one bipartition class and the remaining
vertices belong to the other), and it is easy to test whether or not a graph is
bipartite. The algorithm also assumes that the vertices of some given bipartition
class must be drawn on the top and bottom layers. Thus, to recognize all proper
3-layer planar graphs, the algorithm would need to be applied two times, each
time with a diﬀerent bipartition class selected as the one that must be drawn
on the top and bottom layers. In the algorithm, we will denote the bipartition
classes as V0 and V1 and assume that the vertices of V0 must be drawn on the
top and bottom layers.
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Given these assumptions, the algorithm divides the recognition problem into
several cases and then handles nearly each case recursively. For example, in one
case, the input graph G contains a cut-vertex v ∈ V1 with at least four nonleaf neighbors. If v has more than four non-leaf neighbors, then it is not too
diﬃcult to see that G does not have a proper 3-layer planar drawing with v
on the middle layer; therefore, the algorithm returns false. Likewise, if v has
exactly four non-leaf neighbors and G − v contains three connected components
that are each not caterpillars (i.e. not proper 2-layer planar), then G is also not
proper 3-layer planar so the algorithm returns false. If G and v pass these two
tests, then v has exactly four non-leaf neighbors and G − v contains at most two
non-caterpillar components. The algorithm then returns true if and only if each
non-caterpillar component (plus v) has a proper 3-layer planar drawing in which
v has the smallest or largest x-coordinate of any vertex in the drawing.
We observe that the previous case is handled recursively but with an additional constraint on the position of v. In fact, the input to the algorithm consists
not only of a graph but also of a set of vertices called borders. This set may
contain up to two vertices and the algorithm returns true if and only if the
graph has a proper 3-layer planar drawing with one of the vertices in borders, if
|borders| > 0, has the smallest x-coordinate of any vertex in the drawing, and
the other vertex in borders, if |borders| > 1, has the largest x-coordinate of any
vertex in the drawing.
Even without describing the remainder of the algorithm, one can see that
this basic approach appears to be promising and seems to suggest a very simple
algorithm for recognizing proper 3-layer planar graphs. Unfortunately, as we will
show in the next section, the algorithm contains signiﬁcant ﬂaws in the way it
handles some of the other cases.

3

Shortcomings of the Algorithm

In this section, we describe some of the errors in the algorithm of Fößmeier and
Kaufmann [6] and provide examples of graphs that it either incorrectly accepts
or rejects as a result of these errors.
The algorithm divides the problem into four main cases numbered (a)-(d),
and each main case is divided into two or more subcases numbered 1, 2, and
so on. The cases are handled in alpha-numeric order; thus, for example, the
algorithm handles cases (b)-(d) only if case (a) does not apply to the input. The
algorithm is called test and, as described in the previous section, the input to
the algorithm is a bipartite graph G = (V0 , V1 ; E) and a set of vertices borders.
– Case (a2) states:
if there is a small vertex1 v ∈ V1 then
if v ∈ borders then insert v’s neighbor into borders ﬁ;
call test(G \ {v}, borders \ {v});
1

A small vertex is a leaf.
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Consider the following graph G = (V0 , V1 ; E) where the vertices of V0 are
darkened:

v

The algorithm would ﬁrst remove v from the graph as described in (a2).
The remaining graph G − v is clearly proper 3-layer planar so the recursive
call to the algorithm should return true. However, by our characterization
theorem in Section 4, this graph is not proper 3-layer planar because the
main biconnected component is not safe (see Deﬁnition 4).
– Case (c2) does not contain an error, however, we mention it because it is
never fully described anywhere in the literature. This case assumes that V1
contains no vertices with four non-leaf neighbors, contains no vertices that
have three non-leaf neighbors and are cut-vertices, but does contain at least
one vertex with three non-leaf neighbors. Case (c2) states:
we need a more special case analysis involving separator edges2 which
is omitted;
Unfortunately, by deﬁnition, the separator edge referred to belongs to a cycle.
Based on the fact that the bulk of the complexity in our characterization
theorem in Section 4 relates to cycles, we would be very surprised if there is
a straightforward way to handle this case.
– Case (d3) states (where G is biconnected and the vertices of V1 have degree
equal to 2):
let L be the graph obtained by replacing all v ∈ V1 by edges between
its neighbors. if L is a ladder graph (an outerplanar graph with completely nested shortcut edges3 ) then return true else return false;
We assume that the authors mean that, not only must L be a ladder graph,
but it must have a drawing in which one vertex of border, if |border| > 0, has
the smallest x-coordinate in the drawing and the other vertex, if |border| > 1,
has the largest x-coordinate in the drawing.
If this is the case, then the algorithm would reject the following graph
even though it is proper 3-layer planar:

2

3

A separator edge is an edge (u, v) such that removing u and v from the graph
disconnects the graph.
A shortcut edge in a biconnected outerplanar graph does not lie on the external face.
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Since the graph contains four separator vertices in V0 , the algorithm would
return false because any attempt to recursively draw the main biconnected
component in the graph would require the parameter borders to contain all
four separator vertices. As mentioned above, borders may contain at most
two vertices.
If this is not the case (i.e. the algorithm ignores borders in case (d3)),
then the algorithm would return true for the following graph even though it
is not proper 3-layer planar:

We address this diﬃculty in our characterization by deﬁning safe biconnected components (see Deﬁnition 4).

4

Characterizing Proper, 3-Layer Planarity

Our characterization of proper 3-layer planar graphs is based on many of the
observations contained in the algorithm of Fößmeier and Kaufmann [6]; however,
as we mentioned earlier, correct handling of all cases can be very tedious.
Our characterization consists of constraints on vertices and biconnected components. For the restricted case where the input graph G is a tree, our characterization is very similar to their algorithm: roughly it says that G is 3-layer planar
if and only if, for each vertex v in G, at most two connected components of G − v
are not proper 2-layer planar. The reason is that, if there are three components
that are not proper 2-layer planar, then each component in the drawing of G
occupies all three layers. Consequently, one component must be drawn between
the other two components. The problem, however, arises when we want to add
v to the drawing. Since it is adjacent to all three components, its edge incident
on the leftmost component or its edge incident on the rightmost component will
cross an edge of the middle component.
In the more general setting, G may not be a tree because even-length cycles
are proper 3-layer planar. Consequently, to characterize proper 3-layer planar
graphs, we must handle biconnected components containing more than two vertices. As we will show, we can handle biconnected components by generalizing
the way we handle vertices in trees. For example, it is not diﬃcult to see that if
C is a biconnected component in a proper 3-layer planar graph G, then G − C
contains at most two connected components that are not proper 2-layer planar.
Unfortunately, this in itself is not suﬃcient because not all biconnected components are proper 3-layer planar. For an example of one, see Figure 2. Consequently, our characterization must contain additional constraints for biconnected
components.
In the following, we describe the constraints on vertices and biconnected components more formally and completely. A vertex or biconnected component that
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Fig. 2. A biconnected graph that is not 3-layer planar

satisﬁes these constraints will be called safe. We recall that proper 3-layer planar
graphs are bipartite so our deﬁnitions will apply to bipartite graphs and be given
with respect to a given bipartition class of the graph.
Deﬁnition 1. Let V0 be a bipartition class of a bipartite graph G. A vertex v in
G is safe with respect to V0 if:
1. v ∈ V0 and G − v contains at most two components that are not caterpillars
(e.g see Figure 3(b)); or
2. v ∈ V0 and v has at most four non-leaf neighbors, and:
(a) G− v contains at most two components H1 and H2 such that G(V (H1 )+
v) and G(V (H2 ) + v) are not caterpillars.
(b) if v has four non-leaf neighbors or v belongs to a cycle, then G − v
contains at most two components H1 and H2 such that G(V (H1 ) + v)
plus a leaf attached to v and G(V (H2 ) + v) plus a leaf attached to v are
not caterpillars (e.g. see Figure 3(c)).
It is not too diﬃcult to see that if a bipartite graph G = (V0 , V1 ; E) contains a
vertex that is not safe with respect to V0 , then G does not admit a proper 3-layer
planar drawing in which the vertices of V0 lie on the top and bottom layers.
A vertex v may be safe but only just “barely safe” because the connected
components H1 and H2 of G − v mentioned above are in fact not caterpillars. As
a result, in every proper 3-layer planar drawing of G, one of these components
must be drawn to the left of v and the other component must be drawn to the

H1

H1

H1

H3

H3

v
H2

v
H2

(a)

H3

v
H2

(b)

(c)

Fig. 3. (a) Suppose that, for some vertex v in G = (V0 , V1 ; E), G−v has three connected
components H1 , H2 and H3 . (b) If H3 is a caterpillar and v ∈ V0 , then v is safe with
respect to V0 . (c) If v ∈ V0 and G(V (H3 ) + v) plus a leaf attached to v is a caterpillar,
then v is safe with respect to V0 .
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right. Thus, we call v a connecting vertex because it “connects” the left part of
the drawing with the right part of the drawing.
Deﬁnition 2. A vertex v is a connecting vertex with respect to V0 if:
1. v ∈ V0 and v has four non-leaf neighbors in G; or
2. v does not belong to a cycle and G − v contains two components H1 and H2
such that G(V (H1 ) + v) and G(V (H2 ) + v) are not caterpillars; or
3. v belongs to a cycle and G− v contains two components H1 and H2 such that
the graph containing G(V (H1 ) + v) plus a leaf attached to v and the graph
containing G(V (H2 ) + v) plus a leaf attached to v are not caterpillars.
To describe the properties of a safe biconnected component, it is necessary to
know how the biconnected component is connected to the remainder of the graph:
Deﬁnition 3. Let C be a biconnected component of a bipartite graph G =
(V0 , V1 ; E). The extension of C with respect to vertices v1 and v2 in C and V0 ,
is a graph obtained from C by attaching leaves and pendant 2-paths to certain
vertices in C. More speciﬁcally, if a vertex of C is adjacent to a leaf in G, then,
in the extension of C, this vertex is adjacent to a leaf. If a vertex v in C has
d ≥ 1 non-leaf neighbors in G that do not belong to C, then:
1. If v = v1 , v2 or v ∈ V0 , then we attach d pendant 2-paths to v in the extension
of C.
2. If v = v1 = v2 ∈ V0 and d ≥ 2, then we attach 2 pendant 2-paths to v in the
extension of C.
3. Otherwise, we attach exactly one pendant 2-path to v in the extension of C.
This deﬁnition is illustrated in Figure 4.

v1

(a)

v2
(b)

Fig. 4. (a) A biconnected component C in a bipartite graph G = (V0 , V1 ; E) where
the darkened vertices belong to V0 , and (b) the extension of C with respect to v1 , v2
and V0

442

M. Suderman

Deﬁnition 4. Let C be a biconnected component containing at least three vertices in a bipartite graph G = (V0 , V1 ; E). Biconnected component C is safe with
respect to V0 if there exists a safety certiﬁcate for C with respect to V0 , namely
at tuple v1 , v2 , P1 , P2 , ΨC  consisting of two vertices v1 and v2 in C, two simple
paths P1 and P2 in Ce , the extension of C with respect to v1 , v2 and V0 , and a
planar embedding ΨC of C, such that:
The vertices of P1 and P2 in C lie on the external face of ΨC ;
P1 and P2 each contain a vertex of V0 on each face of ΨC ;
If a vertex of C belongs to V0 , then it belongs to P1 or P2 but not both;
If a vertex v in C has a neighbor outside C, then v belongs to P1 or P2 ;
If a vertex in C is a connecting vertex, then it is equal to v1 or v2 ;
Both v1 and v2 are end-vertices of the subpaths of P1 or P2 in C such that
each path from v1 to v2 on the external face cycle of C in ΨC contains the
subpath of P1 in C or the subpath of P2 in C;
7. If, for some vertex v in C, G − v contains two components H1 and H2
vertex-disjoint with C that are not caterpillars, then v = v1 = v2 ; and
8. Each pendant 2-path in Ce belongs to P1 or P2 .

1.
2.
3.
4.
5.
6.

A safety certiﬁcate v1 , v2 , P1 , P2 , ΨC  is said to be tied if v1 = v2 . We note that
the extension of Figure 4(b) does not have a safety certiﬁcate because one of the
vertices has three pendant 2-paths; as a result, there are no paths P1 and P2
that contain all pendant 2-paths and each contain a vertex of V0 on each face.
Figure 5, however, shows that the biconnected component of Figure 4(a) is safe.
The safety certiﬁcate showing this consists of the vertices labelled v1 and v2 , the
two highlighted paths P1 and P2 , and the embedding of the component shown
in the drawing.

v1

v2
Fig. 5. The biconnected component of Figure 4(a) has a safety certiﬁcate v1 , v2 ,
P1 , P2 , Ψ  where P1 and P2 are the highlighted paths

Based on these deﬁnitions, we state our characterization theorem:
Theorem 1. A graph G is proper 3-layer planar if and only if G is bipartite and
each vertex and each biconnected component of G is safe with respect to some
bipartition class of G.
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We prove this theorem in two parts: we ﬁrst prove the necessity of the conditions, and then we prove their suﬃciency. The full proof is several pages long
so we include only a sketch here.
To prove the necessity of the conditions, we consider a proper 3-layer planar
drawing of a graph G. From the drawing, it is easy to see that G is bipartite.
It is also easy though tedious to show that each vertex and each biconnected
component is safe with respect to the bipartition class corresponding to the
vertices drawn on the top and bottom layers. For example, to prove that a biconnected component C is safe, we must obtain the necessary safety certiﬁcate
v1 , v2 , P1 , P2 , ΨC . This is done ﬁrst by selecting any simple path P from a leftmost to a rightmost vertex in the drawing. Letting the embedding ΨC of C be
the embedding of C in the given drawing, we let v1 be the ﬁrst vertex of P in C,
and v2 be the last vertex of P in C. We obtain P1 and P2 by starting with two
subpaths of the external face cycle of ΨC between v1 and v2 , and then extending
them as necessary to contain any pendant 2-paths in the extension of C. It is
then straightforward though tedious to prove that v1 , v2 , P1 , P2 , ΨC  is a safety
certiﬁcate for C.
To prove the suﬃciency of the conditions, we consider a graph that is bipartite, and for some bipartition class, each vertex is safe and each biconnected
component has a safety certiﬁcate. Using this information, we show how to construct a proper 3-layer planar drawing of the graph. We ﬁrst construct a special
path P in the graph that contains each connecting vertex and, for each biconnected component Ci with safety certiﬁcate v1i , v2i , P1i , P2i , ΨCi , P also contains
v1i and v2i . We then obtain the drawing as follows:
(a) We draw each biconnected component Ci according to the embedding ΨCi in
its safety certiﬁcate and insert each of these drawings into the main drawing
in the order that they appear in P .
(b) We draw the remaining subpaths of P that connect consecutive biconnected
components.
(c) Finally, we insert drawings of the pendant trees that are attached to vertices
already drawn.
This completes our sketch of the proof of Theorem 1.
Testing whether or not a given graph is proper 3-layer planar is simply an
application of the characterization given in Theorem 1. Many of the deﬁnitions
of safety, both for vertices and biconnected components, depend on knowing
whether or not various subgraphs of the input graph G are caterpillars. This
can be computed in linear time by ﬁrst computing a block-cut tree of G [14]
and then applying a dynamic programming algorithm to the block-cut tree.
A block-cut tree of a graph is a tree whose vertices correspond to cut-vertices
and biconnected components in the graph. Edges in the block-cut tree connect
biconnected components with the cut-vertices that they contain in the graph.
We call the resulting algorithm IsProper3LayerPlanar:
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Theorem 2. Algorithm IsProper3LayerPlanar determines whether or not
a graph is proper 3-layer planar in linear time.
We can transform this recognition algorithm into a drawing algorithm by returning a proper 3-layer planar drawing anytime the recognition algorithm returns
true. The drawing is constructed as described in the suﬃciency proof of Theorem 1. To do this, we require the set of connecting vertices and a safety certiﬁcate
for each biconnected component. Fortunately, as described above, the recognition
algorithm already computes these things.

5

Conclusions

We have shown how to determine whether or not a graph is proper 3-layer planar
in linear time, and, if it is, we show how to obtain a proper 3-layer planar drawing
in the same asymptotic running time. It is not too diﬃcult to see that our basic
approach is identical to that of Fößmeier and Kaufmann [6]. For example, we
observe that the path mentioned in our algorithm actually contains all vertices
that trigger recursive calls in their algorithm. Unfortunately, as can be seen from
the length of our characterization statement, the eﬀort required to obtain correct
algorithms for three layers is much greater than for two layers. Therefore, we
believe that a new approach will be required to obtain eﬃcient algorithms for
four or more layers.
One possible approach involves applying graph operations that reduce the
graph to an empty graph if and only if the graph has a planar drawing on a
given number of layers. Arnborg and Proskurowski [1] use this type of approach
to recognize graphs of treewidth three, and Matousek and Thomas [11] modify
their set of reductions to obtain an eﬃcient quadratic-time recognition algorithm. Generalizing these results, Sanders [12] shows that this approach can be
used to eﬃciently recognize graphs with treewidth four. Our hope is to similarly ﬁnd a set reductions for proper 3-layer planar graphs and likewise use
them to obtain reductions for proper 4-layer planar graphs. We believe that
this approach might be successful because Dujmović et al. [4] use pathwidth,
a restricted version of treewidth, to obtain algorithms for recognizing k-layer
planar graphs (ineﬃcient algorithms though they may be). In addition to this,
we show in [13] how to use pathwidth to obtain planar drawings of trees on
an minimum number of layers. These results show that pathwidth and hence
treewidth are closely related to the number of layers in planar layered graph
drawings.
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