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Abstract. In limited angle tomography, the projection views over a
complete angular range of 180◦ are not available for image reconstruc-
tion. The missing part of the projection or sinogram data need to be
extrapolated numerically, if standard image reconstruction methods are
applied. A novel stackgram domain can be regarded as an intermediate
form of the sinogram and image domains, in which the signals along
the sinusoidal trajectories of a sinogram can be processed independently.
In this paper, we compare extrapolation of incomplete sinogram data
in the sinogram and stackgram domains along the angular directions.
The extrapolated signals are assumed to be band–limited, other a priori
assumptions about the data are not made. In this study, we employed
simulated numerical data with different ranges of the limited projection
views. According to our experiments, extrapolation of the incomplete
data in the stackgram domain provides quantitatively better results as
compared to extrapolation in the sinogram domain. In addition, tangen-
tial degradation in the reconstructed images can not be observed in the
case of stackgram extrapolation, in contrast to angular sinogram extrap-
olation.

1 Introduction

In tomography, measurement of a two–dimensional (2–D) cross–section of an
object is represented as a sinogram with one–dimensional (1–D) projections. The
sinogram is a 2–D matrix representation, where the horizontal row refers to radial
samples and the vertical column refers to evenly spaced angular views. A 2–D
image of the projected cross–section is recovered from the sinogram data using
image reconstruction. A reconstruction method such as filtered back–projection
(FBP) [1] can be employed for this ill–posed inverse problem.

In this paper, we consider the problem of limited angle tomography, i.e. sino-
grams with incomplete ranges of projection views (Fig. 1). In practice, this kind
of problem can arise, for example, in positron emission tomography (PET) imag-
ing with BPET [2] or PENN–PET [3] tomograph. Without any restoration tech-
nique, the “naive” reconstruction (i.e. the missing projections are replaced with
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Fig. 1. Two sinograms illustrating limited angle problem in tomography: a) full range
of projections; b) limited view of projections

zeros) of incomplete sinogram data does not provide quantitative images and
introduces clear artifacts.

Some algorithms using a priori information about the sinogram data for
extrapolation of the missing data have been introduced (e.g. [4] or [5]). Further-
more, comparisons of different algorithms for limited angle tomography problem
have been published [6], [7]. Some of these algorithms do not extrapolate the
missing projections of the sinogram directly in the sinogram domain, but in-
corporate a priori information e.g. in iterative image reconstruction [8]. In this
paper, we compare extrapolation of the missing projections using an extrapola-
tion technique based on the Gerchberg–Papoulis algorithm [9] in the sinogram
and stackgram [10] [11] domains along the angular directions. After extrapo-
lation of the missing data, the sinograms can be reconstructed with common
reconstruction algorithms.

Extrapolation of discrete signals can be seen as a signal filtering application.
In the sinogram domain, filtering along the angular direction introduces tangen-
tial or non–uniform blurring to the reconstructed images [12]. In contrast, the an-
gular direction of the stackgrams can be exploited without introducing spatially
varying blurring in the reconstructed images, according to our experimental in-
vestigation [13]. This suggests that extrapolation in the stackgram domain could
be performed in a more appropriate way, and gives a motivation for this compara-
tive study. In our experiments, we assumed that the signals to be extrapolated are
band–limited. Additional a priori knowledge about the data was not exploited, in
order to provide a fair comparison between the two domains.

2 Background and Problem Formulation

2.1 The Stackgram Domain

In the stackgram domain, the signals along the sinusoidal trajectory signals of
the sinogram (see Fig. 2) can be processed without interaction with the crossing
signals, in contrast to the sinogram domain. The mapping S from the sinogram
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Fig. 2. An image and the corresponding sinogram: a) three points in the image domain
(x, y), and b) their sinusoidal trajectories in the sinogram domain (l, θ)

g(l, θ) into the stackgram domain (x, y, θ) can be defined in the continuous case
as [10]

h(x, y, θ) = Sg(l, θ) = g(x cos θ + y sin θ, θ), (1)

where θ ∈ [0, π) and (x, y) ∈ R
2. This mapping seems to be similar as the

back–projection operator [1]. In the equation (1), however, the back–projection
integration from zero to π along the θ–direction is replaced by the third θ–
dimension resulting in the function h(x, y, θ), which forms the stackgram (Fig. 3).

In the stackgram, the values along the sinusoidal trajectory signals of the
sinogram, or the locus–signals, are

hlocus(θ) = h(x, y, θ), for each point (x, y) ∈ R
2, (2)

where θ ∈ [0, π).
An inverse of the stack operator S−1

ρ is a mapping from the stackgram domain
(x, y, θ) into the sinogram domain (l, θ). This can be written with the weighted
Radon transform as

g(l, θ) = S−1
ρ h =

∫ ∫ ∞

−∞
ρ(x, y, l, θ)h(x, y, θ)δ(x cos θ + y sin θ − l)dxdy, (3)

where l ∈ (−∞, ∞), θ ∈ [0, π), and ρ is a weight function. The operator S−1
ρ ,

denoted as the generalized inverse stack operator, maps each back–projected
projection at the angle θ with the weight function ρ into a 1–D projection of the
sinogram g(l, θ).

Discrete implementations of the both operators (Eq. 1 and 3) are described
in the reference [13]. The discrete stack operator is reversible, when it is imple-
mented with the three–pass–rotation algorithm and sinc–interpolation [14].

2.2 The Extrapolation Procedure

Consider a discrete sinogram matrix g(l, θ), l = 0, . . . , M−1 and θ = 0, . . . , N−1,
where l denotes the projection samples and θ the number of equally spaced
projection views between [0 π) radians. Similarly, let an array h(x, y, θ), x, y =
0, . . . ,M − 1 and θ = 0, . . . , N − 1, be the corresponding discrete stackgram
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Fig. 3. An illustration of the stackgram (x, y, θ). The shown layers are back–projected
from three projections of the sinogram. In the stackgram, signals parallel to the angular
θ–axis correspond to the signals along the sinusoidal trajectories of the sinogram (see
Fig. 2). The lines a and b depict the locations of two different trajectory signals in the
stackgram

(see Eq. 1). In limited angle tomography, the sinogram g(l, θ), and therefore
the stackgram h(x, y, θ), are available only for the limited views θ = 0, . . . , L −
1, where L < N . In this study, our objective is to extrapolate the missing
projections L, . . . , N − 1 of an incomplete sinogram to a sinogram with a full
range of projections 0, . . . , N − 1 using the sinogram and stackgram domains.

We employ an extrapolation technique based on the well–known Gerchberg–
Papoulis algorithm [9]. The applied extrapolation technique, however, is not
recursive, and reduced to single matrix multiplication with the extrapolation
matrix [15]. The N×N extrapolation matrix E can be constructed using an ideal
low–pass filter matrix Bfc with a cut–off frequency fc expressed in number of
sample points in the discrete frequency domain. In addition, ones in a switching
matrix X = diag{0, 0, . . . , 0, 1, . . . , 1, 1} represent the missing part of the data
L, . . . , N − 1. The extrapolation matrix E can be written as [15]

En = (I − (XBfc
)n+1)(I − XBfc

)−1, (4)

where I is the identity matrix.

3 Methods

We compared extrapolation in the sinogram and stackgram domains along the
angular θ–directions. The stackgrams h(x, y, θ) were transformed from the sino-
grams g(l, θ) using the discrete stack–operator [13]. Prior to the inverse trans-
formation, the locus–signals of the stackgrams (Eq. 2) were extrapolated along
the θ–direction for each (x, y) position. For comparison, the angular signals of
the sinograms were extrapolated along the θ–direction for each index l.

In this study, numerical sinogram data with four different ranges of missing
projections (Fig. 4(a-d)) were generated for the comparison. The size of the
sinograms were 192 in the radial samples, and 257 in the angular views. The
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Fig. 4. The employed sinogram data in the study: a) 9 ; b) 17; c) 25; and d) 33
missing projections. In e), the shown ROI:s were used to evaluate with the MSE the
performance of the extrapolation methods. For the error evaluation, all of the different
ROI:s were regarded together as one ROI

numbers of the missing projections L, . . . , N − 1 were 9, 17, 25, and 33. The
corresponding ranges of the projection views were 174◦, 168◦, 163◦, and 157◦,
respectively, when the full range is 180 degrees (as e.g. in PET).

We applied the extrapolation matrices E with 30 different cut–off frequen-
cies fc (Eq. 4). The cut–off frequencies of the ideal low–pass filters were equally
spaced from 0.004 to 0.117 (Nyqvist frequency 0.5). Extrapolation using these
filters results in signals composed of sinusoidal curves of 1-30 different frequen-
cies, since the extrapolation method (Eq. 4) can be seen as a sinusoidal fitting of
discrete signals. It can be noticed that the condition of the extrapolation matrix
E is getting worse when the cut–off frequency (or the number of sample points in
the discrete frequency domain) increases, because this introduces a more sparse
diagonal for the matrix E. Similar effect happens if the signal to be extrapolated
contains too many missing values. In our study, the matrix power n was 500 (see
Eq. 4), which corresponds to the number of iterations in the Gerchberg–Papoulis
algorithm [9].

Evaluated images were reconstructed with the FBP–algorithm from the ex-
trapolated sinograms. The reconstructed images were then evaluated with the
mean square error (MSE) using a region of interest (ROI) shown in Fig. 4(e).
Since extrapolation (as well as filtering) has different meaning in the angular
directions of the sinogram and stackgram domains, 30 different extrapolation
matrices, as described above, were applied. The cut–off frequencies versus the
MSE values, or trade–off curves, are shown for the two extrapolation methods
using the four incomplete sinograms. According to the evaluated curves, the
resulting best sinograms and FBP–images are shown as well.

4 Results

The evaluated trade–off curves with the four sinograms (Fig. 4(a-d)) for the com-
pared methods are shown in Fig. 5. In Fig. 5, the constant curves in dashed line
express the initial error levels, which were evaluated in such a manner that the
missing projections were simply replaced by the zeros prior to image reconstruc-
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Fig. 5. The evaluated MSE:s of the reconstructed FBP–images versus the cut–off fre-
quencies (Nyqvist frequency 0.5) of the applied ideal low–pass filters in extrapolation:
a) 9; b) 17; c) 25; and d) 33 extrapolated projections. The constant dashed lines show
the initial error for the images reconstructed from the incomplete sinogram data (see
Fig. 4). The evaluated minimum values are shown with the circles and stars in the
sinogram and stackgram cases, respectively. As regards to these curves, extrapolation
in the stackgram domain provides better results. The corresponding best sinograms
and reconstructed images are shown in Fig. 6 and 7

tion. As it can be noticed, stackgram extrapolation provides the best MSE values
and smoother or more predictable trade–off curves for the two methods (Fig. 5),
regardless of the range of missing projections. Besides, in the MSE sense, ex-
trapolation in the stackgram domain seems to enable higher cut–off frequencies,
and thus, resulting in more complex signals compared to sinogram extrapola-
tion. As regards to the marked minimum values in Fig. 5, the corresponding
best sinograms and FBP–images are shown in Fig. 6 and 7.

The sinogram of the full projection range is shown in Fig. 6(a). Fig. 6(b
and d) shows the best extrapolated sinograms for the methods, according the
minimum values of the curves in Fig. 5. The corresponding error sinogram images
are shown in Fig. 6(c and e), respectively. The shown sinograms are congruent
with the trade–off curves (Fig. 5). Sinogram extrapolation (Fig. 6(b)) introduces
clearly less details (or frequencies) in the extrapolated projections, compared to
stackgram extrapolation (Fig. 6(d)).
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Fig. 6. Lower part of the sinograms: a) full range of projections; b) sinogram domain
extrapolation; c) error images of b compared to a; d) stackgram domain extrapolation;
e) error images of d compared to a. In b to e, the number of extrapolated projections
were 9, 17, 25, and 33 from top to bottom, respectively. The figure shows the best sino-
grams for the both methods, according to the Fig. 5 (see its marked minimum values).
The reconstructed images are shown in Fig. 7. In stackgram domain extrapolation (d),
the sinusoidal structure of the sinograms is preserved better, compared to sinogram
domain extrapolation (b)

The reconstructed images from the sinograms (Fig. 6(a, b, and d)) are shown
in Fig. 7. Fig. 7(a) shows the image of the complete sinogram, while Fig. 7(b)
shows the images reconstructed with the “naive” FBP–algorithm from the in-
complete sinogram data (Fig. 4(a-d)). At first, the resulting FBP–images of
sinogram and stackgram extrapolation look similar (Fig. 7(c-d)). However, it can
be noticed that the stackgram extrapolation introduces the lowest variations in
gray level values, in comparison with both “naive” reconstruction and sinogram
extrapolation (Fig. 7(b-c)). Besides, sinogram extrapolation causes tangential
blurring in the reconstructed images, as expected, in contrast to stackgram ex-
trapolation. This tangential distortion is more visible when the number of miss-
ing projections increases (Fig. 7(c-d)).

5 Discussion

In this paper, we compare extrapolation of missing projection data for limited
angle tomography in the sinogram and stackgram domains along their angular
directions. Stackgram extrapolation performs quantitatively and visually bet-
ter than sinogram extrapolation, according to the experiments. Extrapolation
in the sinogram domain along the angular direction introduces observable tan-
gential blurring in proportion to the incomplete range of missing projections
(Fig. 7(c)). Similar blurring effect is well–known in the case of angular sinogram
filtering [12], therefore it is commonly avoided in noise reduction. According to
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Fig. 7. A part of reconstructed FBP–images: a) full range of projections; b) limited
projections; c) sinogram domain extrapolation; d) stackgram domain extrapolation. In
b, the “naive” reconstruction from the incomplete sinogram data (see Fig. 4(a-d)), in
which the number of missing projections were 9, 17, 25, and 33 from left to right, re-
spectively. In c and d, the corresponding FBP–images from the extrapolated sinograms
(see Fig. 6(b and d)). The best FBP–images are shown, according to the minimum val-
ues of the curves in Fig. 5. In c and d, the angular sinogram extrapolation introduces
tangential distortions in the reconstructed images, unlike the angular stackgram extrap-
olation. It can be noticed that stackgram extrapolation provides quantitatively best
results (the least variations in gray level values), as the curves (Fig. 5) also indicate.
The images share a common gray scale

our experiments, the stackgram domain offers a more convenient extrapolation
environment, since the tangential blurring cannot be observed in the recon-
structed images (Fig. 7(d)). Our earlier filtering studies [13] support this finding
as well.
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The sinogram g(l, θ) is symmetric, i.e. g(l, θ) = g(−l, θ ± π), and periodic in
θ with period 2π, but not with π [1]. Thus, in the discrete case (l = 0, . . . ,M −1
and θ = 0, . . . , N − 1), the values of the sinogram along the θ–direction at 0 and
N − 1 can differ distinctly (one can verify this from Fig. 2). In the stackgram
domain, on the other hand, the values of the locus–signals (Eq. 2) are periodic in
θ with period π. The discrete Fourier transform, which is applied in the extrap-
olation algorithm (Eq. 4), considers the signals as periodic. This may explain
the reason why the locus–signals, in contrast to the angular sinogram signals,
can be extrapolated using the higher cut–off frequencies and resulting in better
extrapolated signals (Fig. 5). However, the extrapolated parts of the signals con-
tain low–frequencies or simple shapes, since the applied cut–off frequencies are
relatively low (Fig. 5). The higher cut–off frequencies would introduce ill–posed
matrix inverses (Eq. 4).

In this study, we did not use a priori knowledge about the data to be extrap-
olated. We employed noiseless numerical data in the experiments. In practice,
e.g. in the case of PET data, the sinograms can be corrupted by the noise sig-
nificantly. Therefore, more sophisticated extrapolation techniques for stackgram
extrapolation need to be further studied.

6 Conclusion

We compared extrapolation of missing projections for limited angle tomogra-
phy in the sinogram and stackgram domains along the angular directions. The
extrapolated signals were assumed to be band–limited, additional a priori knowl-
edge about the data were not exploited. Our experiments show, although further
studies are still needed, that stackgram domain extrapolation can provide quan-
titatively and visually better results than sinogram domain extrapolation. In
the stackgram extrapolation, the sinusoidal structure of the extrapolated pro-
jections can be restored better and the results are more predictable, compared
to the sinogram extrapolation, according to our experiments. In limited angle
tomography, the stackgram domain can offer a new potential approach for ex-
trapolation of the missing projections from the incomplete sinogram data.
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