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Abstract. The classical Group Testing Problem is: Given a finite set
of items {1, 2, . . . , n} and an unknown subset P ⊆ {1, 2, . . . , n} of up
to p positive elements, identify P by asking the least number of queries
of the type “does the subset Q ⊆ {1, 2, . . . , n} intersect P?”. In our
case, Q must be a subset of consecutive elements. This problem naturally
arises in several scenarios, most notably in Computational Biology. We
focus on algorithms in which queries are arranged in stages: in each
stage, queries can be performed in parallel, and be chosen depending
on the answers to queries in previous stages. Algorithms that operate
in few stages are usually preferred in practice. First we study the case
p = 1 comprehensively. For two-stage strategies for arbitrary p we obtain
asymptotically tight bounds on the number of queries. Furthermore we
prove bounds for any number of stages and positives, and we discuss
the problem with the restriction that query intervals have some bounded
length d.

1 Introduction and Contributions

In group testing, the task is to determine the “positive” members of a set of
objects O by asking as few queries as possible of the form “does the subset
Q ⊆ O contain at least one positive object?”. A negative answer to a query tells
us that all items in Q are “negative”. Group testing is a paradigm occuring in
a variety of situations such as quality control, multiple access communication,
computational molecular biology, and data compression, among the others (see
[5, 6, 9, 7, 2, 10, 12] and the numerous references quoted therein).
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In this paper we consider a variant in which the set of objects is O =
{1, 2, . . . , n}, the unknown subset P ⊆ O of positive elements has cardinality at
most p, and queries (tests) are constrained to be intervals {i, i + 1, . . . , j − 1, j},
for some i, j ∈ {1, 2, . . . , n}, such that j − i + 1 ≤ d, d being a parameter of
the problem. This variant naturally arises in several important situations. One
of them concerns the determination of exon-intron boundaries within a gene
[11, 13]. Adopting a very simplified model, one can view a gene as consisting of
several disjoint substrings within a long string representing the DNA molecule.
These substrings are called exons, and the substrings separating them are called
introns. Only the concatenation of exons codes for a protein, the biological role
of introns is rather unclear. Each boundary point linking an exon and an intron
is called a splice site. The determination of splice sites is often a critical point
to search for mutations associated with a gene responsible for a disease, because
only mutations in exons are relevant. Now, in laboratories it is possible to obtain
a “purified” version of a gene by transcribing it to cDNA in which all introns
are removed and the exons spliced together. Using standard experimental pro-
cedures (polymerase chain reaction, PCR) one can pick any two positions in the
cDNA string and determine whether they are at the same distance as they were
in the original genomic DNA string. If these distances do not coincide then at
least one intron (and hence a splice site) must be present in the genomic DNA
between the two picked positions. The formulation of splice sites identification
as a group testing problem with interval queries is explicitly stated in [8, 11, 13],
where parameter d takes into account technological limitations of the PCR pro-
cedures.4 A group testing procedure actually finds the positions (base or group
of bases) before (or after) which there was an intron that has been spliced.

In the area of searching two kinds of algorithms are usually considered: In
adaptive algorithms the tests are performed one by one, and the outcome of
previous tests are assumed known at the time of determining the current test.
Conversely, in non-adaptive algorithms all tests must be specified in advance
without knowing the outcomes of the other tests. An intermediate situation
corresponds to algorithms in which tests can be arranged in stages: in each
stage a certain number of tests is performed non-adaptively, while tests of a
given stage can be determined depending on the outcomes of the tests in the
previous stages. In many situations, for instance in the biological setting, “few”-
stage procedures are by far the most preferable ones [6, 9]. According to [9]
... the technicians who implement the pooling strategies generally dislike even
the 3-stage strategies that are often used [. . .]. The pools are either tested all
at once or in a small number of stages (usually at most 2). In this paper we
shall concentrate on s-stage group testing procedures, particularly for s = 1 and
s = 2.

4 In [13] it is mentioned that current technology suggests also a lower bound on the
test size. One can see (as also noticed in [13]) that in the worst case this additional
constraint makes impossible the complete classification of each item as either positive
or negative.
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To the best of our knowledge our paper is the first to provide a rigorous
algorithmic analysis of group testing with interval queries. In particular, it is
interesting to know that a simple strategy for any number of positives is provably
optimal in the 2-stage case.

The work [13] and the book [11] report about the experimental evaluation, on
real data, of the algorithm ExonPCR, that finds exon-intron boundaries within a
gene. The authors of [13] give also a simple asymptotic analysis of their Θ(log n)-
stage algorithm, for the case in which no bound on the test size is assumed.

Due to the space limitation, almost all proofs are removed from this extended
abstract. The interested reader is referred to the full paper [1] where other sce-
narios in which our group testing problem naturally arises are also described.

2 Non-adaptive Interval Group Testing Algorithms

Let us denote by Ns(n, p, d) the worst-case minimum number of tests that are
necessary (and sufficient) to successfully identify all positives in a search space
of cardinality n, under the hypothesis that the number of positives is at most p,
the interval tests have size at most d, and s-stage algorithms are used.

Theorem 1. For all non-negative integers n, d, p, it holds that

N1(n, p, d) =

⎧
⎨

⎩

2�n/3� + (n mod 3) if p = 1 and d = 2,
�(n + 1)/2� if p = 1 and d ≥ 3,
n otherwise.

(1)

Proof. The main argument for the lower bounds is that any strategy must per-
form at least one test discriminating between any pair of consecutive items.

The matching upper bound N1(n, 1, 3) ≤ �(n + 1)/2� , is given by the follow-
ing strategy:

For i = 1, 2, . . . , �(n + 1)/2� , perform the test Ti defined by

Ti =

⎧
⎪⎪⎨

⎪⎪⎩

{1, 2} i = 1, n > 1,
{2i − 2, 2i − 1, 2i} i = 2, 3, . . . , �(n + 1)/2� − 1,
{n − 1, n} i = �(n + 1)/2� and n is odd,
{n} i = �(n + 1)/2� and n is even, or n = 1.

It is easy to check that this strategy defines a one-to-one mapping from the
set of all possible solutions to the set of tests’ outcomes.

The other cases are similar. 	


3 Multistage Interval Group Testing

We shall now focus on s-stage interval group testing algorithms consisting of a
fixed number s of stages. In each stage tests are performed in parallel so that
the outcomes of the tests are taken into account only for choices made in the
following stages.
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For any integer s ≥ 2, an s-stage interval group testing algorithm A consists of
s successive 1-stage algorithms A1, . . . ,As, confining the positives in a collection
of smaller and smaller subintervals. The last stage returns subintervals of size
one since it determines the exact positions of the positives. Our main interest
will be on case s = 2.

3.1 At Most One Positive

We shall first consider s-stage algorithms for the special case when at most one
positive item is present in the search space. The main result of this section is
contained in Theorem 2.

Proposition 1. Let I = {1, 2, . . . , n} contain at most one positive item. Let A
be a set of q interval tests in I such that for all possible choices of the positive
item (including the choice for which no item in I is positive), the outcomes of
the tests of A reduce the space of items in I which are candidate to be the positive
one to a set of cardinality at most a. Then q ≥ �n/(2a)�.

In the following, an interval group testing algorithm for at most one positive in
a set I is an algorithm that either finds the positive in I or correctly decides that
no positive is in I. An interval group testing algorithm for exactly one positive
in I is an algorithm that finds the positive element in a set I already known to
contain a positive. These two notions are related by an obvious statement:

Proposition 2. Let I be a set of cardinality n and I ′ be a set of cardinality
n + 1. For any interval group testing algorithm A for at most one positive in I,
there exists an interval group testing algorithm B for exactly one positive, in I ′,
which performs the same number of tests as A.

Trivially B can run the algorithm A on the first n elements of I ′. If A finds a
positive then B’s output will coincide with A’s output, otherwise B will conclude
that the positive is the n + 1st element of I ′.

The following lemma is the key tool for analyzing s-stage interval group
testing algorithms for one positive.

Lemma 1. Fix integers s ≥ 1 and q ≥ s. Let t = �q/s� and k = q mod s, and
let n = 2sts−k(t+1)k−1. There exists an s-stage interval group testing algorithm
A for at most one positive element in I = {1, 2, . . . , n}, which performs q tests.
Moreover, there exists no s-stage interval group testing algorithm A for at most
one positive element in I = {1, 2, . . . , n + 1} which performs q tests

Proof. The existence part is by induction on s. For s = 1 and for all q ≥ 1 we
have k = 0, t = q and n = 2q − 1. Thus the desired result directly follows by
Theorem 1.

Let now s ≥ 2, q ≥ s and t = �q/s�, k = q mod s. Let n = 2sts−k(t + 1)k − 1
and let I = {1, 2, . . . , n}.

Assume as an induction hypothesis that for all q′ ≥ s − 1 and for t′ =
�q′/(s − 1)�, k′ = q′ mod (s − 1) and n̂ = 2s−1t′s−1−k′

(t′ + 1)k′
there exists an
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(s − 1)-stage algorithm for at most one positive in a set of cardinality n̂ − 1
which uses q′ tests. Notice that by Proposition 2 this implies that there exists
an (s−1)-stage algorithm for exactly one positive in a set of cardinality n̂ which
uses q′ tests.

An algorithm A that achieves the claimed result is as follows. In the first
stage A uses t queries to partition the search space into 2t − 1 intervals of size
u = 2s−1ts−k−1(t + 1)k leaving an additional interval of size u − 1 uncovered.
This can be easily achieved by distributing the queries as described in the first
part of Theorem 1.

By induction hypothesis and Proposition 2 the remaining q− t queries suffice
to complete the search in one of the intervals of size u if at least one query has
answered Yes and then a positive is know to be present or in the only subinterval
of size u − 1 if no test has answered Yes.

The second statement of the lemma is proved by contradiction (omitted). 	


Theorem 2. Fix an integer s ≥ 1. For all integers n ≥ 1 we have

Ns(n, 1, n) =

{ �log n� if n < 2s−1.

min
{

q | 2s
(⌊

q
s

⌋)s−(q mod s) (⌈
q
s

⌉)q mod s − 1 ≥ n
}

otherwise

(2)

In particular, for n > 2s − 1, we have Ns(n, 1, n) = s
2n1/s + O(s).

Proof. For n < 2s − 1, the problem reduces to binary search. For n ≥ 2s − 1, the
result follows straightforwardly by Lemma 1. 	


3.2 More Than One Positive: Two-Stage Interval Group Testing

The aim of this section is to prove asymptotically tight upper and lower bounds
on the query number of 2-stage interval group testing algorithms for at most p
positives, for any fixed number p. Remember that p is typically much smaller
than n.

Unlike the case p = 1, for p ≥ 2 the possible answers to the first questions in
the first stage do no longer partition the search space into mutually disjoint can-
didate subsets to contain the positive(s). The instantaneous description of the
searcher’s knowledge after one stage is considerably more complicated. Nonethe-
less an upper bound for the case s = 2 and p ≥ 2 can be easily obtained.

Theorem 3. For any p ≥ 2 we have N2(n, p, n) ≤ 2
√

p − 1
√

n + O(p).

Proof. An obvious algorithm A achieves the upper bound. The t1 queries in A1

split the search space in t1 disjoint intervals of roughly equal length n/t1. This
causes n(p− 1)/t1 + O(p) queries in the second stage A2: If p intervals say Yes,
there is one positive in each of them, hence p(n/t1)/2 + O(p) = np/2t1 + O(p)
queries are needed. If p − 1 intervals say Yes, each of them could contain both
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positives. (Actually only one interval can, but the searcher does not see which.)
Hence A2 needs n(p − 1)/t1 + O(p) queries, which is obviously the worst case
for this algorithm. The O(p) term accounts for the fact that n/t1 is in general
not integer, so that every Yes interval could be longer by up to 1. Choosing
t1 =

√
p − 1

√
n minimizes t1 + n(p − 1)/t1. Consequently, 2

√
p − 1

√
n + O(p)

queries are sufficient. 	


The challenge is in fact to prove that one cannot do essentially better than
this obvious strategy. Assume we could show that an adversary can enforce at
least n(p−1)/t1 queries in the second stage for any set of t1 intervals in the first
stage. Clearly, this would imply a lower bound that misses the upper bound of
Theorem 3 only by an additive O(p) term. For p = o(

√
n) this is asymptotically

tight.
We remark that, for given p, it suffices to consider case t1 = ω(p), because

if t1 = O(p), the query intervals cut the search space in O(p) pieces. (Here, a
piece means a maximal contiguous sequence of elements bounded by interval
ends, and without further interval ends in between. The length of a piece is the
number of elements in it.) Hence the p longest pieces have total length Ω(n). If
the adversary places the positives in these pieces, Ω(n) queries are enforced in
the second stage.

Actually, our general lower bound is slightly weaker than mentioned above.
In certain cases we get only n(p − 1)/(t1 + p/2 + 1), but this means merely
a factor 1 + p/2t1 between upper and lower bound, and for t1 ≈ √

p
√

n this
is 1 +

√
p/2

√
n. Hence our final result is still asymptotically tight. The exact

N2(n, p, n) for any n and p remains an open problem.

We start with some notations and give a rough idea of our proof of the lower
bound.

Let Q be a set of interval questions. As said above, the interval ends in Q cut
the search space {1, 2, . . . , n} into pieces. For any piece a, we denote by NQ(a)
the set of query intervals in Q containing a.

Let π1, . . . , π� be the pieces determined by the intervals of Q. Let xi be
the length of πi. By a Yes set for Q we understand a set of query intervals
in Q that have answered Yes. Given a Yes set Y , we define the Yes vector
wY = (w1, . . . , w�), where wi is the weight assigned to the piece πi’s according
to the following scheme:

• A piece gets weight 1/2 if it can contain a positive but not more than one.
• A piece gets weight 1 if it can contain more than one positive.

We denote with wY (Q) the weighted sum of the lengths of the pieces cut by Q
weighted according to the Yes vector associated to Y . In formulas wY (Q) =
∑�

j=1 xjw
Y
j .

Assume now that Q is the set of interval questions asked in the first stage
of a two stage group testing algorithm which finds more than one positive. By
Theorem 1, if Y is the set of intervals in Q that answer Yes then the number
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of queries to be asked in the second stage in order to find all the positives is
at least wY (Q). Therefore, in order to prove the promised bound we show that
for each possible set of interval questions A1 there exists a yes set Y such that
wY (A1) ≥ n/|A1|.

Let A1 be the set of questions asked in the first stage of a two stage interval
group testing algorithm for p positives in the set {1, 2, . . . , n}. Let � be the
number of pieces in which the search space is cut by the questions in A1. Let
x1, . . . , x� be the length of these pieces. For each piece a we shall write N(a)
instead of NA1(a), tacitly assuming that A1 is the set of interval questions we
are referring to.

W.l.o.g. we can assume that for each two pieces a and b determined by A1 it
holds that N(a) = N(b). Then, we also have that �, the total number of pieces,
is at most 2t1. In fact, the number of pieces covered by query intervals is at
most 2t1 − 1 (this is trivial for t1 = 1, and every new interval can create at most
two new pieces by splitting) and w.l.o.g. at most one piece a is outside all query
intervals (N(a) = ∅).

The next lemma, basically a duality argument, is the key to the lower bound.

Lemma 2. Consider a multiset of k (not necessarily distinct!) Yes sets, and
for each i = 1, 2, . . . , k and j = 1, 2, . . . , �, let wij be the weight of the jth piece
in the Yes vector associated to the ith Yes set. If there exist r > 0 such that
for all j = 1, 2, . . . , �, it holds that

∑k
i=1 wij ≥ r, then an adversary can force at

least r
kn queries in A2.

Our lower bound consists in proving that it is possible to select a multiset
of Yes sets such that for each piece cut by A1 the sum of the weights assigned
by the Yes sets to that piece is greater than p − 1. In particular, we show that
in many cases it is possible to have such a multiset of cardinality k ≤ t1 and in
general of k ≤ t1 + p/2 + 1.

This is done in a series of combinatorial lemmas and case distinctions that
we cannot present within the limited space. See the full paper [1]. We finally get:

Theorem 4. For p = o(
√

n), the 2-stage interval group testing problem for at
most p positives needs N2(n, p, n) = 2

√
p − 1

√
n + O(p) queries, and they are

also sufficient.

3.3 More and More Stages

We can characterize the asymptotic complexity of an optimal strategy for any
fixed number s of stages. So far we do not have the precise constant of the main
term as, in fact, we have in the 2-stage case, but recent ideas give hope that this
gap can be closed.

Theorem 5. Let n ≥ 2s(p − 1) and let I = {1, . . . , n} contain at most p ≥ 2
positives. There exists an s-stage interval group testing algorithm which finds all
positives in I by performing a number of tests smaller than or equal to

s(p − 1)(s−1)/s(n − (n mod (p − 1)))1/s + s + p + (n mod (p − 1)) − 2. (3)
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3.4 Bounded Queries

We also extend the results of the previous sections to the case of strategies
using bounded interval tests whose size is bounded to be not larger than a given
threshold d, and we characterized the query number of the optimal strategies in
many cases of interest. We cannot state these results here (see the full paper),
but a general observation is in order. Since the whole search space I of cardinality
n must be covered, we are forced to use ≥ �n/d� tests. Dividing the search space
into that many intervals of size d in the first stage and collecting the answers
to these tests, will tell which of these intervals contain any positives. Then the
algorithms have to recur, but the constraint of d on the tests’ size does not
count anymore. Thus in the next stage an algorithm with unbounded test size
will solve the problem. This is provably optimal in many cases.
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