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Abstract. Gaussian process regression models can be utilized in recov-
ery of discontinuous signals. Their computational complexity is linear
in the number of observations if applied with the covariance functions
of nonlinear diffusion. However, such processes often result in hard-to-
control jumps of the signal value. Synthetic examples presented in this
work indicate that Bayesian evidence-maximizing stopping and knowl-
edge whether signal values are discrete help to outperform the steady
state solutions of nonlinear diffusion filtering.

1 Introduction

Discontinuous signals can be efficiently recovered from noisy observations by
employing Gaussian processes (GPs) whose mean function conditioned on the
data solves nonlinear diffusion equations. Computations scale linearly with the
number of data points and the increasing input dimensionality if one utilizes the
additive operator splitting [12] or probabilistic simulation [3].

Nonlinear diffusion models operate upon iterative application of the principle
‘smooth less where the spatial gradient of the signal is larger’. Paradoxically,
such a filtering results in discontinuous jumps of signal values yielding better
preserved edges and the possibility to restore signals hidden in a large-variance
noise.

This work investigates nonlinear diffusion priors for Gaussian process regres-
sion. We show that diffusion can be optimally stopped long before it approaches
the steady state by employing the Bayesian evidence criterion. In addition, the
signal can be constrained to take either binary or any set of values in O(n)
number of multiplications per iteration. This is obtained by reformulating the
matrix inversion of the Thomas algorithm as a dynamic programming problem.

Section 2 states Bayesian evidence-maximizing Gaussian process regression
as means to solve the smoothing problem. Section 3 discusses efficient linear dif-
fusion prior and its smoothing characteristics from the stochastic process view-
point. Its variational interpretation and nonlinear extension is introduced in
Section 4. An example of optimal stopping is given in Section 5 whereas a gen-
eral approach to impose the discrete constraints on the values of the diffusion
outcome is presented in Section 6. Concluding remarks are stated in Section 7.
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2 Gaussian Process Regression

Let us consider a grid of n spatial locations and gather the observations into
vector y ∈ �

n. Let us denote the model output as u ∈ �
n. If we assume

that the joint predictive density of the model outcome and the hyperparameter
vector θ is unimodal, then in the absence of any specific knowledge about optimal
hyperparameters θ∗, the location of the posterior mode can be determined by
employing the Bayesian Evidence framework [7]. At the optimal point (u∗, θ∗)
the following equations should hold:

u∗ = arg max
u

p(y|u, θ∗)p(u|θ∗), (1)

θ∗ = arg max
θ

p(y|u∗, θ)
p(u∗|θ)

p(u∗|y, θ)
. (2)

Eqs. (1) and (2) indicate that the parameters and hyperparameters are solved
by balancing their likelihood and prior solutions. In spite of the absence of any
a priori information about the possible hyperparameter values, the Bayesian
Evidence framework determines the model hyperparameters θ∗ that maximize
the data likelihood and the ratio between the prior and posterior modes.

Let us further assume that the joint vector of the observations y and the
model outcome u comes from the probability density(

u
y |θ

)
∼ N

( (
0
0

)
,

(
Kθ Kθ

Kθ Kθ + θ0I

) )
. (3)

Eq. (3) assumes that each value of the measurement vector y is contaminated
by additive Gaussian noise, whose variance is denoted by θ0. The marginal dis-
tribution p(u) represents a sample of a zero-mean Gaussian process U with the
covariance matrix Kθ ∈ �n×n which depends on a small number of hyperpa-
rameters θ [10]. Under Eq. (3), Eqs. (1) and (2) reduce to

u∗ = argmin
u

( 1
θ∗0

||y − u||2 + uT K−1
θ∗ u

)
= (I + θ∗0K

−1
θ∗ )−1y, (4)

θ∗ = argmin
θ

( 1
θ0

[||y − u∗||2 + (u∗)T (y − u∗)]

+ ln[(2πθ0)n det(Kθ + θ0I)]
)
. (5)

Therefore, the GP regression minimizes the Euclidean || · ||2 norm between the
data and the model output while maintaining certain regularity properties of the
model outputs via their quadratic form determined by the inverse kernel matrix
K−1

θ . Probabilistic Eqs. (1)–(3) complete the regression problem by providing
the model selection criterion. The upper part of Eq. (5) is the best-fit likelihood
p(y|u∗, θ) whereas the second term represents the ratio in Eq. (2) known as the
Occam’s factor [7].

Whenever the true signal is discontinuous and n > 103, well-known covari-
ance functions such as Gaussian kernel can not be applied to construct the
matrix Kθ because Eq. (4) would blur the edges whereas Eq. (5) would be hard
to interpret, evaluate and minimize.
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3 Linear Diffusion Prior

Consider univariate smoothing of the observations on the discrete grid x0 =
0, x1 = h, x2 = 2h, . . . , xn+1 = 1 by employing the GP model Eq. (4) with the
covariance matrix whose elements [Kθ]ij are given by the function

k(xi, xj) = min[f(xi), f(xj)], x �→ f(x) =
∫ x

0
g−1(x)dx, (6)

where g−1(x) is any density function on the interval x ∈ [0, 1]. In the case
of g−1(x) ≡ 1, this GP model corresponds to a priori assumption that the
process U ≡ W is Wiener-Levý, also known as Brownian motion (BM). It can
be considered as the simplest smoothing assumption embodied in the notion of
‘integrated white noise’ whose paths can be simulated according to:

wi = wi−1 +
√

hz, z ∼ N (0, 1), w0 = 0. (7)

Regression with the covariance function of Brownian motion is an important
smoothing device. A great variety of GP models, including neural networks with
infinite number of hidden sigmoidal or radial basis units, are unlikely to outper-
form this simple model. Moreover, the BM covariance matrix yields a tridiagonal
inverse, which requires only O(n) number of multiplications to solve Eq. (4).

Surprisingly, an extension g−1(x) �= const also yields a tridiagonal inverse co-
variance matrix, which makes Eq. (6) applicable to spatially selective smoothing.
One can derive the corresponding Ito stochastic differential equation [9]:

dUx =
1
2
g(Ux)g′(Ux)dx + g(Ux)dWx, U0 = 0. (8)

Such an equation indicates that by postulating the model Eq. (6), we assume
that the univariate data represents noisy observations of a deterministic drift
perturbed with a diffusion term g(Ux)dWx. GP regression with covariance as in
Eq. (6) already represents a hidden diffusion. This comes in contrast to Bayesian
evidence maximizing determination of the drift and diffusion terms in the case
when θ0 = 0 [11].

The BM covariance function Eq. (6) can be modified for the BM process
which is constrained on the other end, e.g. u1 = 0:

k(xi, xj) = min[f(xi), f(xj)] − f(xi)f(xj). (9)

Such a function also yields a tridiagonal inverse covariance matrix. A very general
consideration of such matrices in light of Markov processes can be found in [5].

Smoothing properties of Eqs. (6) and (9) can also be explained by a deter-
ministic argument based on variational calculus. This view, which is discussed
in the next section, is especially helpful in choosing the function g, clarifying
the effect of the boundary conditions on the regression outcome and further
extending Eqs. (6) and (9).
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4 Nonlinear Diffusion Prior

The presence of discontinuities demands a careful choice of the function g(x),
whose effect can be seen by considering the variational nature of the conditional
expectation operator in the GP regression. A continuous counterpart of Eq. (4)
in the case of the deformed BM covariance function, given by Eq. (6), is

u∗ = arg inf
u

∫ 1

0

(
θ0g(x)(∂xu)2 + (u − y)2

)
dx, s.t. u(0) = 0, ∂xu(1) = 0, (10)

where y ≡ y(x) and u ≡ u(x). In the case of the GP model Eq. (9) the last
condition changes to u(1) = 0. Boundary conditions ensure that iterative regu-
larization produces a unique solution.

Variational calculus such as Eq. (10) is useful in deriving explicit expressions
for the inverse of the covariance matrix. Summary of the results in the case of
general boundary conditions can be found in Section A.

Clearly, the function g(x) acts as a spatially-dependent penalty term for
the squared derivative of the model output. It can be chosen in such a way
that the smoothing depends on a rough estimate of the spatial derivative of the
observations [12, 4]:

g(x) �→ g[y(x)] ≡ 1 − e−c( ∂xyσ
λ )−s

. (11)

Here the time-dependent observations y are passed through a Gaussian filter
of variance σ2 resulting in the signal yσ, whose spatial derivative’s value is de-
noted by ∂xuσ. The constant c can always be chosen beforehand so that the
diffusion of the original noisy signal y takes place only in the low derivative
regions where |∂xuσ| < λ [4]. The even number s ≥ 2 denotes the sharpness
of the nonlinearity. Eq. (10) used with Eq. (11) comprises the basic step in the
iterative edge-preserving filtering [12, 6]. Similar models can be found in physics,
e.g. two-dimensional shear band formation in granular medium [13].

In order to reveal discontinuities, it is not sufficient to introduce Eq. (11).
However, an iterative re-application of Eq. (4) with the covariance matrix defined
by Eqs. (6) and (11) helps. While all the functions involved are continuous,
paradoxically, the iteration eventually develops discontinuities.

If we now consider the discrete grid x1 = h, x2 = 2h, . . . , xn = 1 − h and
organize the observations into a single vector u0 = y ∈ �n, then the iterative
application of Eq. (4) corresponds to a GP regression with the matrix Kθ:

I + θ0K−1
θ = (I + τK−1

1 )(I + τK−1
2 ) · · · (I + τK−1

m ), (12)

where the matrices K−1
t are given by Eq. (17). The variance θ0 of a single regu-

larization step in Eq. (10) becomes the time step size if the iterated Eq. (10) is
viewed as an implicit Euler stepping of classical diffusion equations with nonlin-
ear diffusion coefficient g(u). Eq. (12) presents a way to smooth the observations
in O(nm) multiplications. Needless to state, the iterated composition of the in-
verse tridiagonal matrices comprises an efficient GP model with a non-sparse
covariance matrix and its inverse.
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5 Evidence-Maximizing Stopping

Eq. (12), when used together with Eq. (5), gives a formal approach towards
determination of numerous diffusion parameters, including a finite optimal stop-
ping time m which usually outperforms solutions that approach the steady state
m → ∞. In the case of a small variance θ0 of the additive noise, Eq. (5) reduces
to ‘decorrelation’ between the estimated noise and the model output’ [8].

Fig. 1 indicates the results obtained by filtering a synthetic signal with linear
and nonlinear diffusion algorithms. The simulation was performed with n = 1000
observations and the noise level was set to θ0 = 0.44.

Comparison of Fig. 1(a) vs. (b) and (c) vs. (d) reveals that the optimally
stopped diffusion would clearly outperform the steady state in both cases. Lo-
gevidence criterion exhibits features that are similar to the mean squared error
criterion between the filtering outcome and the true signal. Linear diffusion fil-
tering blurs the edges of the signal whereas the nonlinear case preserves them.
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Fig. 1. Linear and nonlinear diffusion filtering from the GP regression viewpoint: (a)
the outcome of nonlinear diffusion filtering at the optimal stopping time k∗ = 13,
(b) the result approaching the steady state at k = 100, (c) optimally stopped linear
diffusion filtering at k = 20, (d) linear diffusion at k = 100, (e) negative logevidence
as a function of the iteration counter k, (f) time evolution of the mean squared errors
between the true and estimated signal. The stopping is performed according to negative
logevidence values, which closely matches the mean squared error criterion which could
be considered as a true (unknown) stopping criterion. The steady state of the linear
diffusion with reflecting boundary conditions is a constant signal, i.e. the average of
the observations.
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6 Extension to Non-Gaussian Diffusion

A computational bottleneck of the diffusion filtering lies in the evaluation of the
matrix-vector product ut = (I + τK−1

t )−1ut−1, clf. Eq. (12). It is a common
practice to implement such a procedure by applying the Thomas algorithm [12].
It splits the matrix (I + τK−1

t ) into a product of lower and upper-bidiagonal
matrices, followed by an inversion-free forward substitution Lũk = uk−1 and
a backward pass Uuk = ũk. The procedure requires about O(n) number of
multiplications.

This computation can be viewed as a particular case of the dynamic pro-
gramming approach applied to solve the variational problem in Eq. (10). Such
an observation allows to introduce any discrete constraints u ∈ U into a single
diffusion step with only the cost of O(card(U) ·n) multiplications. In order to see
this, one can define the state variable λ ≡ us−1 and introduce the value function

vs(λ) = min
us,...,un∈U

n∑
j=s

[τgj(uj − λ)2 + (uj − yj)2]. (13)

Solution to Eq. (10) when u ∈ U can then be solved recursively in two stages.
During the backward pass, one solves n one-dimensional minimization problems

vs(λ) = min
us∈U

[vs+1(us) + τgs(us − λ)2 + (us − ys)2], vn+1 = 0 (14)

for s = n, n − 1, . . . , 1 and tracks the optimal solutions ϕs(λ) = argminus∈U [·].
A solution to the constrained Eq. (10) can then be found by using the initial
condition u∗

1 = 0 and tracing forward u∗
s = ϕs(u∗

s−1), s = 2, . . . , n. Whenever
U ≡ �, an analytic solution of Eq. (14) would further reduce the computational
complexity, but this formulae turns out to be just a variant of the Thomas
algorithm.

The procedure based on Eqs. (13) and (14) can be derived by writing the
Hamilton-Bellman-Jacobi equation for the variational problem Eq. (10) and ap-
plying the Euler algorithm to obtain its discrete counterpart [2]. Alternatively,
this recursive formulae can be viewed as the Viterbi algorithm used to determined
the optimal state sequence of the backward hidden Markov model (HMM). Such
an HMM at the location xs=n = nh emits the observation yn with the Gaussian
density of mean un and variance τ and jumps to the next state s−1 with a proba-
bility whose logarithm up to an additive constant is ln an,s−1 = gn(un − us−1)2.
The case of the boundary conditions in Eq. (10) corresponds to a priori un-
specified initial probability of the state us=n. In this manner, the process then
generates all n observations finally ending in the state us=1 = 0.

This generalization of the Thomas algorithm is examined in Fig. 2. A stan-
dard single step of the nonlinear diffusion performs rather poorly as in Fig. 2a,
especially when the noise is non-Gaussian, clf. Fig. 2b,c. In these last two cases
the nonlinear diffusion would not converge to the true signal if more iterations
followed. However, if we specify the knowledge that the signal values can only
become binary, the whole problem can be solved in just one iteration.
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Fig. 2. Filtering a level change in additive noise. The first row illustrates the outcome
of nonlinear diffusion filtering, whereas the second row shows the solutions obtained
with just one iteration of diffusion whose outcome is constrained to take binary values
of either 0 or 1. The first column displays the experiment with Gaussian noise whose
variance is θ0 = 0.04. The second and third columns correspond to the experiments
with non-Gaussian noise, obtained by setting either positive or negative values of the
noise to zero.

7 Conclusions

The principle of nonlinear diffusion filtering needs systematic control mechanisms
to cope with discontinuities. By performing computer simulations with synthetic
data, we have examined two particular solutions to such a problem: (i) optimal
diffusion stopping and (ii) constraining of the diffusion outcome to take only
discrete values. The first principle was implemented by viewing the diffusion
filtering as Gaussian process regression. The second approach was examined
by viewing the Thomas algorithm as a dynamic programming procedure. Both
methods provide efficient implementations.
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A Inverse BM Covariance Matrix

This summary derives the covariance matrix of GP regression with deformed BM co-
variance functions in the case of general boundary conditions. We use discrete approx-
imation [1] and extend several existing results which can be found in [14].

Consider a discrete grid x0 = 0, x1 = h, x2 = 2h, . . . , xn+1 = 1. Then a single
iteration of Eq. (10) with boundary conditions

α1u(0) + β1∂xu(0) = γ1, (15)

α2u(1) + β2∂xu(1) = γ2 (16)

reduces to solving a linear system of equations, which corresponds to an optimal so-
lution of Eq. (4) with y = (y1 − δ1, y2, · · · , yn−1, yn − δ2)T ∈ �n and the tridiagonal
inverse covariance matrix

K−1
t =

τ

h2

⎛
⎜⎜⎜⎜⎜⎝

g1 + g2 −g2

−g2 g2 + g3 −g3

. . .
. . .

. . .
−gn−1 gn−1 + gn −gn

−gn gn + gn+1

⎞
⎟⎟⎟⎟⎟⎠

. (17)

Here δ1 = g1γ1/(α1 + hβ1), δ2 = gn+1γ2/(α2 + hβ2) and the elements are

g1 = [g(uk−1(x1)) + g(uk−1(x0))]hβ1/(α1 + hβ1), (18)

gi = g(uk−1(xi)) + g(uk−1(xi−1)), i = 2, . . . , n, (19)

gn+1 = g(uk−1(xn+1)) + g(uk−1(xn))hβ2/(α2 + hβ2). (20)

The boundary conditions are preserved with o(h2) accuracy whereas o(h4) holds else-
where. However, this is valid only if y(x) is sufficiently continuous [1]. In the case of a
single iteration m = 1, the constant τ = θ0. When Eq. (4) is iterated, Eqs. (18)– (20)
are estimated at the time instant t − 1 according to Eq. (11) by replacing y(x) with
the estimate ut−1(x).
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