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Abstract. Vision is useful for the autonomous navigation of vehicles.
In this paper the case of a vehicle equipped with multiple cameras with
non-overlapping views is considered. The geometry and algebra of such
a moving platform of cameras are considered. In particular we formulate
and solve structure and motion problems for a few novel cases. There
are two interesting minimal cases; three points in two platform positions
and two points in three platform positions. We also investigate initial
solutions for the case when image lines are used as features. In the paper
is also discussed how classical algorithms such as intersection, resection
and bundle adjustment can be extended to this new situation. The theory
has been tested on synthetic and real data with promising results.

1 Introduction

One example of successful use of computer vision for autonomous vehicle nav-
igation is that of laser guided navigation. Here the sensor can be seen as that
of a one-dimensional retina, which has all-around sight in a plane, (typically) a
horizontal plane. During the last two decades many geometrical problems and
system design problems have been investigated and solved for this system. Algo-
rithms using a pre-calculated map and good initial position was demonstrated
in [8]. In 1991 a semi-automatic method for map making was constructed [1]
and in 1996 a fully automatic system for map making was made, [2]. Theory for
structure and motion recovery is detailed in [3].

During the last decade there has also been many attempts at making fully
automatic structure and motion systems for ordinary camera systems. A good
overview of the techniques available for structure and motion recovery can be
found in [7]. Much is known about minimal cases, feature detection, tracking
and structure and motion recovery. Many automatic systems rely on small image
motions in order to solve the correspondence problem, i.e. association of features
across views. In combination with most cameras’ small fields of view, this limits
the way the camera can be moved in order to make good 3D reconstruction.
The problem is significantly more stable with a large field of view [9]. This has
spurred research in so called omnidirectional cameras.
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In this paper we investigate an alternative approach to vision-based structure
and motion system. We consider a vehicle equipped with multiple cameras. This
gives a large combined field of view with simple and cheap cameras. Another
advantage is that there are no moving parts contrary to laser scanner sensors.
If the cameras can be placed so that the focal points coincide, then the geomet-
rical problems are identical to that of a single camera. Also if the cameras are
positioned so that they have a large field of view in common, i.e. a stereo setup,
there are known techniques for calculating structure and motion. In this paper
we consider cameras where neither of these constraints have to be satisfied.

Consider cameras that are fixed to a vehicle and consider images taken by
these cameras at different times, where the vehicle has moved. Assume that
a number of corresponding points (possibly in different images) are measured.
Then there are a number of problems that are interesting to look at.

1. Calibration. Assume that each camera sees enough points to calculate its
own relative camera motion. Since the relative motion of all cameras is the
same, how many cameras and views are needed to solve for the common
motion. When is it possible to solve for the cameras’ relative positions?

2. Structure and motion. Assume that the cameras’ positions relative to the
vehicle are known, but not the vehicle’s motion, represented by a transfor-
mation matrix Ti. Given a number of corresponding points, how should one
calculate the world points Uj and the transformations Ti from image data?

3. Intersection. Assume that the cameras’ positions relative to the vehicle are
known, and that also the vehicle’s motion is known. Assume that a number
of corresponding points are measured, how should one calculate the world
points Uj from image data?

4. Resection. Assume that the cameras’ positions relative to the vehicle are
known, but not the vehicle’s motion, represented by a transformation matrix
Ti. Assume that a number of corresponding points (possibly in different
images) are measured, how should one calculate the transformations Ti from
image data and known world points Uj?

In this paper we assume that the calibration of the cameras relative the
vehicle has been done. In the experiments in section 6 the calibration was done
manually. One could also consider autocalibration approaches similar to the
approach in [5], where the problem of aligning video sequences was adressed,
or the calibration problems in robotics [13] which are similar in nature to the
calibration of cameras relative a vehicle.

Multiple camera platforms have been studied in [10], where a discrete con-
straint linking two camera motions and image points, similar to the fundamental
constraint for two views of a configuration of points, [7] was formulated. How-
ever, there is no analysis of that constraint. Similarly in [4] multi-camera motions
are considered but the analysis is concentrated to that of motion flow. In this
paper we study and solve some of the minimal cases for multi-camera platforms.
Such solutions are of paramount importance as initial estimates to bootstrap
automatic structure and motion recovery systems.
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2 Geometry of Multi-camera Platforms

The standard pinhole camera model is used,

λu = PU , (1)

where the camera matrix P is a 3 × 4 matrix. A scene point U is in P3 and
a measured image point u is in P2. As the platform moves the cameras move
together. This is modeled as a transformation Ti between the first position and
position i. In the original coordinate system the camera matrix for camera k at
position i is PkTi.

It is assumed here that the camera views do not necessarily have common
points. In other words, a point is typically seen by only one camera. On the other
hand it can be assumed that in a couple of neighboring frames a point can be
seen in the same camera. Assume here that point j is visible in camera k. The
measurement equation for the n points at m positions is then

λijuij = PkTiUj , j = 1, . . . , n, i = 1, . . . , m. (2)

Problem 1. Given n image points from m different platform positions uij , and
the camera matrices Pk the structure and motion problem is to find re-
constructed points, Uj , and platform transformations, Ti:

Uj =

⎡
⎢⎢⎣

Xj

Yj

Zj

1

⎤
⎥⎥⎦ and Ti =

⎡
⎢⎢⎣

ai bi 0 ci

−bi ai 0 di

0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ with a2

i + b2
i = 1, (3)

such that λijuij = PkTiUj , ∀i = 1, . . . , m, j = 1, . . . , n for some λij .

The special form of Ti is due to the planar motion.
Counting the number of unknowns and constraints for generalized cameras

restricted to planar motion we have the following, given n 3D-points and m

P2

P3

P1

P2
P3

P1

U1

U2

U3

Fig. 1. Three calibrated cameras with constant and known relative positions taking
images of three points at two platform positions
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cameras. Each point has three degerees of freedom and each camera has three
degrees of freedom. Each point in each camera gives two constraints. In addition
we have the freedom to specify a Euclidean coordinate system. We have fixed a
plane, which leaves three degrees of freedom. So in order to solve a system,

2mn ≥ 3m + 3n− 3. (4)

There are two interesting cases, where equality holds,

Theorem 1. For two sets of three rays each that are allowed to move planarly
there are in general three or one real solution to problem 1.

Theorem 2. For three sets of two rays each that are allowed to move planarly
there are in general three or one real solution to problem 1.

The two cases will be discussed in sections 2.1 and 2.2 respectively.

2.1 Solving for Two Sets of Three Rays

All observations are assumed to be given as Plücker vectors (q, q′), see e.g. [11].
Assuming that the first camera is at the origin, that is, (a0, b0, c0, d0) = (1, 0, 0, 0)
there are now only four motion variables left (a1, b1, c1, d1). For convenience we
will not use the indices on these variables.

Given a motion T and Plücker coordinates for the observations these can be
inserted into the generalized epipolar constraint [10]

qT
1 Rq′2

T + qT
1 R[t]×q2 + q′1

T
Rq2 = 0 (5)

where [t]× is the cross-product matrix formed from t such that [t]×v = t × v.
Inserting our three observed point pairs in equation (5) gives 3 equations

each of degree 2. We also have that a2 + b2 = 1. This gives a total of 4 equations
in 4 unknowns.

The three first equations are in the monomials (ac, ad, bc, bd, a, b, c, d, 1). Us-
ing linear elimination on these equations gives a way to express d as a linear
combination of (a, b, c, 1) and d can thus be eliminated without increasing the
degree. This leads to two equations in a, b and c named f1 and f2. A third
polynomial comes from the rotation constraint, f3 = a2 + b2 − 1.

The nine polynomials f1, f2, f3, af1, af2, bf1, bf2, bf3, cf3 can be represented
as

M
[
a2b, a2c, ab2, abc, a2, ab, ac, b2, bc, b3, b2c, a, b, c, 1

]T (6)

where M is a 9×15 matrix. Performing a Gauss-Jordan elimination on M gives a
GrevLex Gröbner basis. For details on Gröbner bases and their use in elimination
theory see e.g. [6].

Given the Gröbner basis the action matrix ma for multiplication with a can
be extracted. The matrix ma is 4 × 4 and the left eigenvectors give the solu-
tions to (a, b, c, 1). One of the solutions corresponds to not moving the vehicle,
which leaves three solution of which two may be complex. The remaining motion
variable d is computed using back-substitution.
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2.2 Solving for Three Sets of Two Rays

For each time i = 1, 2, 3 and point j = 1, 2 we have

πijTiUj = 0 and π′
ijTiUj = 0, (7)

where πij and π′
ij are planes in the camera coordinate system defining the ob-

served ray, calculated from the image point, Ti the position of the vehicle and
Uj the scene point. The coordinate system is fixed by

U1 =
[
0 0 z1 1

]T
, U2 =

[
0 y2 z2 1

]T
. (8)

We also know that
a2

i + b2
i = 1, i = 1, 2, 3. (9)

Equation (7) can now be written
[
A + B({(ai, bi)})

]
X = 0 where X =

[
z1, z2, c1, d1, c2, d2, c3, d3, 1, y2

]T (10)

and A is a matrix with coefficients computed from the observations. The vec-
tor B({(ai, bi)}) is linear in {(ai, bi)} and has coefficients computed from the
observations. For this 12 × 10 matrix to have non-trivial solutions all 10 × 10
sub-determinants must be zero. All these sub-determinants are linear and ho-
mogeneous in {(ai, bi)}. The system can now be written as

{
M

[
a1 b1 a2 b2 a3 b3

]T
,

a2
i + b2

i = 1 , i = 1, 2, 3.
(11)

The matrix M is linear in (a1, a2, a3, b1, b2, b3) and has rank 3. We can thus
compute (a1, a2, a3) as a linear function of (b1, b2, b3). This is inserted into equa-
tion (9), giving three equations of order two in (b1, b2, b3),

Q
[
b1

2 , b2
2 , b3

2 , b1b2 , b1b3 , b2b3 , 1
]T

= 0 (12)

where Q is a 3 × 7 matrix. In order to compute the solutions we compute the
multiples of these three polynomials by 1, x2, xy, xz, y2, yz, z2 and arrange the co-
efficients into a matrix. By performing Gauss-Jordan elimination on this matrix
we get the elements of the Gröbner basis needed for computing the action matrix
for multiplication by b3

2 on polynomials containing only monomials of even or-
der. Solving the eigenvalue problem gives the three solutions to (b3

2, b2b3, b1b3).
From this the values of b3 are computed and by division, b1 and b2 as well.

When the {bi} have been computed, the {ai} can be computed using back-
substitution in equation (11) and the remaining unknowns can then be computed
using back-substitution in equation (10).

2.3 Three Positions and Lines

When viewing a line l in an image the corresponding scene line is constrained to
lie on a scene plane π = PT l. Two positions give no constraints on the platform
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motion, but with three positions there is a constraint that three planes intersect
in a line. This constraint can be written

rank
[
TT

1 π1 TT
2 π2 TT

3 π3

]
= 2. (13)

This implies that all four sub-determinants of size 3 × 3 are zero. The sub-
determinant that involves rows 1, 2 and 3 can be interpreted as the constraint
that three lines (the intersection with the planes and the plane at infinity) in-
tersect in a point (the direction of the space line). This constraint does not
involve translation components of T, since the plane at infinity is unaffected by
translation. Introduce the following parametrisation for the three transformation
matrices,

T1 =

⎡
⎢⎢⎣
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ , T2 =

⎡
⎢⎢⎣

a2 e2 − b2 0 c2

b2 − e2 a2 0 d2

0 0 e2 0
0 0 0 e2

⎤
⎥⎥⎦ , T3 =

⎡
⎢⎢⎣

a3 e3 − b3 0 c3

b3 − e3 a3 0 d3

0 0 e3 0
0 0 0 e3

⎤
⎥⎥⎦ .

Here we have used homogenized versions of the transformations matrices T2 and
T3. There is a constraint that the first 2 × 2 block is a rotation matrix, i.e.

a2 + (b − e)2 − e2 = a2 + b2 − 2be = 0. (14)

By dehomogenizing using b = 1, we see that e = (1 + a2)/2. Using

b2 = 1, b3 = 1, e2 = (1 + a2
2)/2, e3 = (1 + a2

3)/2, (15)

the plane at infinity constraint is of the form

(k22a
2
2+k12a2+k02)a2

3+(k21a
2
2+k11a2+k01)a3+(k20a

2
2+k10a2+k00) = 0. (16)

Thus there are two unknowns on the rotation parameters a2 and a3. Using
two different lines, two constraints are obtained. The resultant of these two
polynomials with respect to a3 is an eight degree polynomial. Two of the roots
to this polynomial are ±i. The remaining six roots can be complex or real. For
each solution on a2, the variable a3 can be obtained from equation (16). Then
(b2, b3, e2, e3) follow from (15).

Once the rotation is known it can be corrected for. The rank constraint (13)
is then linear in the translation parameters (c2, c3, d2, d3). Using four lines it is
then possible to obtain these motion parameters uniquely in general.

Observe that by counting equations and unknowns, three lines would be a
minimal case. However, since the constraint at infinity only involves the rota-
tion parameters, these are found already with two lines. The third line gives
one additional constraint on the rotation parameters, which then becomes over-
determined, and a third constraint on the four translation parameters. The
fourth line gives yet one additional constraint on the rotation parameters and
the fourth constraint on the four translation parameters.

There are a couple of interesting degenerate cases. If the camera centers lie in
the same horizontal plane, then lines in that plane give no constraints. Vertical
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lines give no constraints on rotation. A platform viewing a set of vertical lines is
equivalent to a platform motion with 1D retina cameras. For this situation the
minimal case is six lines in three views. There are in general 39 solutions to this
situation.

3 Intersection

Generalization of the intersection algorithm [7] to this new situation is straight-
forward. When both calibration P1, . . . ,PK and platform motion T1, . . . ,Tm is
known it is straightforward to calculate scene points coordinates U from image
measurements by intersecting view-lines. A linear initial solutions is obtained by
solving ⎡

⎣
u1 × PkT1

. . .
un × PkTn

⎤
⎦U = 0 (17)

in a least squares sense. This solution can then be refined by non-linear opti-
mization, cf. section 5.

4 Resection

Generalization of the resection algorithm [7] is slightly more complex since the
view lines do not go through a common points (the focal point) as in the ordinary
camera resection algorithm.

Here we introduce a direct method for finding an initial estimate to the
resection problem based on a linearized reprojection error. The idea is to solve

uj × PkTUj = 0, j = 1, . . . , n, (18)

which is linear in T. In our case there are non-linear constraints on T, so we use
the theory for constrained optimization to find the optimal solution under the
constraints.

Parameterize the platform motion as in (3), using parameters x = (a, b, c, d).
The constraints uj × PkTUj = 0 is linear in these parameters. The linear con-
straints can be rewritten f = Mx = 0. However there is a non-linear constraint
g = a2 + b2 − 1 = 0. Initial solution to the resection problem can be found by
solving

min
xg=0

∑
j

|uj × PkT(x)Uj |2. (19)

Introduce the Lagrangian L(x, λ) = |Mx|2 + λg. The solution to (19) can be
found by ∇L = 0. Here

∇xL =
[
A B
C D

]
⎡
⎢⎢⎣
a
b
c
d

⎤
⎥⎥⎦ + λ

⎡
⎢⎢⎣
2a
2b
0
0

⎤
⎥⎥⎦ = 0. (20)
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Here one may solve for (c, d) as
[
c
d

]
= −D−1C

[
a
b

]
. (21)

Inserting this in the above equation gives

(A − BD−1C + 2λI)
[
a
b

]
= 0. (22)

Here there is a non-trivial solution to (a, b) if and only if −2λ is one of the two
eigenvalues of A − BD−1C. For these two solutions (a, b) is determined up to
scale. The scale can be fixed by a2+b2 = 1. Finally (c, d) can be found from (21).
Of the two solutions, only one is a true solution to (19). This gives a reasonably
good initial estimate on the resection parameters. This estimate is then improved
by minimizing reprojection errors. Experience shows that only a few iterations
are needed here.

5 Bundle Adjustment

Note that the discussion in the previous sections has focused on finding initial
estimates of structure and motion. In practice it is necessary to refine these
estimates using non-linear optimization or bundle adjustment, cf. [12, 7]. The
generalization of bundle adjustment to platform motions is straightforward.
One wants to optimize platform motions Ti and scene points Uj so that re-
projection error is minimized. The fact that the platform has a very large
field of view makes bundle adjustment much better conditioned than what is
common.

6 Experimental Verification

Experiments on both simulated and real data were conducted.
A virtual room was was constructed as a cube and points randomly placed

on the surfaces of the cube. The synthetic vehicle was moved along the z-plane
taking “pictures” of this room.

The experiment was carried out at different levels of noise added to the image
point measurements. The first experiment was to add errors of magnitude up
to 1/100 for a calibrated camera, that is with a known field of view of 0.6 and
assuming 300 pixels image width corresponding to an error of 5 pixels. The result
is shown in figure 2, with the true room to the left, and the reconstruction to
the right.

In an experiment with real data a system with three digital video cameras
was assembled and moved along a corridor with markers on the walls. Tracking
was done by following these markers and some additional manual tracking.
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Fig. 2. True room to the left path compared to reconstruction on the right

A reconstruction is shown in figure 3. The structure point which we seem
to be passing through is a structure point which has a very high variance, as
its measured view lines are almost collinear with the locations from which it
is observed. The residuals in reprojection for this reconstruction are shown in
figure 3. The size of the residuals are in the order of the error in a calibrated
camera.

−7 −6 −5 −4 −3 −2 −1 0 1 2 3

−2

−1

0

1

2

3

4

5

(meters)

(m
et

er
s)

0 2000 4000 6000 8000 10000 12000
−0.015

−0.01

−0.005

0

0.005

0.01

0.015

Observation number

R
es

id
ua

l

Fig. 3. Reconstruction and residuals for real data

7 Conclusions

In this paper we study the visual geometry of a moving platform with multiple
cameras (typically pointed outwards) in general positions and orientations. For
planar motion of such platforms the case of two motions and at least three points
is solved, the case of three motions and two points is solved, as is the case of
three motions and a number of lines.

In the experimental validation it is demonstrated how these algorithms, com-
bined with novel algorithms for resection, intersection and bundle adjustment,
are used in automatic structure and motion recovery using such platforms. The
validation is done both for synthetic and real data.
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Future work includes generalizations of the above ideas to that of full (non-
planar) camera motion as well as testing and developing fully automatic systems
for map-making.
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