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Abstract. The non-linearity exhibited by the non-classical receptive
field in human visual system has been combined with the linear clas-
sical receptive field model. This enables us to construct higher order
Gaussian Derivatives as a linear combination of lower order derivatives
at different scales. Based on this, a new kernel which simulates non-
classical receptive fields with extended disinhibitory surrounds, has been
proposed. It is easy to implement and finds justification from an old psy-
chophysical angle too. The proposed kernel has been shown to perform
better than the well-known Laplacian kernel, which models the classical
excitatory-inhibitory receptive fields.

1 Introduction

David Marr [1] introduced the Laplacian of Gaussian (LOG) kernel for the pur-
pose of edge detection and demonstrated the equivalence of this operator to the
classical centre-surround Difference of Gaussian (DOG) [2,3] based receptive field
model in Human Visual System (HVS). The reason behind Gaussian smoothing
prior to differentiation (Laplacian in this case), as is well known in Computer
Vision, is to well-pose an ill-posed problem [4,5]. But even a simple Laplacian
kernel, used for the purpose of image enhancement [6], may also be looked upon
as a mimetic representation of the excitatory-inhibitory mechanism of visual re-
ceptive field. In this paper we are going to incorporate a physiologically reported
disinhibitory mechanism[7,8] into the classical excitatory-inhibitory DOG model
of visual receptive field, by including two additional Gaussians with larger vari-
ances representing an extended surround to the classical receptive field. It has
been shown [9] with the help of a theorem by Ma and Li [10] that the DOG-
LOG equivalence can be proved through a more rigorous approach as compared
to that of Marr [1] and can also be generalized for any number of multi-scale
Gaussians. As a continuation of this approach we have, in this paper, been able
to express a sixth order derivative of Gaussian as a sum of second and a fourth
order derivative in any scale ratio. This has enabled us to construct a general-
ization of the traditional Laplacian kernel that has been found to exhibit better
performance for image enhancement.
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2 The Proposed Model

It is well-known that DOG model of receptive field is the classical model for
the centre-surround antagonistic effects observed in HVS. However physiological
experiments [7] also lend support to the existence of an extended disinhibitory
surround that is also capable of modulating the behaviour of the cell in question
in a non-linear fashion. Though there is confusion regarding the polarity of this
extended surround, recent experiments [8] suggest the existence of both positive
as well as negative sub-units in this region. We are now going to show that such
a scheme fits quite rigorously into Ma-Li’s theorem [10] of construction of higher
order Gaussian Derivatives which are a likely possibility in HVS according to
the works of Young [11] and Koenderink [12].

Ma-Li’s theorem states that any 2kth order derivative filter which is generally
a 2kth order derivative of an analytical smooth function derivable up to 2kth
order, can be expressed as a weighted sum of k +1 components equal to an even
function at different scales, the weights depending upon the corresponding scale
ratios. In other words if g is the primitive Gaussian filter, then any 2kth order
derivative filter h2k(x) may be expressed as:
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In order that h2k(x) may represent a derivative filter, the following conditions
need to be satisfied:
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is non-singular, and mg,2k represents the 2kth order moment of the function g(x).
Using the above conditions it can be shown [9] that for a fourth order deriva-

tive filter we have:
α0 = c(σ2
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where c is a constant.
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The above equations clearly show that a fourth order derivative filter, thus
designed out of three Gaussian filters at different scales, is inherently non-linear.
This is because the co-efficients of each of these Gaussian filters is a function of
the scales of the other two, which is not the case in case of the DOG equivalence
to LOG, where the two coefficients are simply equal to one another [10]. It is
however difficult to ascertain whether this non-linearity is exactly akin to the
non-linearities observed in the non-classical receptive field, since the nature of
the non-linearity in the physiological system is yet to be properly identified.
But there are some close similarities of the above model with the physiological
system. Polarities of the three Gaussians, defined through equations (3) to (5)
indicate the possibility of considering the three Gaussians as representatives
of the centre, surround and disinhibitory extended surround portions of the
non-classical receptive field respectively. Now in the limit of a large extended
disinhibitory surround, evidences of which exist in physiology [8], it is possible to
apply a limiting condition to the smallest of the three variances, which represents
the excitatory centre, so that σ0 → 0, whereby :

h4(x, σ) = mh2(x, σ′) + h2(x, σ′′) (6)

where σ′ and σ′′ are two arbitrary scales and m is an amplitude scale factor.
So in two dimensions:

∇4G(r, σ) = m∇2G(r, σ′) + ∇2G(r, σ′′) (7)

Following the same procedure for a sixth order derivative, we find that two
additional Gaussians represent contributions from the positive and negative sub-
units in the extended surround. It has also been shown [9] that the two new
Gausssians in order to satisfy the derivative condition do indeed come in opposite
polarity. Thus in two dimensions we arrive at:

∇6G(r, σ) = m∇2G(r, σ′) + n∇2G(r, σ′′) + ∇2G(r, σ′′′) (8)

for two amplitude scale factors m and n, and another arbitrary scale σ′′′ so that
with the help of equation (7) we finally arrive at:

∇6G(r, σ) = m∇2G(r, σ′) + ∇4G(r, σ′′′′) (9)

where the final two scales are designated as σ′ and σ′′′′.
We thus arrive at a new, more general model for the Human Visual Sys-

tem that accounts for both linear, classical as well as non-linear, non-classical
receptive fields in terms of even-order derivatives of Gaussian, up to the sixth or-
der. Following the methodology described above, the eighth and the tenth order
Gaussian Derivatives can also be similarly designed.Thus, through a multi-scale
combination of various smoothing layers of neurons in retina and LGN, even or-
der Gaussian Derivatives starting from the second order up to at least the tenth
order can definitely be computed in visual cortex. The present model therefore
justifies the experimental and theoretical findings of Young [11] and Koenderink
[12] who also suggest the existence of Gaussian Derivatives up to the order ten
in HVS.
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3 Results and Discussion

The advantage of expressing a sixth order Gaussian derivative as a linear com-
bination of a second order and a fourth order one at two different possible scales
may be easily understood. Visual processing operates through a very flexible
methodology that always changes according to the situation. By changing the
value of m and operating at various combinations of scales, that may be dealt
with a top-down approach, the visual system is capable of functioning bottom-up
by taking advantage of both the classical as well as the non-classical receptive
field. It has already been shown [13] that such a tuning of scale is capable of
explaining many low-level brightness-contrast illusions as perceived by HVS. In
figure 1, we are only giving two examples where such a combination clearly sur-
passes the standard LOG filter in terms of both enhancement and localization
capability. In the first case the value of m is 0.5, which implies that the fourth
order derivative is more dominant as compared to the second order one. In the
second case,the value of m is 9, which implies that the fourth order derivative is
less dominant as compared to the second order one.

As early as in 1868, the great physicist E. Mach provided a psychophysical
model of visual computation [14] where he claimed that visual response is de-
termined through a combination of absolute light intensity and its Laplacian.
The present model for any order of derivative reduces to Mach’s model if the
scale of the higher derivative goes to zero in the limit i.e. in the present case if
σ′′′′ → 0. Using finite difference approximation theorem, it has been shown [15]
that for m = 9, it is possible to construct a new kernel for the purpose of image
enhancement that far exceeds the traditional Laplacian kernel in performance.
If we take a look at the two kernels given below,

L =
−1 −1 −1
−1 9 −1
−1 −1 −1

L′ =

−1 −1 −1 −1 −1
−1 3 3 3 −1
−1 3 −7 3 −1
−1 3 3 3 −1
−1 −1 −1 −1 −1
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Fig. 1. (a) A Laplacian of Gaussian Mask (b) A combination of Laplacian and Bi-
laplacian at m = 0.5 (c)A combination of Laplacian and Bi-laplacian at m = 9. Vari-
ances have been fixed at unity in all the cases for the sake of comparison.
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(a) (b) (c)

(a) (b) (c)

Fig. 2. (a) Two images of basket and stapler (b) the images enhanced with the
Laplacian-based kernel (c) the images enhanced with the kernel derived from the pro-
posed methodology

it is easy to see from the polarities of the weight factors that while the one
constructed out of Laplacian (L) may clearly represent the classical excitatory-
inhibitory model, the other one (L′) represents the non-classical excitatory-
inhibitory-disinhibitory model of receptive field. In figure 2, we show the results
of convolving two images with L and L′ kernels. The results clearly show that
the new kernel L′ outperforms the Laplacian based kernel L in terms of image
enhancement. The parameters of m that have been chosen here are certainly not
unique. It can be easily verified that one shall get similar results for other values
as well.
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