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Abstract. The work presented here is an experimental study of four
iterative algorithms for solving the Inverse Additive Singular Value Pro-
blem (IASVP). The algorithms are analyzed and evaluated with respect
to different points of view: memory requirements, convergence, accuracy
and execution time, in order to observe their behaviour with different
problem sizes and to identify those capable to solve the problem effi-
ciently.

1 Introduction

Inverse problems are of interest for different applications in Science and Engi-
neering, such as Geophysics, Computerized Tomography, Simulation of Mechan-
ical Systems, and many more [4] [9] [11] [12]. Two specific inverse problems are
the Inverse Eigenvalue Problem (IEP) and the Inverse Singular Value Problem
(ISVP). The goal of these problems is to build a matrix with some structure
features, and with eigenvalues (or singular values) previously fixed. In this pa-
per we study a particular case of the ISVP, the Inverse Additive Singular Value
Problem (IASVP), which can be defined as:

Given a set of matrices A0, A1, ..., An ∈ �m×n (m ≥ n) and a set of real
numbers S∗ = {S∗

1 , S∗
2 , ..., S∗

n}, where S∗
1 > S∗

2 > ... > S∗
n, find a vector c =

[c1, c2, ..., cn]t ∈ �n, such that S∗ are the singular values of

A(c) = A0 + c1A1 + ... + cnAn. (1)

There are several well known methods for the IEP. Friedland et al. [8] pro-
pose several methods for the IEP based in Newton‘s method, named Method
I, Method II, Method III and Method IV. Chen and Chu [2] proposed the
Lift&Project method, where the IEP is solved as a series of minimum squares
problems.

The methods for the IASVP are usually derived from those for the IEP. In
[3], Chu proposes two methods for the IASVP, one of them (The ”discrete”
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method) is obtained by adapting the Method III for the IEP to the IASVP; we
shall name this method as MIII. The convergence of MIII was proved in [5].

The MI [7] and LP [6] methods for the IASVP are other methods derived of
Method I and Lift&Project, respectively. On the other hand, the simplest way
to set up a Newton iteration for resolution of the IASVP is to write directly
the problem as a system of nonlinear equations; we call this a Brute Force (BF)
approach.

Some experimental results of IASVP resolution were given for size of problem
smaller than 6 (by example, m = 5 and n = 4 in [3] and [5]); so, it is necesary
to study the behaviour of the algorithms for greater sizes.

The goal of this work has been to make a fair comparison among some of
these methods with larger problem sizes than those used in previous studies. To
do so, we have implemented FB, MI, MIII and LP methods. The performances
of these algorithms have been analyzed and evaluated, for different values of
m and n, regarding memory requirements, convergence, solution accuracy and
execution time, through an experimental study, to determine those of better
characteristics to solve the IASVP.

In section 2 the algorithms are briefly described; the performance of the
algorithms is analyzed in section 3, and, finally, the conclusions are given in
section 4.

2 Resolution Methods for IASVP

2.1 Brute Force (BF)

Let c∗ be a solution of the IASVP; then, the singular value decomposition of
A(c∗), must be

A(c∗) = Pdiag(S∗)Qt (2)

with P ∈ �m×n and Q ∈ �n×n, orthogonals.
A system of nonlinear equations of the form F (z) = 0, can be built by using

(2) and the orthogonality of P and Q. In this system, the unknown vector would
be z = [Q1,1, Q1,2, ..., Qn,n, P1,1, P1,2, ..., Pm,n, c1, c2, ..., cn, ]t, n unknowns of c,
mn unknowns of P 1 and n2 unknowns of Q, then F (z) = 0 is F (Q,P, c) = 0,
where

F(i−1)n+j(Q,P, c) = (A0 + c1A1 + · · ·+ cnAn − PS∗Qt)i,j ; i = 1 : m; j = 1 : n;
(3)

Fmn+(i−1)n+j−i+1(Q,P, c) = (P tP − Im)i,j ; i = 1 : n; j = i : n; (4)

Fmn+n n+1
2 +(i−1)n+j−i+1(Q,P, c) = (QtQ − In)i,j ; i = 1 : n; j = i : n; (5)

A nonlinear system with mn + n2 + n equations and mn + n2 + n unknowns
has been defined from (3), (4) and (5); its solution can be approximated through
Newton’s method, computing a succession of (Q(0), P (0), c(0)), (Q(1), P (1), c(1)),

1 Only mn unknowns of P because we need only min{m, n} singular values.
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..., (Q(k), P (k), c(k)) that approximates to the solution of F (Q,P, c) = 0. Then,
if z(k) is the k-th element of this succession, the (k + 1)-th element is given by
the expression [10]:

z(k+1) = z(k) − J(z(k))−1F (z(k)) (6)

where J(z(k)) is the Jacobian matrix of F (z) evaluated at z(k). The Jacobian
matrix of F (Q,P, c) is

J(Q,P, c) =
[

∂Fr(z)
∂zt

]
r=1:mn+n2+n ; t=1:mn+n2+n

=

⎡
⎣

J1,1 0 0
0 J2,2 0

J3,1 J3,2 J3,3

⎤
⎦

where J1,1, J2,2, J3,1, J3,2 y J3,3 are blocks of size nn+1
2 × n2, nn+1

2 × mn,
mn × n2, mn × mn and mn × n, respectively, such that

for i = 0 : n − 1; j = 1 : n; row = 1 +
∑i−1

k=0(n − k); col = i + (j − 1)n + 1

(J1,1)row,col = 2Qj,i+1

(J1,1)row+1:row+n−i−1,col = Qt
j,i+2:n

(J1,1)row+a,col+a = Qj,i+1 a = 1 : n − i − 1;

for i = 0 : n − 1; j = 1 : m; row = 1 +
∑i−1

k=0(n − k); col = i + (j − 1)n + 1

(J2,2)row,col = 2Pj,i+1

(J2,2)row+1:row+n−i−1,col = P t
j,i+2:n

(J2,2)row+a,col+a = Pj,i+1 a = 1 : n − i − 1;

and for i = 1 : m; j = 1 : n; t = 1 : n

(J3,1)(i−1)n+j,(j−1)n+t = S∗
t Pi,t

(J3,2)(i−1)n+j,(i−1)n+t = S∗
t Qj,t

(J3,3)(i−1)n+j,t = (At)i,j

This iterative method converges quadratically to the solution of F (Q,P, c) if
the initial guess Q(0), P (0) and c(0) is close enough to the solution [10].

2.2 MI

As mentioned before, the MI method for the IASVP follows the ideas from
Method I for IEP [8]. First, for any c we can obtain the singular value decom-
position of (1) as A(c) = P (c)S(c)Q(c)t. Then, the IASVP can be stated as
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finding the solution of the nonlinear system in c: F (c) = [Si(c) − S∗
i ]i=1,n = 0. If

Newton’s method is applied to solve this nonlinear system, the Jacobian matrix
is needed; it can be obtained as in [7]: J = [pt

iAjqi]i,j=1,n, and the Newton’s
iteration (6) is given by the expression [7]

J (k)c(k+1) = b(k) (7)

where b(k) = S∗ −
[
p
(k)t
i A0q

(k)
i

]
i=1,n

. MI converges quadratically to c∗ if c(0) is

close enough to c∗ [10].

2.3 LP

LP is developed in a similar way to Lift&Project in [2]. Let us define Γ (S∗), the
set of matrices in �m×n, (m ≥ n), which can be written in the form PS∗Qt,
where P ∈ �m×n and Q ∈ �n×n are orthogonal matrices; and let Λ(c) be the set
of matrices that can be expressed as in (1). The goal is to find the intersection
of both sets, using distance minimization techniques. The distance between two
matrices U and V is defined as d(U, V ) = ‖U − V ‖F .

LP is an iterative algorithm, with two stages for each iteration:
1) The Lift stage, which consists in, given c(k) (given A(c(k)) ∈ Λ(c)) find

X(k) ∈ Γ (S∗) such that d(A(c(k)),X(k)) = d(A(c(k)), Γ (S∗)). This is achieved by
computing the singular value decomposition of A(c(k)), P (k)S(k)Q(k)t, and then
computing X(k) = P (k)S∗Q(k)t, which turns out to be the element of Γ (S∗)
closest to A(c(k)) [7].

2) The Projection stage consist in, given X(k) ∈ Γ (S∗), find c(k+1) (find
A(c(k+1)) ∈ Λ(c)) such that d(X(k), A(c(k+1))) = d(X(k), Λ(c(k+1))). This is
achieved by finding c(k+1) as the solution of the nonlinear least squares prob-
lem minc(k+1) ‖A(k+1)−P (k)S∗Q(k)t‖2

F . This problem can be solved by equating
the gradient of ‖A(k+1) − P (k)S∗Q(k)t‖2

F to zero and solving the linear sys-
tem resulting Atrc

(k+1) = b
(k)
tr , where [7] Atr = [tr (At

iAr)]r,i=1,l and btr =[
tr

(
At

r

(
X(k) − At

0

))]
r=1,l

. This LP algorithm converges to a stationary point

in the sense that [7] ‖A(k+1) − X(k+1)‖F ≤ ‖A(k) − X(k)‖F .

2.4 MIII

The method MIII described here is the method presented in [3] by Chu. This
method finds the intersection of Γ (S∗) and Λ(c), defined in (2.3), using an it-
erative Newton-like method. In the iteration k, given X(k) ∈ Γ (S∗), there exist
matrices P (k) and Q(k) such that X(k) = P (k)S∗Q(k)t and the tangent vector to
Γ (S∗) which starts from the point X(k) and crosses A(c(k+1)), can be expressed
as

X(k) + X(k)L(k) − H(k)X(k) = A(c(k+1)) (8)

where L(k) ∈ �n×n and H(k) ∈ �m×m are skew-symmetric matrices. Because
X(k) = P (k)S∗Q(k)t , (8) can be expressed as

S∗ + S∗L̃(k) − H̃(k)S∗ = W (k), (9)
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where L̃(k) = Q(k)tL(k)Q(k), H̃(k) = P (k)tH(k)P (k), W (k) = P (k)tA(c(k+1))Q(k).
Equating the diagonal elements of (9), we obtain the linear system (7), that
calculate c(k+1) (A(c(k+1)) and W (k)). Equating the off-diagonal elementos of
(9), we calculate H̃(k) and L̃(k) [3].

In order to calculate X(k+1) from A(c(k+1)), e.g. P (k+1) and Q(k+1), ma-
trix A(c(k+1)) must be lifted to a point in Γ (S∗). Then X(k+1) is defined as
X(k+1) = P (k+1)S∗Q(k+1)t and P (k+1) and Q(k+1) are orthogonal matrices
which can be approximated by P (k+1) ≈ P (k)R and Q(k+1) ≈ Q(k)T , being
R and T the Cayley transforms: R =

(
I + 1

2H(k)
) (

I − 1
2H(k)

)−1
and T =(

I + 1
2L(k)

) (
I − 1

2L(k)
)−1

. See [1] and [3] for details.

3 Numerical Experiments

In order to observe the behaviour of the algorithms when m,n > 5, they are an-
alyzed experimentally, evaluating memory requirements, convergence, accuracy
and efficiency. By each analyzed aspect, we compare the algorithms to determine
those most suitable to solve the IASVP.

The numerical experiments have been carried out taking matrices sizes of
m = n = {5, 10, 15, 20, 25, 30, 50}, using random values for matrices and vectors
of the IASVP and taking different initial guesses c(0).

The algorithms have been implemented in Matlab and executed in a 2.2 GHz
Intel Xeon biprocessor with 4 GBytes of RAM and operating system Linux Red
Hat 8.

Memory Requirements. The storage required for n+1 matrices of size m×n
(Ai, i = 1 : n), two vectors of size n (S∗, c) and the vectors and matrices
required by each algorithm (singular values and vectors, Jacobians matrices,
skew-symmetric matrices, ...), can be seen in Table 1. The FB method has the
greatest memory needs, thereby is hardly feasible to implement for m > 50. The
best algorithms from this point of view are MI and LP.

Table 1. Memory Requirements in KBytes(KB), MBytes(MB), GBytes(GB) and

TBytes(TB)

m = n 4 10 30 50 100 500 1000

BF 12 KB 366 KB 28 MB 205 MB 4 GB 2 TB 32 TB
MI 1.2 KB 12 KB 250 KB 1.1 MB 8.3 MB 1 GB 8 GB
LP 1.2 KB 12 KB 250 KB 1.1 MB 8.3 MB 1 GB 8 GB
MIII 1.7 KB 15 KB 270 KB 1.2 MB 8.6 MB 1 GB 8.1 GB

Convergence. The convergence of the algorithms BF, MI and MIII is really
sensitive to the initial guess. When the initial guess is taken as c

(0)
i = c∗i + δ

(i = 1 : n), for small δ such as δ = 0.1 all of them converge; but when δ = 1.0
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Fig. 1. Accuracy of Algorithms for different values of m, with c
(0)
i = c∗i +0.1 (i = 1 : n)

they only converge for sizes m < 50 and when δ = 10.0 they only converge for
m < 10. Then, as, the initial guess is farther from the solution, these algorithms
converge only for smaller problem sizes. This phenomenon is not suffered by LP,
since it has the property ‖A(k+1) − X(k+1)‖F ≤ ‖A(k) − X(k)‖F [7].

Solution Accuracy. The accuracy of the solution is measured by obtaining the
relative errors of the obtained singular values with respect to the correct ones
(Figure 1), with δ = 0.1. MIII gives the approximations S∗, while LP gives the
worst; however, the LP errors are smaller than 1e − 6.

Time Complexity estimates and Execution Times. The time complexity
estimates are a function of the problem size (m,n) and of the number of iter-
ations to convergence (K); this estimates can be split in two, the cost of the
start-up phase (T (m,n)startUp) and the cost of each iteration inside the main

Fig. 2. Execution times (seconds) required to reach convergence, with different values

of m and δ = 0.1
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Table 2. Number of iterations required for convergence with δ = 0.1

m = n 4 5 10 15 20 25 30 40 50

BF 3 2 3 3 3 3 3 3 3
MI 2 2 2 3 3 3 3 3 3
LP 365 206 561 3398 2629 1998 4048 6304 5303
MIII 3 2 2 3 3 3 3 3 4

loop (T (m,n)loop) so that the time complexity can be written as: T (m,n,K) =
T (m,n)startUp+KT (m,n)loop. Then, the estimates for each method (for m = n)
can be written as:

T (m,K)BF ≈ (62/3)m3 + O(m2) + K{(16/3)m6 + O(m5)}

T (m,K)MI ≈ (44/3)m3 + O(m) + K{2m4 + (m3)}

T (m,K)LP ≈ m4 + O(m3) + K{(56/3)m3 + O(m2)}

T (m,K)MIII ≈ (56/3)m3 + O(m2) + K{2m4 + O(m3)}

The time estimate of BF shows that it is not an acceptable algorithm. On
the other hand, LP has the smallest time estimate in the iterative part, but it
needs many more iterations for convergence (and execution time) than the other
methods. This can be checked in Table 2, where the number of iterations K is
shown for some experiments, and in Figure 2, where the execution times are
shown.

4 Conclusions

We have implemented and analyzed a set of algorithms for resolution of the
IASVP and we have analized their behaviour for different values of m (m > 5).

The study carried out shows that the FB approach must be discarded as a
practical algorithm given its high costs, both in memory (O(m4)) and execution
time (O(m6)).

From the memory point of view, MI and LP are those of smaller requirements
of memory; from the execution time point of view, MI is most efficient. The
highest accuracy of the solutions, in most of the tested cases, is reached with
MIII.

However, MI and MIII, like BF, have the drawback of being too sensitive to
the quality of the initial guess. This sensitivity becomes worse as the size of the
problem increases. In contrast, LP does not suffer this problem.

Since none of the algorithms possess properties good enough on its own, it
seems desirable to combine several algorithms in a single one. A possible follow-
up of this work is the development of this kind of algorithms; some approaches
can be found in [2] and [7].
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The problem of the high costs of storage and execution times for problems of
larger size (m > 50) can be tackled by parallelizing the algorithms, so that any
processor involved stores only a part of the data structures and executes part of
the calculations.

Acknowledgement

This work has been supported by Spanish MCYT and FEDER under Grant
TIC2003-08238-C02-02 and DGIT-SUPERA-ANUIES (México).
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