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Abstract In this paper, as an active sensor imaging technique, a new target den
sity function in form of the range density function(RDF) is developed by Gabor 
transform which is called short time Fourier transform (SIFT). It is shown that 
Gabor theory, (STFT) can be used as approach to imaging by active sensors by 
transmitting a waveform which is a kernel for this transform. Then an alternative 
signal dimension reduction approach is proposed to the developed technique by 
taking advantage of Walsh functions. 
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1 Introductioii 

Imaging is a mapping process from three dimensional object to two dimensional im
age [1,2, 3,4, 5]. This transformation is obtained by using signal transforms such as 
Fomisr and Wavelet transforms [1,6,7,2,3,4,5]. Radar imaging is based on a multi-
sensor image fusion technique, which is in the form of multiple-apertuies and arrays 
[8,9,10,11,12,13]. 

Target density function(TDF) is the reflectivity of spatially, continuously dis
tributed targets and it is an important characteristic of radar imaging. TDF is knov^n by 
different names such as ambiguity function, density function, target density function, 
object(target), object reflectivity function, doubly-spread reflectivity function, and re
flection coefficient [8, 9, 10, 11, 12,13]. 

There are two well known approaches on TDF. First one considers the integration 
of aU point scatterers off the target scatterer centers, is able to obtain the whole object. 
This radar imaging technique is based on inverse Fourier transform(IFT) and used 
mostly in inverse synthetic aperture radar(SAR) studies [1,16,2,3,4,5]. 

Second method on TDF is a dense target environment approach by Fowle and 
Naparst [14,15]. This takes into consideration the existence of densities of the targets 
in a high dense target environment. It is based on the ambiguity functions with two 
variables as range and velocity[17, 18, 19]. Especially, the advanced function in the 
dense target environment by Naparst is developed in a novel way. Rather than typical 
radar imaging, this is an approach to measure the closeness of the targets to each other 
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in the dense target environment. Howev^, in this work is inspired partly by Naparst 
model. 

In this study, a new TDF is produced as a range density function considering a 
range-scanning angle plane different from the early approaches. This technique is de
veloped based on Gabor theory which is called short t^m Fourier transform (STFT). 

2 Walsh Functioiis 

Walsh functions are orthogonal functions and composed of square waves with (0-1) 
ampMtudes. Unlike the Rademacher functions, Walsh functions are complete. Mathe
matical theory of Walsh functions corresponds to Fourier analysis-based sine-cosine 
functions [20,21,22,23]. 

Walsh functions are defined in a limited time interval, T, known as the time-base. 
Like the sine-cosine functions, two entities are required for a complete definition. 
These are a time period, t, which is normalized to the time base as t/T^ and an or
dering number, n, which is related to frequency. A Walsh basis function is represented 
by Wal{n, t), A general Walsh function with pulse basis functions can be written as 
[20,21,22,23] 

m 

Wal{n, t) = sign[(sin27Ttf^ JJ{co82^7rtf^] (1) 

where n and m are related to each other. If w is a binary value of the decimal, n, and 
g{u) is a number of digits, then m is represented as 

m = giu) - 1 (2) 

ho and hk in. Equation 1 are either 0 or 1. 
A set of Walsh functions derived from Equation 1 is given in Figure 1 [20,21,22, 

23]. These sets of Walsh functions are in form of typical radar pulse train. 
While behavior of both Fourier and Walsh series are similar, basis functions have 

different forms. Walsh function can be expressed as a time series similar to the Fouri^ 
theory: 

oo 

f{t) = J2^kWal{k,t) (3) 
fc=0 

If this is compared with Fourier series, p(t) = Y^^=-oo^k^^^^^*>^^i^^^i&^^'^ons 
become important separators. The basis functions are infinite in Fourier series (—oo < 
k < oo), while finite in Walsh series(0 < k < oo). The finite basis functions provide 
important advantage in signal processing m terms of dimension r^uction. 

Two new functions, sal and cal, which are analogues of sine and cosine functions 
in Fourier series, are defined by Walsh functions [20, 21, 22, 23]. 

oo 

fit) = aoWal{0, t) + Yi[akcal{k, t) + bksal{k, t)] (4) 
fe=i 
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Fig. 1. A set of Walsh functions, 

where 

f(t)Wal{0,t)dt, afe= / f{t)cal{k,t)dt, h = f{t)8al{k,t)dt 
•1/2 J-1/2 J-1/2 

(5) 

3 Imaghig by Gabor Theory 

In this paper, an active sensor imaging is studied by an alternative target density 
fimction(TDF), which is based on a linear phased array radar system and the range-
scanning angle. New target density function, g{R, (5) is composed of two variables, 
which are the range R, and the scanning angle ^. Definition of g{R^ f3) in developed 
here is given as the following. 

Definition 1. Target Density Function is the limit of the ratio of the amplitude of 
the signal reflected from an infinitesimally neighborhood about the point (i?, 0) to the 
amplitude of the incoming signal. 

By this definition, the new target density function g{R^ (3) is; 

where d( J?) is the diameter of the disc about the point {R^ j3) 6 i?, Ar and At are the 
amplitudes of the reflected and the transmitted signals, respectively. 
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In this definition, the target density function(TDF) is relevant to the the reflec
tivity of spatially, continuously distributed targets. This approach is different from the 
conventional target density function definitions stated early. Instead of ambiguity func
tions based on range-velocity variables, the imaging is taken by a new target density 
function with the range and scanning angle. 

Let us consider the target plane shown in Figure 2, where /3 is cosO and R is tiie 
range £rom the target to tiie radar, and the sensor elements in the linear phased array 
radar system are located equally. As seen in Figure 2, the target density fimction is a 

Target Area 
(P = COS0, R) 

Radar phase center 

Fig. 2. Radar-Target Coordinate system. 

fimction of the spatial coordinates {R, f5) in the upper semi-plane. 
Now, let us obtain the target density function. Let P{t) be any periodic function of 

time, such as a train of pulses,where 

p(t)= Y. f̂c '̂'̂ "^* 
fc=—oo 

Wo = 27r X PRF, 

where PRF is the pulse repetition frequency. 

W{t) = &'''"<=* 

Where W{t) is the earner signal. 

Sm{t)=p{t)W{t) 

(7) 

(8) 

(9) 

(10) 
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Where 3m{t) is the modulated signal transmitted in the fixed direction P, which can 
be done by a directed single antenna or a phased array using beamforming. 

The reflectivity of one point at g{R^ /3) 

y{t,u;) = 8m{t - 2R/c - px/c)g{R, /3) (11) 

Let us generalize Equation 11 for the whole radar-target semi upper plane by su-
parpositioning principle considering all point scatterers related to the range-angle. 

If g{Rj f3) is the reflectivity of the point (E, /3), and Ri is the maximum range of 
interest target area; then the total reflected incoming signal to the phase center will be 

J-iJo c 

= t rP{t-{^?^±^))W{t-{^?±^))g{R,P)dRdl3 (12) 
J-iJo c c 

where |/(t, a;) is the output of the sensor located at center (the feature space), and c is 
the speed of light. 

If Equation 7 substitutes in Equation 12, the total reflected incoming signal to the 
phase center will be, 

(13) 
Now a new target density function is defined by utilizing Definition 1 and Figure 2. 
This function is the range density function (RDF), 

In a Hnear phased array of point sensor system, if i? is the range from the sensor 
in a fixed direction (/?), which is direction cosine of the line joining the point and the 
phase center, as a new target density function, the new range density function (RDF) 
is defined as follows. 

Definition 2. Range Density Function, f(R) is the reflectivity of the point at range 
R. 

By this definition, f{R) represents the image along the range or the distance to the 
sensor. 

Let us formulate this definition. The range density function function f(R) or g(3 (R) 
at a fixed angle, /?, 

f{R) = gpiR) = 9{P,R) (14) 

By the definition of the point at a fixed angle, p and Equation 14, Equation 13 will 
be 

yit.uo) = / y ) ake^^'^'^^'^^Wit - 2R/c)f(R)dR (15) 
Jo i . rr l . 

Let's define 
op 

t± = — and (16) 
c 
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W{t) = Wx(-t) (17) 

and uniquely define /i to be the function such that 

fiR) = hit±) (18) 

Then Equation 15 can be rewritten as 

OO -00 

(19) 
fc=—CXD 

If Equation 19 is demodulated by f ̂ e"̂ '̂ "̂* 

/»oo 

yfc(t,a;o) = / e-^^^'*^W{i± - t)hitj,)dtx (20) 
Jo 

Extend the domain of definition of h{t±) to (-oo, oo) by defining h(tx)= 0 for t± < 
0. Then, it is seen that Equation 20 is Ihe Gabor transform, which is known short-time 
Fourier transform, STFT of h{t±), that is yk{t, UJQ) evaluated at the ftequency IJJQ, 

The inverse Gabor (STFT) transform yields h{t±) as 

1 i»00 /»CX3 

^^*^^ = MWW J ooJ 2̂/fc(*.'̂ o)ê '='̂ °*-W *̂(t± - t)<Ljodt (21) 

which is desired result. One can obtain the reflectivity of a target area at angle ^, by 
transmitting e^^^^^W{t) with varying WQ, and observing the reflected signal for all 
time. In theory, if the Gabor window function is chosen plausible as a band-Mmited 
function, yfe(t,a;o) can be determined from its values over any finite length time in
terval, and the target density function h{t±), can be recovered[24]. Thus, by using a 
novel target density function f{R) or gi3 (R), the radar targets can be imaged by utiliz
ing Short Time Fourier Transform. 

Infinity of k in Equation 21 can be optimized by some filtration, compressing or 
estimation methods. However, an altemative way may be proposed to reduce k dimen
sion and smooth the new TDF; 

- Walsii Approach: While the new TDF is developed, at tbe beginning, the basis 
functions of the modulating signal had infinite dimensions. In contrast to infinite 
basis functions(—cx) < A; < oo) in the Equation 7, Walsh functions are expressed in 
finite pulse basis functions in Equation 3. They have an essential advantage to the 
radar imaging in terms of basis dimension reduction. 

In case of using Walsh functions with pulse form, this function in the Equation (3) will 
replace the Equation 7 in the new algorithm as a modulating Walsh function with finite 
dimensions. The Walsh function in question is a modulating signal in the form of a 
pulse train. After Walsh function is chosen with respect to some parameters Mke PRF 
in Equation (7), the new algorithm can resume the remaining steps after Equation (8) 
in a similar manner. 
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4 Summary and Conclusion 

In M s paper, an alternative target density fiinction(TDF) is obtained by a new algo
rithm and technique differently from the conventional approaches. Main contributions 
of this study; 

- A proposed target density Junction algorithm: The target density function (TDF) 
is represented in form of the range density function considering a novel range and 
scanning angle plane. It is produced by a new technique based on Gabor or short 
time fourier transform (STFI). It is shown that Gabor theory (STFT) can be used as 
approach to imaging by active sensors by transmitting a waveform which is a kernel 
for this transform such as a window function. 

The present TDF is generated partly by analogy to Fowle-Naparst and SAR-ISAR 
approaches. 

- Comparing to Fowle-Naparst: As an advanced work of Fowle, Napaist target den
sity function is developed for a high dense target environment with multiple targets, 
whose velocities are close to each other. This TDF acts hke a separator rather than 
an imaging function for the targets at the distance with a given velocity. 

TDF proposed here is obtained by a scanning angle and range in a high dense target 
environment. The main difference is in the imaging approach, which is capable of 
sensor imaging the targets in a dense target environment via phased array radar system. 

- Comparing to ISAR: While ISAR imaging is based on multi-aperture principle, 
the present imaging method is a multi-sensor image fusion technique based on the 
phased array radar system. On the contrary, the proposed target density function is 
produced by the integration of scanning angles at a fixed range. 
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