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Abstract. A classification of centres of maximal balls (CMBs) in Z
3

derived from generalizations of the chessboard and city block metrics
to 3D, a weighted metric, and the Euclidean metric is presented. Using
these metrics, the set of CMBs (the medial axis) can be extracted. One
difficulty with skeletonization in 3D is that of guaranteeing reversibil-
ity. A reversible skeleton generally consists of both surfaces and curves.
Previous attempts to construct connected skeletons including the CMBs
uses conditions based on local neighbourhood configurations. However, a
local neighbourhood might be too small and, most important, does not
allow a consistent definition for surface- and curve-parts of the skeleton.
The classification of the CMBs presented in this paper will be a tool for
defining which parts of a 3D skeleton are surfaces and curves.

1 Introduction

The medial axis transform – the detection of centres of maximal balls (CMBs)
in a 2D binary shape – was proposed by Blum, [1]. A ball included in an object
is a maximal ball if it is not completely covered by any other singel ball also
included in the object. The CMBs can be used to construct reversible skeletons.
Skeletons are widely used in image analysis within many applications. Many
different approaches for constructing skeletons have been developed.

The set of CMBs is a thin connected set in R
3, but in Z

n it is in general
neither thin nor connected. To construct a connected digital skeleton represent-
ing the original object, these CMBs have to be connected. One approach to con-
struct a connected skeleton was presented in [2]. With this approach, a reversible
skeleton, i.e., a thin, centered, and topologically equivalent representation of the
object from which the original object can be reconstructed, is generated. The set
of CMBs are anchor-points, i.e., voxels that are not allowed to be removed. The
rules are designed to connect the CMBs in such a way that the resulting skeleton
consists of surfaces and curves. These rules are usually based on local configu-
rations of the object. The problem is that there is no definition of “surface” or
“curve” skeletal voxels. Basically, the rules check a local neighbourhood of the
voxels and from that voxel configuration decides if the voxel should belong to
the skeleton as a part of a surface or a curve, or be assigned to the background.
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A local neighbourhood might, however, not be sufficient; CMBs corresponding
to “surface”-parts of the object can be located at a larger distance from any
other CMB than what can be detected by a local neighourhood.

A classification of the skeletal points (the CMBs) in R
3 into sheets, curves,

and points has been made recently, [3]. The formal classification is based on the
number of tangencies and the order of the tangency for each maximal ball. The
classes are denoted An

k , where n is the number of tangencies and k is the order
of the tangency between the border of the maximal ball and the border of the
object. Using this approach, each CMB can be classified as belonging to a sheet,
a curve, or a point part of the skeleton.

- Sheets consist of skeletal points where the maximal balls have two distinct
tangencies, i.e., A2

1 points.
- Curves can be divided into intersection curves of three sheets, A3

1, and the
boundary of sheets, i.e., A3 points (higher order tangency points).

- Points are either centers of quad-tangent spheres, A4
1, or centers of balls with

one regular tangency and one higher order tangency, A1A3.

In Figure 1(a), an elliptic cylinder with two planar ends in R
3 is shown. The

medial axis representation (set of CMBs) of the cylinder is shown in Figure 1(b).
The CMBs have been divided into sheets, curves, and points according to the
classification above, see Figure 1(c) for a classification of the flat sheet (the
middle part of the medial axis representation).

In this paper, Z
3 equipped with four different metrics is considered; the simple

metrics D6 and D26, a weighted metric based on the weights 3, 4, and 5, and the
Euclidean metric. The CMBs are computed and classified based on the number
of detected regions where the balls touch the border of the object. Classes similar
to the classes previously defined in R

3 are thus now defined in Z
3.

2 Basic Concepts and Notations

Two voxels in Z
3 are 6-adjacent if they share a face and 26-adjacent if they

share at least a vertex. Adjacent voxels will also be denoted neighbours. A set of
voxels is 6-connected if there is a path consisting of pairwise 6-adjacent voxels in
the set between any two voxels in the set. The definition of 26-connected sets is
analogous. A binary image I consists of two sets, the set of object voxels X and
the set of background voxels X̄. In this paper, X is assumed to be 26-connected.
The border of X consists of the voxels in X 6-adjacent to a voxel in X̄.

The distance between two voxels using the metrics D6, D26, or < 3, 4, 5 > is
defined as the shortest path between the voxels allowing only adjacent voxels,
[4]. With unit distance between adjacent voxels, the resulting distance is based
on the metrics D6 and D26, using 6-adjacency and 26-adjacency, respectively.
To get the distance between two voxels using the metric < 3, 4, 5 >, the local
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Fig. 1. An elliptic cylinder R
3 with two planar ends (a), its medial axis representation

(b), and the classification of the flat sheet in the middle of the medial axis representa-
tion (c)

distance between face, edge, and vertex neighbours are weighted with 3, 4, and
5, respectively. With this definition, it is obvious that the triangle inequality is
fulfilled. It follows that the distance functions are metrics. The digital Euclidean
metric is defined using the usual Euclidean distance between the centers of the
voxels. A ball is denoted B(x, r) = {y : d(x, y) < r)}, where d(x, y) is the
distance between x and y using D6, D26, < 3, 4, 5 >, or the Euclidean metric.

When computing the distance transform (DT), each voxel in X is assigned a
label corresponding to the distance from the voxel to the closest voxel in X̄. The
DTs based on the metrics D6, D26, and < 3, 4, 5 > are computed by propagating
distance information locally in a two-scan Chamfer algorithm and are denoted
DT 6, DT 26, and WDT . To compute the Euclidean DT (EDT ), four scans are
needed, [5]. Using this method, small errors in the EDT will be produced. For
an error-free algorithm, see, e.g., [6]. In Figure 2, balls of radius 18 (18 · 3 for
WDT ) using the different metrics are shown. See [5, 4] for further information
about DTs in 3D images.

(a) (b) (c) (d)

Fig. 2. Balls in Z
3 using D6 (a), D26 (b), < 3, 4, 5 > (c), and the Euclidean (d) metrics
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3 Extracting the CMBs

Using DT 6 and DT 26, the CMBs are easy to identify. In the same way as for
the city block and chessboard metrics in Z

2, they appear as local maxima in the
DTs, [7]. A voxel in X is a CMB if none of the adjacent voxels (using the same
adjacency relation as when computing the DT) has a higher distance label. With
a slight modification, this method can be used also for WDT ; to avoid detection
of false CMBs, the distance label 3 has to be changed to 1 when using the WDT .
This is in analogy with the weighted distance transform in Z

2 with weights 3
and 4, [8]. The local check to be performed is: x is a CMB if it has a distance
label strictly larger than all its neighbours minus the corresponding weight.

It is not enough to identify local maxima to extract CMBs in an EDT . To
find the CMBs, a look-up table is created. For a center x of a ball B(x, r) with
a given radius r, it is computed in advance how big the radii of the balls with
centers at positions that are adjacent to x have to be to cover the ball B(x, r).
The values are stored in the look-up table. To check if a voxel x with distance
label r is a CMB, the distance labels of the neighbours to x are compared with
the values in the look-up table in Table 1. Voxel x is not a CMB if any neighbour
has a distance label strictly greater than the value in the look-up table, otherwise
it is a CMB. Observe that some distance labels are not considered in Table 1
since they cannot appear in a EDT in Z

3. This method, however, produces some
false CMBs, at least for larger r, [9]. All the true CMBs are present and therefore
the method is accurate enough for the classification in this paper. To only get
the true CMBs, larger neighbourhood than 3 × 3 × 3 must be used.

In Figure 3(a), a digitization of the elliptic cylinder in Figure 1(a) is shown.
This object will be used as a running example throughout the paper. The
sets of CMBs of the elliptic cylinder using the different metrics are shown in
Figure 3(b)-(e).

From the set of CMBs, the original object can be reconstructed by using a
reverse distance transform (rDT). A voxel belongs to the original object iff it
is at a distance from a CMB less than the distance label of that CMB. For the
D6, D26, and < 3, 4, 5 > metrics, the rDT can be computed by an algorithm
similar to the algorithm used for computing the DT. The CMBs are initially
labeled with their distance label and non-CMB voxels are labeled zero. The
distance values are propagated by assigning to each voxel the maximum value
of its distance label and the distance label of the adjacent voxels minus the

Table 1. Look-up table with values of the radii for face-neighbours, flut, edge-
neighbours, elut, vertex-neighbours, vlut corresponding to a voxel x with distance
label r. The first 21 entries in the look-up table are shown. The values in the table
should be compared with the squared distance label

r2 1 2 3 4 5 6 8 9 10 11 12 13 14 16 17 18 19 20 21 22 24

flut 2 5 6 7 10 11 12 14 17 18 19 19 21 22 26 27 28 28 30 31 31

elut 3 6 9 10 11 14 15 19 20 21 22 23 26 27 27 30 33 34 35 36 37

vlut 4 7 10 13 13 15 18 20 23 23 25 28 28 30 30 35 35 37 37 39 42
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(a) (b) (c) (d) (e)

Fig. 3. CMBs of an elliptic cylinder (a) using (b) D6, (c) D26, (d) < 3, 4, 5 >, and (e)
the Euclidean metrics

corresponding weight. When computing the rDT based on the Euclidean metric,
e.g., the method described in [6] can be used.

4 Classification of CMBs in Z
3

It is difficult to make an applicable definition of the order of tangency in Z
3,

due to its discrete structure. Therefore, this measure is not considered in the
classification of CMBs in Z

3. The number of tangencies with the object boundary
can, however, be generalized to the digital space in a natural way.

In this classification, the notation An
m will be used, where m and n denotes

the following:

m The number of tangency regions of the CMB, i.e., the number of connected
regions where the border of the CMB intersects the border of the object.

n The number of non-tangency regions of the CMB, i.e., the number of con-
nected regions where the border of the CMB is in the interior of the object.

In general, this measure can be approximated for a maximal ball B(x, r) with
centre x and radius r in an object X by considering the number of connected
components of the intersection of the object and the border of a ball with a
slightly larger radius. The number of connected components of ∂B(x, r + ε)∩X
and ∂B(x, r + ε) ∩ X̄ are considered for some sufficiently small tolerance ε > 0.
By keeping the tolerance ε as small as possible, small variations in the bor-
der of X will be detected. Since many different metrics are considered in this
paper, finding the minimal ε such that B(x, r + ε) \ B(x, r) is a connected
set is not trivial. Using ε = 1 will make B(x, r + ε) \ B(x, r) 26-connected
for D6 and 6-connected for D26. For the < 3, 4, 5 > and the Euclidean met-
rics, general properties of the resulting set are not easily derived. Instead of
being enlarged by increasing the radii, the balls will be dilated with the set
C = {(x, y, z) ∈ Z

3 : max(|x|, |y|, |z|) ≤ 1}. In this way, an approach that
is applicable on all metrics is achieved since using a dilation guarantees that
(B(x, r) ⊕ C) \ B(x, r) is connected.
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If the thickness of the object at some point equals an even number of voxels,
the set of CMBs might be two voxels thick in places, [2, 10]. This is compensated
for by allowing CMBs with the same distance label adjacent (using the same
adjacency relation as when computing the DT and 26-adjacency for the EDT)
to x participate in the computation of An

m for x.
In the present implementation, B(x, r) is obtained by a rDT. Since the radii

are known, these computations can be restricted to a small subset of the image.
In pseudocode, the algorithm is

for each CMB x with radius r, do
IMAGE = B(x, r)
for each adjacent CMB y to x do

IMAGE = IMAGE ∪ B(y, r)
end
IMAGE = (IMAGE ⊕ C) \ IMAGE
m = the number of 26-connected components in X ∩ IMAGE
n = the number of 26-connected components in X̄ ∩ IMAGE

end

With each CMB labeled with values of m and n, the classification of the
CMBs into the sets An

m is complete.

5 Interpretation of the Classes

A CMB that has two tangency regions and one non-tangency region corresponds
to a surface-part of the skeleton. Such a CMB is surrounded by CMBs in direc-
tions where the tangencies do not occur. This corresponds to the situation in a
local neighbourhood of a point in a surface. A ball with sufficiently small radius
and centre in the interior of a surface will have two connected components in
the background and one connected component in the surface. At the border of
a surface a sufficiently small ball will have exactly one tangency region and one
non-tangency region. A ball with centre at the intersection of surfaces has at
least three tangency regions and one non-tangency region. With this reasoning,
we get the following classification: A CMB classified as

- A1
1 is located at a border of a surface or at an endpoint of a curve of the

skeleton.
- A1

2 belongs to a surface part of the skeleton.
- A1

m,m > 2 is located at the intersection curve of m surfaces.
- A2

1 belongs to a curve part of the skeleton.
- An

1 , n > 2 is located at the point of intersection between n curves.
- An

m,m, n > 1 is located at the intersection of both surfaces and curves.

See Figure 4 for a classification of the CMBs in Figure 3.
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Fig. 4. Classification of the CMBs in Figure 3. Left to right: D6, D26, < 3, 4, 5 >, and
Euclidean metric.
Top row: A1

1, second row: A1
2, and bottom row: A1

m, m > 2

It is well-known that the set of CMBs is highly sensitive to noise (e.g., border
voxels added to the object). This is not the case for the classification of CMBs
into the sets corresponding to surfaces, i.e., A1

m,m ≥ 2 and An
m,m, n > 1.

A noise voxel might increase the number of non-tangency regions by one for
some CMB. The CMB will, however, still be assigned to a surface of the skele-
ton, but with the value of n increased by one. Often, a border voxel caused
by noise will cause a single CMB close to the object border. Such a CMB in
general belongs to A1

1 and does not affect the surface-part of the skeleton. See
Figure 5.
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Fig. 5. Classification of the CMBs of a noisy object. Left to right: D6, D26, < 3, 4, 5 >,
and Euclidean metric.
Top row: The cylinder in Figure 3(a). Middle row: The set of CMBs. Bottom row: The
union of A1

m, m ≥ 2 and An
m, m, n > 1

6 Conclusions and Future Work

Each CMB is classified as belonging to a surface part, a curve part, the inter-
section of surfaces and/or curves, or the class A1

1. The classification of CMBs is
intended for the construction of Z

3 skeletons. A CMB belonging to A1
1 should

either be assigned to the border of a surface of the skeleton or to the endpoint
of a curve. The endpoint of a curve corresponds, in general, to a small detail or
a noise voxel in the object resulting in a protrusion of the skeleton. Removing
curve end-points corresponds to pruning, an important post-processing step in
the skeletonization process, [10]. With the classification proposed in this paper,
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CMBs caused by noise or details at the border of the object can be handled
consistently and will not cause unwanted surfaces of the skeleton.

Ideally, the skeleton of the running example would consist only of surfaces.
By considering the union of A1

m,m ≥ 2 and the CMBs in A1
1 that is located at

the boundary of surfaces consisting of voxels in A1
m,m ≥ 2, the classes shown in

Figure 4 with D6, < 3, 4, 5 >, and Euclidean metrics, will constitute sets that
are close to the medial axis representation in R

3, Figure 1(b). Due to the shape
of the balls using D26, the surface representation using this metric is far from
what was obtained in R

3.
The main advantage with this classification is that, since the CMBs are di-

vided into surfaces and curves, the rules to construct a connected skeleton from
the set of CMBs can be constructed specifically for building surfaces or curves.
The aim is to use this classification to construct skeletons consisting of surfaces
and curves, where the two classes are well-defined.
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