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Abstract. Determination of an isothetic polygonal approximation of
the outer or inner contour of an object is a challenging problem with nu-
merous applications to pattern recognition and image processing. In this
paper, a novel algorithm is presented for constructing the outer (or inner)
tight isothetic polygon(s) containing (or filling) an arbitrarily shaped 2D
object on a background grid, using a classical labeling technique. The
background grid may consist of uniformly or non-uniformly spaced hor-
izontal and vertical lines. Experimental results for both uniform and
non-uniform grids of varying sizes have been reported to demonstrate
the applicability and efficiency of the proposed algorithm.

1 Introduction

Given a closed 2D contour (object) C, we consider the problem of constructing
the set of isothetic polygons that either fills the object (set of inner polygons,
{Pin(C)}) or contains the object (set of outer polygons, {Pout(C)}), imposed
by a set of horizontal and vertical grid lines, G. The difficulty of successfully
finding the isothetic polygon(s) corresponding to an arbitrarily shaped object
lies in tracing a valid path defining the polygon boundary, especially in a convo-
luted region (on the background for outer polygons and on the object for inner
polygons) that may propagate in every possible direction at every possible in-
stant. An improper path surpassing a “dead end” may lead to a point whence no
further advancement is possible. Further, if any backtracking is adopted, then
in the case of complex and convoluted objects, the tracing procedure may be-
come protracted, which would increase computational burden and difficulty in
implementation.

It may be noted that the set of isothetic polygons corresponding to a given
set of objects is useful to many interesting applications, such as area location [6],
grasping objects by a robot [5, 8, 9, 17], newspaper page decomposition and ar-
ticle tracking [7], document image analysis [1], deriving free configuration space
(path-planner) for robot navigation, lower and upper approximation in rough
sets [14, 15] (in non-uniform grid spacing), image mining using rough sets [10],
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VLSI layout design [13, 16], and computational geometry [2]. For rough set ap-
plications, the grid lines or decision lines imposed on the object are usually non-
uniformly spaced. The proposed algorithm, therefore, would be helpful for rough
set applications in 2D, as well as in higher dimensions, if properly modified, for
its fitness and aptitude in non-uniform grid.

Very recently, another algorithm [3] for finding the outer isothetic polygon
has been published. However, the algorithm proposed here is different in several
aspects. In [3], the outer isothetic polygon is derived from two matrices, namely
“unit edge matrix” and “unit square matrix”, defined on the uniformly spaced
grid. On the contrary, the algorithm, proposed here, is based on labeling of
grid points by 15 unique labels, meant for determining the class and type of a
vertex of the polygon. Further, in the proposed algorithm, non-uniform grids,
multiple polygons, self-intersections of polygons, polygons for holes, etc., have
been addressed and solved, which are not considered earlier [3].

2 Proposed Algorithm

The algorithm consists of three stages. For an outer (inner) polygon, Stage 1 labels
a grid point p if and only if the following conditions are satisfied simultaneously:
(C1) p lies on the background (object);
(C2) object (background) lies in the 4-neighborhood of p.

In Stage 1, each grid point that satisfies (C1) and (C2) simultaneously is as-
signed with left/right/bottom/top (L/R/B/T) or a combination of them. Stage 2
extracts the vertices of the polygon on the basis of their labels in Stage 1. Stage 3,
called the construction stage, constructs the isothetic outer polygon with the
help of the vertex types assigned in the Stage 2. In the subsequent discussions,
we adhere to the process of finding the outer isothetic polygon only, since that
for the inner one is very much similar, as evident from the object–background
duality mentioned above.

2.1 Stage 1: Labeling the Grid Points

Let p1 be a grid point on the background that lies in the 4-neighborhood of the
object. A depth-first search (DFS)-Visit [4] is initiated from p1, followed by its
(ordered) adjacency list, Adj[p1], containing eight neighboring grid points of p1
in counter-clockwise order. For each of these eight neighbors, the DFS-Visit is
recursively executed, provided (C1) and (C2) are satisfied simultaneously.

A grid point p is labeled as L/R/B/T or a combination of them depending
upon which of the four grid edges incident on p intersect the object, as illustrated
in Fig. 1. For example, in Fig. 1(a), only the right edge of p intersects the object,
which implies that p lies left of the object, whence p is labeled as L. Similarly, in
Fig. 1(b), since p lies left and top of the object simultaneously, it is labeled by
LT, and in Fig. 1(c), since p lies bottom and top of the object simultaneously,
it is labeled by BT.

It may be noted that a grid point p can be labeled in 24 − 1 = 15 different
ways, namely, L, R, B, T, LR, LB, LT, RB, RT, BT, LRB, LRT, LBT, RBT,
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Fig. 1. An illustration of labeling for some cases of p

and LRBT. Out of these 15 cases, 4 cases (LB, LT, RB, RT) are candidate
vertices (with internal angle 2700) of Pout(C), and 4 other cases (L, R, B, T) are
ordinary edge points of Pout(C). The remaining 7 cases (the labels containing
LR or BT) are considered as dead ends. A dead end primarily signifies that
it does not qualify for being a vertex or an edge point of Pout(C) as evident in
Fig. 1(c), where a dead end, namely BT, has been illustrated. Further, a dead
end signals a sharp change in curvature of the contour, which may call for a
detailed examination in its neighborhood with a denser grid, if required.

2.2 Stage 2: Extracting the Candidate Vertices of Pout(C)

Since Pout(C) is an isothetic polygon, each vertex of Pout(C) can have inter-
nal angle either 900 or 2700. Based on this observation, Stage 2 extracts and
classifies the vertices using object containments of the four quadrants, namely
Q1, Q2, Q3, Q4 (see Fig. 1), associated with p, which, in turn, are derived from
the labels of the grid points awarded in Stage 1. These vertices are of three
classes, which are as follows.

(i) 900 vertex: It can be shown that, if a grid point p is a 900 vertex, then part
of the object lies in exactly one of the neighboring four quadrants of p (Fig. 2).
A 900 vertex can be sub-classified into four types, namely NE, NW, SE, SW,
when the object lies in Q1, Q2, Q3, Q4 respectively.
(ii) 2700 vertex: For a 2700 vertex, p, object lies in exactly three quadrants of
p (Fig. 2). This class is also sub-classified to NE, NW, SE, SW, when the object
not lies in Q1, Q2, Q3, Q4 respectively.
(iii) Cross vertex: A cross vertex is a point of self-intersection. Since an iso-
thetic polygon may have self-intersection(s), a cross vertex is merely the point
of intersection of a horizontal edge and a vertical edge of Pout(C). A cross vertex
is sub-classified into two types, namely NWSE (object is in Q1 and Q3) and
NESW (object is in Q2 and Q4, see Fig. 2).

0
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Fig. 2. Different vertex types
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The sub-classification of the vertex types into NE, NW, SE, and SW aids the
process of construction of the polygon. For example, if p is labeled as NE, then
the outgoing edge from p will be its east-bound edge, provided the incoming
edge for p is its north-bound edge; similarly, the outgoing edge from p will be
its north-bound edge, provided the incoming edge for p is its east-bound edge.

2.3 Stage 3: Construction of P(C)

Stage 3 constructs the outer polygon using the types of the detected vertices in
Stage 2. It may be noted that the class of a vertex is not required, and only the
type of the vertex is sufficient, for construction of the polygon.

The construction starts from a grid point, which is classified as a 900 ver-
tex in stage 2. This vertex is specially marked as the start vertex, vs, for the
construction. It can be shown that a 2700 vertex may not appear in the set of
detected vertices in Stage 2. Hence a 900 vertex is always considered as a start
vertex (vs). Now, let vc be the vertex that is currently under visit during the
construction. Depending on the (incoming) edge along which vc is visited and
the type of vc, the outgoing edge from vc is determined. The traversal proceeds
along the direction of this outgoing edge until the next vertex, vn, is found. This
process is repeated until vn coincides with vs.

2.4 Time Complexity

In Stage 1, since p1 is the grid point lying in the 4-neighborhood of the object
from where the DFS-Visit is initiated, the next grid point visited would be one
of its eight neighbors in Adj[p1], which being recursively executed, would finally
terminate when p1 is reached. Since each node p in this recursive DFS-Visit
satisfies conditions (C1) and (C2), the number of nodes visited in the entire
process would be linearly bounded by the number of grid points satisfying con-
ditions (C1) and (C2). In Stage 2, the labels are used for deciding the vertices,
which are finally used in Stage 3 to construct the polygon. Hence, for an object
with no hole and having one isothetic polygon (inner or outer), the time com-
plexity for finding out its single isothetic polygon is given by O(|C|/α2), where
|C| denotes the length of the contour C and α denotes the spacing (minimum for
non-uniform) between the grid lines.

If the object is having holes and/or requires multiple polygons (inner or outer)
for its representation, then the time complexity for finding out its complete set
of isothetic polygons, containing m polygons, is given by O(m|C|/α2), provided
the starting grid point p1 is given for each polygon. If the starting grid point p1
is unknown for each polygon, then the complexity is O(MN/α2), where M and
N denote the width and height of the 2D plane containing C.

3 Results

The above algorithm has the ability to extract the inner and outer polygons of a
digital object of any complex shape, whether defined on uniform or non-uniform



Isothetic Polygonal Approximations of a 2D Object on Generalized Grid 411

background grid. In addition, this algorithm also produces self-intersecting poly-
gons when a cross vertex is treated as a point of self-intersection. We have tested
it on a number of complex 2-D objects producing correct results in all cases, one
of which being shown in Fig. 3.

(a) Uniform grid: α = 8 (b) Non-uniform grid: α = 8 − 24

Fig. 3. Inner and outer polygons of Lincoln image on uniform and non-uniform grids

It may be noted that the number of vertices of both the outer and the inner
polygons decrease with increase in grid size, thereby reducing the complexity of
the isothetic polygon. For the image (size 430 × 570) in Fig. 3, CPU times for
construction of isothetic polygons for grid size 1 are 956 and 507 milliseconds,
which drops drastically to 4 and 6 milliseconds for grid size 16, for inner and
outer polygons respectively.

4 Conclusion and Future Work

In this paper, we have presented an elegant algorithm to capture approximate
outer and inner isothetic polygons covering a 2D object on both uniformly and
non-uniformly spaced grid lines. This algorithm is fast and can be extended to
higher dimensions, facilitating the determination of outer and inner approxima-
tions in rough sets. A detailed analysis can be done with respect to the point of
inflections to make it amenable to different critical applications like VLSI design
and verification, and robot grasping.
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