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Abstract. This paper assesses the estimation of kinetic parameters
from dynamic contrast-enhanced magnetic resonance imaging (DCE-
MRI). Asymptotic results from likelihood-based nonlinear regression are
compared with results derived from the posterior distribution using
Bayesian estimation, along with the output from an established software
package (MRIW). By using the estimated error from kinetic parame-
ters, it is possible to produce more accurate clinical statistics, such as
tumor size, for patients with breast tumors. Further analysis has also
shown that Bayesian methods are more accurate and do not suffer from
convergence problems, but at a higher computational cost.

1 Introduction

The quantitative analysis of dynamic contrast-enhanced magnetic resonance
imaging (DCE-MRI) is typically achieved by applying pharmacokinetic (PK)
models to the signal intensity, or a nonlinear transformation of it, observed from
the scanning process. The contrast agent Gd-DTPA (gadolinium diethylene-
triaminepentaacetic acid) is a small molecular weight substance injected after
several baseline scans have been acquired. Using T1-weighted sequences, the
reduction in T1 relaxation time caused by the contrast agent is the dominant en-
hancement observed [1]. T1-weighted kinetic curves typically have three phases:
the upslope, maximum enhancement, and washout [2]. Quantitative PK param-
eters are estimated by fitting a nonlinear function, the solution of a system of
linear differential equations, to the observations. Each PK parameter has a di-
rect relationship with key biological processes of interest; e.g., volume transfer,
leakage space, etc. This is a distinct advantage over the semi-quantitative ap-
proach where descriptive statistics of the kinetic curve (onset time, mean rate
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of change, maximum signal intensity, etc.) are estimated, but lack direct tissue
or vascular information.

From a statistical point of view this quantitative methods are based on the
theory of nonlinear regression [3]. Non-linear models are typically hard to es-
timate due to optimization problems, but standard software is available. We
estimate parameters in pharmacokinetic (PK) models using nonlinear regression
in both a likelihood and a Bayesian framework [4] to help alleviate some of the
concerns stated above and provide a richer summary of the results, specifically
with respect to convergence issues.

Potential clinical applications of DCE-MRI include screening for malignant
disease, lesion characterization, monitoring lesion response to treatment, and as-
sessment of residual disease. Newer applications include prognostication, phar-
macodynamic assessments of antivascular anticancer drugs, and predicting ef-
ficacy of treatment. We propose to look at parameters obtained from the two
methods and how they impact clinically relevant statistics such as tumor size.

2 Theory and Methods

2.1 DCE-MRI Data

To evaluate our methods we use a dataset provided by the Paul Strickland Scan-
ner Centre at the Mount Vernon Hospital, Northwood. The data consist of six
patients with breast tumors, scanned once at the beginning of treatment and
again after six weeks. The scans were acquired with a 1.5 T Siemens MAGNE-
TOM Symphony scanner, TR = 11 ms and TE = 4.7 ms. Each scan consists of
three slices of 230×256 voxels. A dose of D = 0.1 mmol/kg body weight Gd-
DTPA was injected at the start of the fifth acquisition using a power injector.

We use a standard compartmental model [5] to describe the arterial influx
of Gd-DTPA into extracellular extravascular space (EES) and its venous efflux.
The time series of gadolinium concentration in the tissue is modeled by

Ct(t) = Ktrans [Cp(t) ⊗ exp(−kept)] , (1)

where Ct(t) is the observed Gd-DTPA concentration in the tissue at time t
and Cp(t) is the tracer concentration in arterial blood. The parameter Ktrans

represents the transfer from plasma to EES, and kep is the rate parameter for
transport from the EES to plasma. Here, ⊗ denotes the convolution operator.
The volume of EES per unit volume of tissue (leakage space) is given by

ve =
Ktrans

kep
. (2)

For the arterial input function Cp(t) we follow the work of Tofts and Kermode
[6] and use a bi-exponential function

Cp(t) = D

2∑

i=1

ai exp(−mit), (3)
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with the values a1 = 3.99 kg/l, a2 = 4.78 kg/l, m1 = 0.144 min−1 and m2 =
0.0111 min−1 and the actual dose per body weight.

To calculate the Gadolinium concentration Ct, the signal intensity was con-
verted to T1 relaxation time values using T1-weighted images, proton density
weighted images and data from a calibration experiment consisting of phan-
toms with known T1 relaxation time. The Gd-DTPA concentration can then be
computed via

Ct(t) =
1
r1

[
1

T1(t)
− 1

T10

]
(4)

where T10 is the T1 value without contrast, computed as mean value of the first
four images, and r1 = 4.24 l/s/mmol is the longitudinal relativity of protons in
vivo due to Gd-DTPA.

Regions of interest (ROIs) were drawn manually, on a scan-by-scan basis,
using subtraction images from the acquisition of dynamic data. Although the
tumor was isolated, in order to save on computation time, enough surrounding
tissue was also captured to allow for reasonable contrast between tissue types
within the ROI.

2.2 Statistical Models

Likelihood Approach. In each voxel we fitted a nonlinear regression model
to the Gd-DTPA concentration time series. By carrying out the convolution in
Eqn. 1, the following statistical model can be derived:

Ct(t) = D exp(θ1)
2∑

i=1

ai{exp(−mit) − exp[− exp(θ2)t]}
exp(θ2) − mi

+ εt, (5)

where εt is the noise error at time t. We assume the expected value of the error to
be zero; i.e. E(ε) = 0. Inference is performed by minimizing the sum of squares
of the errors min

∑
ε2t . We use parameters exp(θ1) instead of Ktrans and exp(θ2)

instead of kep to insure positive values of Ktrans and kep. The parameter ve

was computed using Eqn. 2. Estimation of the model was done using the nls
function of the statistical computing environment R [7]. The function uses a
Gauss–Newton algorithm to estimate parameters of interest along with their
standard errors.

As comparting models are typically difficult to optimize, we use a multiple
search start point approach for the algorithm [8]. To identify the starting val-
ues, we follow the ideas of Pinheiro and Bates [9] for first-order compartmental
models. Nevertheless, the algorithm still failed to converge in 5% of voxels.

Bayesian Approach. For the Bayesian approach we use the following model

Ct(t) = DKtrans
2∑

i=1

ai[exp(−mit) − exp(−kept)]
kep − mi

+ ε. (6)
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In the Bayesian framework prior probability density functions (PDFs) have to
be specified for all unknown parameters, and hence, we use

ε ∼ N(0, τ−1
ε ),

log(Ktrans) ∼ N(0, τ−1
Ktrans),

log(kep) ∼ N(0, τ−1
kep

),

where N denotes the Gaussian (Normal) distribution. The variance parameters
for these PDFs are also specified by so-called hyper-priors,

τε ∼ Ga(0.001, 0.001),
τKtrans ∼ Ga(0.001, 0.001),

τkep ∼ Ga(0.001, 0.001),

where Ga denotes the Gamma distribution. So the PDFs of ε, Ktrans and kep
have high variance and therefore are very diffuse. This reflects lack of prior in-
formation about the parameters of interest. By using a normal prior distribution
for log(Ktrans) and log(kep), we ensure positive values for both parameters as
with the likelihood method.

Inference is made by computing the posterior distribution p(Ktrans, kep | Ct)
given by Bayes’ theorem, so that

p(Ktrans, kep | Ct) =
p(Ktrans, kep) �(Ct | Ktrans, kep)∫

p(Ktrans∗ , kep∗) �(Ct | Ktrans∗ , kep∗)
, (7)

where �(Ct | Ktrans, kep) denotes the likelihood function of Ct(t). Samples from
the posterior distribution are obtained via Markov chain Monte Carlo (MCMC)
methods [4] implemented in C++. For estimating the parameter and standard
errors we use the mean and the empirical standard error of the sample of each
parameter, respectively, after a reasonable burn-in phase.

MRIW. Estimation of pharmacokinetic parameters was also performed using
MRIW v4.1.6 [10], an established software package for parametric analysis of
DCE-MRI data developed at the Institute of Cancer Research, United Kingdom.

3 Results

Both the likelihood and Bayesian methods were applied to six patients, with
breast tumor, before and after treatment. Fig. 1 shows the estimated volume
transfer constant (Ktrans), the standard error of log(Ktrans) and the leakage
space (ve) from a single slice of patient #2 before therapy. The tumors are
clearly visible as a region of high Ktrans, although the likelihood-based procedure
and MRIW failed to converge for approximately 5% of voxels both inside and
outside the tumor. Bayesian parameter estimates were available for all voxels.
When looking at leakage space the tumor is surrounded by a region of high ve,
making the edges of the tumor difficult to identify.
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Ktrans SE{log(Ktrans)} ve

(1)

(2)

(3)

Fig. 1. Parametric maps of kinetic parameters for a region of interest around a breast
tumor – from left to right – the volume transfer constant (Ktrans), the standard er-
ror of log(Ktrans) and the leakage space (ve). The rows correspond to three methods
likelihood (1), Bayesian (2) and MRIW(3).

To specify the exact region of the tumor, we threshold Ktrans such that only
values exceeding 0.3 remain (Fig. 2, left). This helps to highlight the tumor,
but many voxels not associated with the tumor also remain. To produce a better
specification, we take advantage of the estimated standard error for Ktrans. Fig. 1
(right) shows the estimated standard error of log(Ktrans) for the likelihood and
Bayesian methods (see our model specification in Sec. 2.2). The error is especially
high where the estimated value of Ktrans is high (e.g., in the tumor). Assuming an
asymptotic Normal distribution, we can compute the probability of each pixel
exceeding the threshold. Fig. 2 (middle) shows this probability map, whereas
Fig. 2 (right) shows pixels where the probability of exceeding the threshold
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(i.e., a pixel being part of the tumor) is greater than or equal to 99%. Utilizing
the PDF of Ktrans, either its asymptotic distribution via the likelihood method
or its posterior distribution via the Bayesian method, produces a much better
separation between tumor and non-tumor voxels.

We explore the clinical application of these methods by computing the size of
the tumor, defined here to be the number of voxels per slice. A tumor mask was
created from the estimated Ktrans for each method (Fig. 3) and the size of the
tumor, both pre- and post-treatment, is provided in Tab. 1 for all six patients.
There is good agreement between the three methods for most of the scans.

Ktrans > 0.3 P (Ktrans > 0.3) P (Ktrans > 0.3) ≥ 0.99

(1)

(2)

(3)

Fig. 2. Threshold maps derived from estimates of Ktrans of first scan of patient #2 –
from left to right – basic thresholding, probability of exceeding the threshold and
probability of exceeding the threshold by at least 99%. The rows correspond to three
methods – from top to bottom – likelihood (1), Bayesian (2) and MRIW (3).
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Likelihood Bayesian MRIW

Fig. 3. Mask of the tumor of scan 1 of patient # 2 based on different estimates of
Ktrans – from left to right – likelihood, Bayesian and MRIW

Table 1. Tumor size (number of voxels) derived from Ktrans for each slice of the six
patients, pre- and post-treatment

Bayes Likelihood MRIW
Slice 1 2 3 Total 1 2 3 Total 1 2 3 Total

Patient Treatment
1 pre 0 557 0 557 0 566 0 566 0 569 0 569

post 4 32 0 36 5 36 0 41 5 34 0 39
2 pre 663 1068 567 2298 676 1147 582 2405 846 1306 504 2656

post 0 0 0 0 0 0 0 0 140 0 0 140
3 pre 256 440 192 888 266 429 185 880 289 439 238 966

post 0 7 0 7 8 0 21 29 0 0 52 52
4 pre 58 292 144 494 57 293 138 488 94 201 261 556

post 1375 25697 2087 6031 1393 2591 2100 6084 1973 1351 1089 4413
5 pre 450 287 222 959 456 290 207 953 260 227 29 516

post 1393 1467 1175 4035 1449 1769 1511 4729 445 190 526 1161
6 pre 87 481 114 682 89 503 115 707 104 233 78 415

post 142 297 0 439 149 301 0 450 134 396 120 450

4 Conclusion

Statistical properties of pharmacokinetic parameters from DCE-MRI have been
used to improve clinically relevant quantities of interest. Bayesian techniques
allow one to input prior information into the estimation procedure, greatly re-
ducing problems with convergence with the cost of increased computing time.
The posterior distribution provides instant access to valuable information about
the kinetic parameters without resorting to asymptotic results. We have utilized
second-order quantities of the posterior distribution to help discriminate voxels
and produce more accurate summaries of clinically meaningful statistics.

With the proposed framework, it is possible to incorporate additional in-
formation via the prior distributions including dependence between kinetic pa-
rameters and spatial constraints, thus moving towards semi-parametric or non-
parametric models in DCE-MRI.
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