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Abstract. This paper proposes an unsupervised algorithm for learning
a high-dimensional finite generalized Dirichlet mixture model. The gener-
alized Dirichlet distribution offers high flexibility and ease of use. We pro-
pose a hybrid stochastic expectation maximization algorithm (HSEM) to
estimate the parameters of the generalized Dirichlet mixture. The per-
formance of our method is tested by applying it to the problems of image
restoration.

1 Introduction

High-dimensional data appears in many areas such as pattern recognition, com-
puter vision and signal processing. In problems involving the detection of real-
world objects, for example, very high-dimensional feature vectors are necessary.
In these conditions, use of probabilistic approaches is always delicate. They suf-
fer from a limitation known as the curse of dimensionality. To avoid problems of
dimensionality, the most common approaches involve the use of dimensionality
reduction, which has been the subject of much research for the past few decades.
A good overview of dimensionality reduction techniques is available in [1].

The approach presented in this paper is not aimed at dimensionality re-
duction. The data is transformed in such a way that density estimation in the
transformed space is simpler and more accurate. This transformation is possible
thanks to the convenient mathematical proprieties of the generalized Dirichlet
density. In previous works, we have shown that the Dirichlet [2] distribution
can be good choices to overcome the disadvantages of the Gaussian. Despite its
flexibility, the Dirichlet distribution has a very restrictive negative covariance
structure. In this paper, we present a generalization of the Dirichlet distribution
which has a more general covariance structure than the Dirichlet distribution.
We propose a hybrid stochastic expectation maximization (HSEM) algorithm
which is a generalization of the EM algorithm. The algorithm is called stochas-
tic because it contains a step in which the data elements are randomly assigned
to components in order to avoid convergence to a saddle point. The adjective
“hybrid” is justified by the introduction of a Newton-Raphson step. Moreover,
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the HSEM algorithm allow high-dimensional probabilistic modeling. The number
of clusters is determined by the introduction of an agglomerative term.

2 Learning the Finite Generalized Dirichlet Mixture

If the random vector X = (X1, . . . , Xdim) follows a generalized Dirichlet distri-
bution the joint density function is given by [3]:

p(X1, . . . , Xdim) =
dim∏

i=1

Γ (αi + βi)
Γ (αi)Γ (βi)

Xαi−1
i (1 −

i∑

j=1

Xj)γi (1)

for
∑dim

i=1 Xi < 1 and 0 < Xi < 1 for i = 1 . . . dim, where γi = βi−αi+1−βi+1 for
i = 1 . . . dim−1 and γdim = βdim−1. A generalized Finite Dirichlet mixture with
M components is defined as: p(X/Θ) =

∑M
j=1 p(X/j, Θj)P (j), where the P (j)

are the mixing probabilities and p(X/j, Θj) is the generalized Dirichlet distri-
bution. Each Θj = (αj1, βj1, . . . , αjdim, βjdim) defines the j-th component, and
Θ = (Θ1, . . . , ΘM , P (1), . . . , P (M)) is the complete set of parameters needed to
specify the mixture. Given a set of N independent vectors X = (X1, . . . , XN ),
the log-likelihood corresponding to a M -component mixture is:

L(Θ, X ) = log

N∏

i=1

p(Xi/Θ) =
N∑

i=1

log

M∑

j=1

p(Xi/j, Θj)P (j) (2)

It’s well-known that the ML estimate: Θ̂ML = argmaxΘ{L(Θ, X )}. The max-
imization defining the ML estimates are under constraints (0 < P (j) < 1 and∑M

j=1 P (j) = 1). Obtaining ML estimates of the mixture parameters are possible
through EM and related techniques [4]. The EM algorithm produces a sequence
of estimate {Θt, t = 0, 1, 2 . . .} by alternatingly applying two steps:

1. E-step:Compute the a posteriori probabilities p(j/Xi, Θj).
2. M-step:Update the parameters estimates according to: Θ̂=argmaxΘL(Θ, X )

In our approach, we determine the appropriate number of components and
the parameters of each component simultaneously by using an agglomerative
technique [5]. The objective function, using the Lagrange multiplier Λ to incor-
porate the constraints about the mixing parameters, is then:

Φ(Θ, X ) =
N∑

i=1

log

M∑

j=1

p(Xi/j, Θj)P (j) + Λ(1 −
M∑

j=1

P (j)) + µ

M∑

j=1

P 2(j) (3)

The first term in Eq. 3 is the log-likelihood function, and it assumes its global
maximum value when each component represents only one of the feature vectors.
The last term (the agglomerative term) reaches its maximum when all of the
feature vectors are modeled by a single component, i.e., when P (j1) = 1 for
some j1 and P (j) = 0, ∀j, j �= j1. The algorithm starts with an over-specified
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number of components in the mixture, and as it proceeds, components compete
to model the data. The update for the a priori probabilities can be shown to be:

P (j)(t) =
∑N

i=1 p(j/Xi, Θj)(t−1) + 2µp2(j)(t−1)

N + 2µ
∑M

j=1 p2(j)(t−1)
(4)

The value of µ should be chosen such that both terms are of the same order of
magnitude. Thus, we choose µ to be the ratio of the first term to the last term
in Eq. 3 of each iteration t, i.e.,

µ(t) = y(t)

∑N
i=1 ln(

∑M
j=1 p(t−1)(Xi/j, Θj)P (t−1)(j))
∑M

j=1 P 2(j)(t−1)
(5)

The function y(t) is introduced in order to provide a good transition from the
non-agglomerative scheme to the agglomerative one. So the value of µ is in-
creased gradually. The plot of the profile of y(t) versus iteration number is shown
in Fig. 1.

Fig. 1. Plot of the function y(t) versus iterations t

In order to estimate the Θj parameters we will use an interesting property of
the generalized Dirichlet distribution. In fact, if a vector Xi has a generalized
Dirichlet distribution, then we can construct a vector W i = (Wi1, . . . , Widim)
using the following geometric transformation:

Wij = T (Xij) =

{
Xij if j = 1
Xij

(1−...−Xij−1) for j = 2, 3, . . . , dim
(6)

In this vector W i each Wid, d = 1, . . . , dim has a Beta distribution with pa-
rameters αid and βid and the parameters {αid, βid, d = 1, . . . , dim} define the
generalized Dirichlet distribution which X i has [3]. Then, the problem of esti-
mating the parameters of a generalized Dirichlet mixture can be reduced to the
estimation of the parameters of dim Beta mixtures. For this, we must maximize
this equation for every dimension:

ΦW (θd, W) =
∑N

i=1 ln(
∑M

j=1 pbeta(Wid/j, θjd)P (j)) (7)

where W = (W1d, . . . , WNd), 0 < d < dim, θd = (α1d, β1d, . . . , αMd, βMd),
θjd = (αjd, βjd) and P (j) are the mixing parameters founded by Eq. 4. The



A New Approach for High-Dimensional Unsupervised Learning 203

maximization of Eq. 7 is equivalent to: ∂
∂θjd

ΦW (θd, W) = 0 ∀ 0 < d < dim.
In order to estimate the θjd parameters we have used Fisher’s scoring method
[6]. The iterative scheme of the Fisher method is given by the following equation:

(
α̂jd

β̂jd

)(t)

=
(

α̂jd

β̂jd

)(t−1)

+ V (t−1) ×
(

∂ΦW

∂α̂jd
∂ΦW

∂β̂ jd

)(t−1)

(8)

where j is the class number and d is the current dimension. The matrix V is
obtained as the inverse of the Fisher’s information matrix. Under sufficiently
accurate starting values, the sequence of iterates produced by the Fisher Scoring
method enjoys local quadratic convergence to a solution θ̂jd. This rapid conver-
gence can be improved by introducing a Stochastic step in the EM algorithm [7].
In fact, the Stochastic step prevents the sequence of estimates Θt from staying
near an unstable stationary point of the likelihood function [7]. In order to make
our algorithm less sensitive to local maxima, we have used some initialization
schemes including the FC-means and the method of moments [2].

INITIALIZATION Algorithm

1. INPUT: Xi, i = 1, . . . , N and the number of clusters M.
2. Apply the Fuzzy C-means to obtain the elements, covariance matrix and

mean of each component.
3. Compute the W i = (Wi1, . . . , Widim) form the Xi.
4. Apply the method of moments for each component j and for each dimension

d to obtain the vector of parameters θjd.
5. Assign the data to clusters, assuming that the current model is correct.
6. If the current model and the new model are sufficiently close to each other,

terminate, else go to 4.

With this initialization method in hand, our Hybrid SEM (HSEM) algorithm
for estimating of generalized Dirichlet mixture can be summarized as follows:
HSEM Algorithm

1. INPUT: Xi, i = 1, . . . , N and an over-specified number of clusters M.
2. Apply the INITIALIZATION Algorithm.
3. E-Step: Compute the a posteriori probabilities:

p(j/Xi, Θj) = p(Xi/j,Θj)P (j)∑
M
j=1 p(Xi/j,Θj)P (j)

4. S-Step: For each sample value Xi draw Zi from the multinomial distribution
of order one with M categories having probabilities specified by the Ẑij .

5. M-Step:
(a) Update the θjd using Eq. 8, j = 1, . . . , M. and d = 1, . . . , dim.
(b) Update the P (j) using Eq. 4, j = 1, . . . , M .

6. If P (j) < ε discard component j, go to 3.
7. If the convergence test is passed, terminate, else go to 3.
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3 Experimental Results: Image Restoration

Suppose an image has been degraded and we wish to restore it. For this goal, we
compare two approaches based on our high-dimensional algorithm and Wiener
filtering. We assume that we have a large number of image pairs (original, de-
graded) for training. In our test, we consider images which are degraded by ad-
ditive white noise, yet the procedure can be applied for other type of distortion
which cannot be expressed simply in mathematical form. For this application,
we use an approach proposed in [8]. First, vectors are formed for each original
pixel in the training set, as shown in Fig. 2. Next, we apply our algorithm to
these vectors. After the mixture’s parameters are estimated, they can be used
to restore a previously unseen degraded test image in the following way. For
each pixel location in a given degraded image, let X1, . . . , Xdim−1 denote the
observed values of the neighborhood pixels, and let Xdim be the original (un-
known) pixel value. The value of Xdim is then chosen according to this rule:
Xdim = argmaxXdim

p((X1, . . . , Xdim)/Θ). Figure 3 shows the result of gener-
alized Dirichlet mixture-based restoration in an example where two 256 × 256
images (see Fig 3.a and Fig 3.e) are degraded by additive white Gaussian noise
with a variance of 100 (see Fig 3.b and Fig 3.f). The result of Wiener filtering is

Fig. 2. Formation of data vector X from degraded and original pixels

(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 3. Image restoration examples. (a) and (e) original images; (b) and (f) degraded;
(c) and (g) Wiener filtered; (d) and (h) restored using generalized Dirichlet mixture.



A New Approach for High-Dimensional Unsupervised Learning 205

shown in figures 3.c and 3.g. For the generalized Dirichlet mixture model a 3×3
neighborhood was used (dim=9+1=10). We see clearly that the restored images
3.d and 3.h exhibits significant noise reduction and maintain good quality. In
order to compare the two approaches (Wiener filtering and our algorithm), we
have used the SSIM (Structural SIMilarity) index which is a novel method for
measuring the similarity between two images and presented by Wang et al. [9].
Then, we applied this method to compare the original images to the restored
ones. The SSIM was 0.72 and 0.8 when we compared the original image in Fig 3.a
with the restored images by the Wiener filtering (see Fig. 3.c) and the restored
image by our method (see Fig. 3.d), respectively. We have compared the results
given by the two methods for the second images (see Fig. 3.e), too. The wiener
filtering and our method gave a SSIM index of 0.74 and 0.78, respectively.

4 Conclusion

In this paper, we have focused on high-dimensional data unsupervised learning.
The algorithm proposed is motivated by the great number of pattern recogni-
tion and image processing applications which involve such types of data. From
the experimental results which involve image restoration, we can say that the
generalized Dirichlet distribution offers strong modeling capabilities.
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