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Abstract. In this article, the clustering problem under the criterion of
minimum sum of squares clustering is considered. It is known that this
problem is a nonconvex program which possesses many locally optimal
values, resulting that its solution often falls into these traps. To explore
the proper result, a novel clustering technique based on improved noising
method called INMC is developed, in which one-step DHB algorithm as
the local improvement operation is integrated into the algorithm frame-
work to fine-tune the clustering solution obtained in the process of it-
erations. Moreover, a new method for creating the neighboring solution
of the noising method called mergence and partition operation is de-
signed and analyzed in detail. Compared with two noising method based
clustering algorithms recently reported, the proposed algorithm greatly
improves the performance without the increase of the time complexity,
which is extensively demonstrated for experimental data sets.

1 Introduction

The clustering problem is a fundamental problem that frequently arises in a
great variety of application fields such as pattern recognition, machine learning,
and statistics. In this article, we focus on the minimum sum of squares clustering
problem stated as follows: Given N objects in Rm, allocate each object to one
of K clusters such that the sum of squared Euclidean distances between each
object and the center of its belonging cluster for every such allocated object is
minimized. This problem can be mathematically described as follows:

min
W,C

J(W, C) =
N∑

i=1

K∑

j=1

wij‖xi − cj‖2 (1)

where
K∑

j=1

wij = 1, i = 1, . . . , N . If object xi is allocated to cluster Cj , then wij

is equal to 1; otherwise wij is equal to 0. Here, N denotes the number of objects,
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m denotes the number of object attributes, K denotes the number of clusters,
X = {x1, . . . ,xN} denotes the set of N objects, C = {C1, . . . , CK} denotes the
set of K clusters, and W = [wij ] denotes the N ×K 0−1 matrix. Cluster center
cj is calculated as follows:

cj =
1
nj

∑

xi∈Cj

xi (2)

where nj denotes the number of objects belonging to cluster Cj . This clustering
problem is a nonconvex program which possesses many locally optimal values,
resulting that its solution often falls into these traps. It is known that this
problem is NP-hard [1]. If exhaustive enumeration is used to solve this problem,
then one requires to evaluate

1
K!

K∑

j=1

(−1)K−j

(
K

j

)
jN (3)

partitions. It is seen that exhaustive enumeration cannot lead to the required
solution for most problems in reasonable computation time [2].

Many methods have been reported to deal with this problem [2,3]. Among
them, K-means algorithm is a very popular one but it converges to local minima
in many cases [4]. Moreover, many researchers attempt to solve this problem
by stochastic optimization methods including evolutionary computation [5,6,7],
tabu search [8], and simulated annealing [9]. By adopting these techniques, re-
searchers obtain better performance than by using local iteration methods such
as K-means algorithm. In [10], the noising method, a recent metaheuristic tech-
nique firstly reported in [11], is introduced to deal with the clustering prob-
lem under consideration. In the field of metaheuristic algorithms, to efficiently
use them in various kinds of applications, researchers often combine them with
local descent approaches [12,13]. To efficiently use the noising method in the
clustering problem, in [10], the authors introduced K-means algorithm as the
local improvement operation to improve the performance of the clustering al-
gorithm. As a result, two methods called NMC and KNMC, respectively, are
developed. NMC does not own K-means operation but KNMC does. The choice
of the algorithm parameters is extensively discussed, and performance compar-
isons between these two methods and K-means algorithm, GAC [5], TSC [8],
and SAC [9] are conducted on experimental data sets. It is concluded that, with
much less computational cost than GAC, TSC, and SAC, KNMC can get much
better clustering results sooner than NMC, GAC, and TSC, and obtain results
close to those of SAC. Meanwhile, it is found that the results of KNMC are still
inferior to those of SAC in most cases.

The motivation of this article is how to design a new noising method based
clustering algorithm. On one hand, the low complexity should be kept, and on
the other hand, the quality of outputs should be further improved. Here, we find
there are still some problems in KNMC. Firstly, methods better than K-means
algorithm are not considered, and secondly, the probability threshold employed
in [10] need be determined in advance. But it is very difficult for the designer to
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choose the proper value in different cases. In this paper, two novel operations are
introduced, DHB operation and mergence and partition operation. The role of
DHB operation is similar to that of K-means operation in [10], but the former can
further improve the current solution. Mergence and partition operation similar
to the probability threshold is used to establish the neighboring solution, but it
does not need any parameter and can attain much better results than the latter.
By introducing these two modules, we develop a new clustering technique based
on improved noising method called INMC. By extensive computer simulations,
its superiority over NMC, KNMC, and even SAC is demonstrated.

The remaining part of this paper is organized as follows: In Section 2, INMC
algorithm and its components are described in detail. In Section 3, how to deter-
mine proper modules is extensively discussed. Performance comparisons between
the proposed algorithm and other techniques are conducted on experimental data
sets. Finally, some conclusions are drawn in Section 4.

2 INMC Algorithm

As stated in [10,14], instead of taking the genuine data into account directly,
the noising method considers the optimal result as the outcome of a series of
fluctuating data converging towards the genuine ones. Figure 1 gives the general
description of INMC. The architecture of INMC is similar to that of KMNC and
their most procedures observe the main architecture of the noising method. The
difference between KNMC and INMC lies that two new operations are introduced
in INMC. The detail discussion about KNMC and the noising method can be
found in [10] and [14], respectively. Here, DHB operation consisting of one-step
DHB algorithm is used to fine-tune solution Xc and accelerate the convergence
speed of the clustering algorithm. Moreover, mergence and partition operation
is designed to establish the neighboring solution.

Begin
set parameters and the current solution Xc at random
while Ni ≤ Nt do

Ni ← Ni + 1
perform DHB operation to fine-tune solution Xc

perform mergence and partition operation to create the neighbor X ′

if f(X ′)− f(Xc) + noise < 0, then Xc ← X ′

if f(Xc) < f(Xb), then update the best solution Xb ← Xc

if Ni = 0(modNf ), then decrease the noise rate rn

end do
output solution Xb

end

Fig. 1. General description of INMC
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2.1 DHB Operation

In [15], an iterative method called DHB algorithm, a breadth-first search tech-
nique, for the clustering problem is reported. According to this algorithm, an-
other alternative approach called DHF algorithm, a depth-first search technique,
is described in [16]. In [17], two algorithms called AFB algorithm and ABF al-
gorithm, respectively, based on hybrid alternating searching strategies, are pre-
sented to overcome the drawbacks of either a breadth-first search or a depth-first
search in the clustering problem. In [18], five iteration methods (DHB, DHF,
ABF, AFB, and K-means) are compared. First four methods have the simi-
lar performance and own stronger convergence states than K-means algorithm.
Their time complexities are the same as that of K-means algorithm. In [18], the
conclusion is drawn that first four algorithms can get much better clustering
results sooner than K-means algorithm and DHB algorithm is recommended to
perform the clustering task. The detail descriptions of five methods can be found
in the corresponding references. In this paper, we choose DHB algorithm as the
local improvement operation to fine-tune solution Xc. Firstly, we define several
variables so as to describe DHB operation. For cluster Cj , its objective function
value is defined as:

Jj =
∑

xi∈Cj

‖xi − cj‖2 (4)

If object xi belonging to cluster Cj is reassigned to Ck, then cluster centers
are moved accordingly, Jj decreases by ∆Jij , Jk increases by ∆Jik, and the
objective function value J is updated as follows:

⎧
⎨

⎩

∆Jij = nj‖xi − cj‖2/(nj − 1)
∆Jik = nk‖xi − ck‖2/(nk + 1)
J ′ = J − ∆Jij + ∆Jik

(5)

and Cj and Ck are modulated as follows:
{

c′j = (njcj − xi)/(nj − 1)
c′k = (nkck + xi)/(nk + 1)

(6)

Then, DHB operation is described as follows: Object xi belonging to cluster Cj

is reassigned to cluster Ck, iff

min (∆Jik) < ∆Jij (7)

where i = 1, . . . , N , j, k = 1, . . . , K, and j �= k. According to Equations 5 and 6,
the corresponding parameters are updated. After all objects are considered, the
modified solution is obtained.

2.2 Mergence and Partition Operation

In [10], the probability threshold popularly used to create the neighborhood of
tabu search is adopted to establish the neighboring solution of the current so-
lution Xc. But the designer has to determine the value of this parameter in
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advance by computer simulations. In this paper, mergence and partition opera-
tion is designed to create the neighboring solution and no parameter is needed
any longer. In [19], three clustering concepts, under-partitioned state, optimal-
partitioned state, and over-partitioned state, are given to describe the varia-
tion of two partition functions so as to establish the cluster validity index. In
this article, we introduce these concepts to explain why and how we establish
the neighboring solution by mergence and partition operation. In general, for a
cluster, there are only three partition states, under-partitioned state, optimal-
partitioned state, and over-partitioned state. In over-partitioned case, an original
cluster is improperly divided into several parts. In under-partitioned case, more
than two original clusters or parts of them are improperly grouped together. Only
in optimal-partitioned one, all original clusters are correctly partitioned. For a
suboptimal clustering solution, there must be the under-partitioned cluster and
the over-partitioned cluster. Therefore, it is seen that further partitioning the
under-partitioned cluster and merging the over-partitioned cluster are natural
and suitable for establishing the neighboring solution and exploring the correct
clustering result. By improving all improperly partitioned clusters, we can expect
to achieve the proper result at last. Here, we randomly perform one partition and
one mergence on solution Xc, keep the number of clusters constant, and form the
neighbor. As the increase of the number of iterations, this operation are repeat-
edly performed on suboptimal solutions and the proper solution will be finally
achieved. Mergence and partition operation includes four sub-operations: mer-
gence cluster selection, partition cluster selection, cluster mergence, and cluster
partition. Here, the cluster to be merged Cm and the cluster to be partitioned
Cp are randomly determined. For cluster Cm, its belonging objects will be reas-
signed to their respective nearest clusters. That is, object xi ∈ Cm is reassigned
to cluster Cj , iff

‖xi − cj‖2 < ‖xi − ck‖2 (8)

where k, j = 1, . . . , K, Cj , Ck �= Cm, and Cj �= Ck. After this sub-operation,
cluster Cm disappears and the number of clusters decreases by one. Meanwhile,
For cluster Cp, we view objects belonging to cluster Cp as a new data set,
and adopt iteration methods such as K-means algorithm to divide its belonging
objects into two new clusters. Here, K-means algorithm is chosen to perform this
task by computer simulations. After this sub-operation, cluster Cp is divided into
two new clusters and the number of clusters increases by one. Above four steps
are performed on solution Xc and the neighboring solution X ′ is established.

3 Experimental Results

In order to analyze the performance of the proposed algorithm, we firstly evaluate
the individual contributions made by different operations. Then the proposed
algorithm is applied to seven data sets and compared with SAC, NMC, and
KNMC. These experimental data sets are chosen because they represent different
situations and provide the extensive tests of the adaptability of the proposed
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algorithm. Simulation experiments are conducted in Matlab on an Intel Pentium
III processor running at 800MHz with 128MB real memory. Each experiment
includes 20 independent trials.

3.1 Performance Evaluation

In this section, the experiments are performed to compare performance of differ-
ent modules. Due to space limitations, here, the well-known data set, German
Towns with eight clusters, is chosen to show the comparison results. For other
experimental data sets, the similar results are obtained.

Three local improvement operations (No operation, K-means operation, and
DHB operation) adopted by NMC, KNMC, and INMC, respectively, are com-
pared. In NMC, there is no local improvement operation. Here, the probability
threshold is used to create the neighboring solution. The best results obtained
by the methods equipped with different operations in the process of iterations
are compared as shown in Figure 2. It is seen that No operation is the worst.
For other two operations, it seems that their results are almost equal to each
other. But after No operation is removed, the real results are shown as Figure 3.
It is clear that K-means operation is obviously inferior to DHB operation. As a
result, the algorithm equipped with DHB operation can attain the best results
more quickly and stably than ones with other two operations.
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Fig. 2. Comparison of three operations
for improving solution Xc
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Fig. 3. Comparison of K-means opera-
tion and DHB operation

We now discuss the issue of creating the neighboring solution. Here, to compare
performance of the probability threshold and mergence and partition operation,
we do not adopt the local improvement operation to improve the current solution.
Figure 4 shows that mergence and partition operation is far superior to the proba-
bility threshold and greatly improve the performance of the clustering algorithm.
Without the cooperation of the local improvement operation, the neighboring so-
lution providedby mergence and partition operation still accelerates the clustering
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algorithmto attain the best result stably and quickly. Therefore, it can be expected
the combination of DHB operation and mergence and partition operation can fur-
ther improve the performance of the clustering method.
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Fig. 4. Comparison of two modes for creating the neighboring solution

3.2 Performance Comparison

In this paper, seven data sets are chosen to perform computer simulations besides
the ones adopted in [10]. Two well-known data sets are added: German Towns [2]
and British Towns [20]. Here, we consider two cases: one is that the number of
clusters is variable; the other is that this parameter is fixed. Among data sets,
the number of clusters in German Towns varies in the range [4, 10]. We label
them as GT4C, GT5C, GT6C, GT7C, GT8C, GT9C, and GT10C, respectively.
This data set consists of Cartesian coordinates of 59 towns in Germany. The
case of British Towns is the same as that of German Towns. This data set is
composed of 50 samples each of four variables corresponding to the first four
principal components of the original data. In other data sets, the number of
clusters is fixed. The detail descriptions of these five data sets (Data52, Data62,
Iris, Crude Oil, and Vowel) can be found in [10].

In this paper, our aim is to improve the noising method for the clustering
problem under consideration and to further explore better results than those of
KNMC and even SAC. In [10], it is shown that KNMC is better than K-means
algorithm, GAC, and TSC. Therefore, we here focus on SAC, NMC, KNMC, and
INMC. For SAC, according to the recommendation of the reference, the number
of iterations at a temperature is set to be 20, the initial annealing temperature
is set to be 100, α is set to be 0.05, and the terminal annealing temperature is
set to be 0.01. In [10], The choice of the algorithm parameters is determined by
computer simulations as follows: the noise range is equal to 10, the terminal noise
rate is equal to 0, the original noise rate is equal to 10, the number of iterations
at the fixed noise rate is equal to 20, and the total number of iterations is equal
to 1000. For INMC, its parameter settings are the same as those of NMC and
KNMC.
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Before conducting comparison experiments, we analyze the time complexities
of methods adopted in this article. The time complexities of SAC, NMC, and
KNMC are O(GNsKmN), O(NtmN), and O(NtKmN), respectively, where G
denotes the number of iterations during the process that the annealing tempera-
ture drops, Ns denotes the number of iterations at the fixed temperature, and Nt

denotes the total number of iterations in the noising method. It is known that
the cost of NMC is lower than that of KNMC, but the performance of NMC
is far inferior to that of KNMC. For INMC, the complexity of DHB operation
is O(KmN). The complexity of mergence and partition operation is O(KmN).
Therefore, the time complexity of INMC is O(NtKmN) that is equal to that of
KNMC. Under this condition, the complexity of SAC is over thrice as much as
those of INMC and KNMC.

Table 1. Comparison of the clustering results of four methods for German Towns

SAC NMC KNMC INMC

GT4C
Avg 49600.59 75063.93 51610.14 49600.59
SD 0.00 7917.87 6652.60 0.00
Min 49600.59 63245.97 49600.59 49600.59

GT5C
Avg 39496.39 67157.79 40075.44 39091.02
SD 783.34 6897.88 1094.02 376.04
Min 38716.02 58374.91 38716.02 38716.02

GT6C
Avg 32220.44 62077.15 33837.61 31502.50
SD 1548.73 7178.90 1369.15 975.98
Min 30535.39 49445.41 30535.39 30535.39

GT7C
Avg 26964.11 54509.46 29009.23 24511.56
SD 1707.07 6077.62 2146.84 136.82
Min 24432.57 40164.41 25743.20 24432.57

GT8C
Avg 22603.12 52753.38 24496.94 21573.29
SD 1458.92 5527.67 1591.55 153.88
Min 21499.99 45283.29 22114.03 21483.02

GT9C
Avg 19790.99 47585.86 21746.58 18791.13
SD 420.20 4602.09 1925.25 175.83
Min 19130.63 35490.28 19521.02 18550.44

GT10C
Avg 18028.90 42796.75 20451.51 16515.07
SD 633.67 4078.29 1643.82 125.47
Min 16864.78 35015.27 18462.07 16307.96

The average (Avg), standard deviation (SD), and minimum (Min) values of
the clustering results of four methods for German Towns are compared as shown
in Table 1. In face of German Towns in which the number of clusters is variable,
NMC is the worst and fails to attain the best values even once within specified
iterations and its best values obtained are far worse than the best ones. KNMC
equipped with K-means operation can attain much better results than NMC.
KNMC can attain the optimal results of German Towns when the number of
clusters is small. But when this number is greater than and equal to seven,
KNMC cannot obtain the ideal results any longer. SAC spending much more
computational resource than KNMC obtains better performance than KNMC
as stated in [10]. SAC can attain the optimal results of German Towns when
the number of clusters is up to seven. As the increase of this number, it does
not attain the best results but its results are still superior to those of KNMC.
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With the cooperation of DHB operation and mergence and partition operation,
INMC can achieve the best value in each case. Its stability and solution quality
are far superior to those of NMC, KNMC, and even SAC. Meanwhile, its time
complexity the same as that of KNMC does not increase.

The average (Avg), standard deviation (SD), and minimum (Min) values of
the clustering results of four methods for British Towns are compared as shown
in Table 2. In face of British Towns, NMC is still the worst and fails to attain
the best value in each case. At this time, KNMC can attain the optimal results
of British Towns when the number of clusters is up to five. As the increase of
the number of clusters, KNMC cannot obtain the best results any longer. In face
of British Towns, the performance of SAC also becomes bad. It only attains the
best values of British Towns with four and six clusters. But SAC still obtains
better performance than KNMC in most case. In face of British Towns with
different clusters, INMC can still attain the best value in each case. It is shown
that the stability and solution quality of INMC are far superior to those of NMC,
KNMC, and SAC.

Table 2. Comparison of the clustering results of four methods for British Towns

SAC NMC KNMC INMC

BT4C
Avg 180.91 213.74 182.05 180.91
SD 0.00 13.05 1.96 0.00
Min 180.91 186.25 180.91 180.91

BT5C
Avg 160.56 189.45 162.76 160.23
SD 0.00 9.82 3.12 0.00
Min 160.56 172.64 160.23 160.23

BT6C
Avg 145.37 178.18 147.29 141.46
SD 3.30 10.17 2.97 0.00
Min 141.46 167.61 142.30 141.46

BT7C
Avg 130.26 175.20 132.69 126.60
SD 2.45 12.01 3.86 0.29
Min 128.68 156.40 128.28 126.28

BT8C
Avg 120.07 163.48 121.18 113.82
SD 3.01 8.93 3.96 0.57
Min 114.07 141.67 116.65 113.50

BT9C
Avg 111.18 155.78 111.30 103.24
SD 2.47 9.83 3.25 0.22
Min 103.75 142.75 104.31 102.74

BT10C
Avg 100.71 148.21 103.14 92.81
SD 3.36 10.69 4.14 0.17
Min 93.19 131.07 98.47 92.68

After considering the case in which the number of clusters is variable, we focus
on the other case. The average (Avg), standard deviation (SD), and minimum
(Min) values of the clustering results of four methods for other five data sets are
compared as shown in Table 3. In these experiments, the number of clusters is
constant. As stated in [10], NMC is the worst, KNMC is the second, and SAC
is the best. SAC can attain the best values of Data52, Iris, and Crude Oil in
all trials. But after INMC is considered, more promising results are expected.
INMC can stably obtain the best values of Data52, Data62, Iris, and Crude Oil
in all trials. For Vowel, its solution quality and stability are much better than
other three methods.
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Table 3. Comparison of the clustering results of four methods for Data52, Data62,
Iris, Crude Oil, and Vowel

SAC NMC KNMC INMC

Data52
Avg 488.02 2654.52 488.69 488.02
SD 0.00 55.52 0.58 0.00
Min 488.02 2557.31 488.09 488.02

Data62
Avg 1103.11 19303.58 1230.02 543.17
SD 366.63 422.77 1382.50 0.00
Min 543.17 18005.98 543.17 543.17

Iris
Avg 78.94 302.99 85.37 78.94
SD 0.00 37.43 19.26 0.00
Min 78.94 242.15 78.94 78.94

Crude Oil
Avg 1647.19 1995.44 1647.27 1647.19
SD 0.00 124.27 0.12 0.00
Min 1647.19 1787.43 1647.19 1647.19

Vowel
Avg 31941263.99 250796549.46 31554139.24 31389900.02
SD 1205116.61 2866658.66 1209301.09 412724.00
Min 30720909.84 245737316.31 30718120.60 30690583.33
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In order to understand the performance of four methods better, we use Ger-
man Towns with eight clusters to show the iteration process. In Figure 5, it is
seen that NMC is obviously much inferior to other three methods. For other
three algorithms, it seems that their results are almost equal to each other. But
after NMC is removed, the real results are shown as Figure 6. It is seen that
INMC is superior to SAC and KNMC, which shows that without the increase
of the time complexity, the performance of the noising method based clustering
algorithm can be greatly improved by introducing proper components into the
algorithm framework.

4 Conclusions

In this article, in order to further improve the performance of the noising method
based clustering algorithm, a novel algorithm called INMC is proposed. Two new
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operations are described in detail, DHB operation and mergence and partition
operation. In the algorithm framework, DHB operation is used to modulate the
current solution obtained in the process of iterations and to accelerate the con-
vergence speed of INMC, and mergence and partition operation is developed to
establish the neighboring solution. With the same time complexity as KNMC,
INMC can get much better results more quickly and stably than NMC and
KNMC. Moreover, compared with SAC, INMC spends much less resource and
obtains much better results, which is not solved in [10]. In future, the estima-
tion of the number of clusters should be considered. Meanwhile, improving the
stability of the proposed algorithm to the best results in complicate cases will
be the subject of future publications.
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