
AUTONOMOUS UNDERWATER VEHICLES: 
SINGULAR EXTREMALS AND CHATTERING 

M. Chyba ^ and T. Haberkom ^ 
Department of Mathematics, University of Hawaii, Honolulu, Hawaii 96822, 

\j7Khyba,haberkor\ @math,hawaii. edu* 

Abstract In this paper, we consider the time minimal problem for an Autonomous Under
water Vehicle. We investigate, on a simplified model, the existence of singular 
extremals and discuss their optimality status. Moreover, we prove that singular 
extremals corresponding to the angular acceleration are of order 2. We produce in 
this case a semi-canonical form of our Hamiltonian system and we can conclude 
the existence of chattering extremals.. 
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1. Introduction 

In this paper, we consider the time minimal problem for autonomous under
water vehicle. We first describe the general model and give the equations of 
motion. However, due to the space limitation of this paper, and to highlight the 
properties of our system without tedious and lengthly calculations, we restrict 
ourselves to a simplified model. The general situation will be described in a 
forthcoming article. Based on the maximum principle we define bang-bang 
and singular trajectories. A first analysis of the singular extremals of the sim
plified model has been done in [2] and the existence of chattering extremals 
for a given pair of initial and final configurations at rest was discussed in [4] 
using numerical computations. In this paper, first we extend the previous re
sults under the assumption that the vehicle is symmetric, in particular we show 
that if an extremal is bang-bang with respect to one of the linear velocities but 
singular in the two other controls then it cannot be time optimal. Moreover, 
the major addition to our previous results is that we provide a semi-canonical 
form in the situation of a singular extremal with respect to the angular velocity 
and bang with respect to the linear velocities. From [13] the existence of chat-
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taring extremals in our problem follows. We supplement our conclusions with 
numerical computations. 

2. The Model 

We consider a 6 degrees of freedom Autonomous Underwater Vehicle (AUV). 
We denote hy T] ~ {x,y,z, (f),0, -ipY the position and orientation of the vehicle 
in the earth-fixed reference frame, where (0,6, ip) are the classical Euler angles. 
The velocities u = {u, v, w,p, q, r)* are taken with respect to the body-fixed 
frame (see Figure 1). In the sequel x represents the state and velocity variables; 
X = {'n,v). 

Figure 1. Earth-fixed and body-fixed frame 

With those notations, the equations of motion can be written as, see [7]: 

V = M~^{T-[C{v) + D{v)]v-g{'q)) ^" 

where J{r]) is the transformation matrix between the earth-fixed coordinate sys
tem and the body-fixed one. M is the inertia matrix of the vehicle. The matrix 
C takes into account for the Coriolis and centrifugal forces and is assumed to 
be skew-symmetric. The matrix D stands for the damping forces. The column 
vector g represents the restoring forces and moment: gravity and buoyancy. 
Finally, r is the control. 
To reflect the fact that the thrusters have limited power, we assume: 

Teli=^{Te K^\ai < Ti < A, i = 1, • • •, 6}, (2) 

where a^ < 0 < /?i. An admissible control is a measurable bounded function 
r defined on some fime interval [0, T] such that r(i) G U for a.e. t e [0, T]. 
Due to the space limitation of this paper, we will restrict ourselves to a simplified 
model. The general situation will be studied in a forthcoming article. First, 
we assume the vehicle to be totally symmetric (hence M is diagonal), with 
coinciding centers of gravity and buoyancy (hence g is zero). The center of the 
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body-fixed frame is taken at the center of gravity and the damping forces are 
neglected. Finally, we restrict the vehicle to move in the a;2;-plane. Under these 
assumptions, the equations of motion become: 
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where m is the mass of the vehicle and / is the first inertia momentum around 
the y-axis. For our numerical computations, we will assume m — 20 and 
/ = 0.1. We have the following bounds on the controls: 

|Ti| < 1 , i = l ,3 ,5 

REMARK 1 The equations of motion for the velocity variables (6) -(8) are 
equivalent to the equations of motion for the control problem of rotation of a 
rigid body around its gravicenter assuming that the body is axially symmetric. 
The existence of chattering trajectories for the time optimal problem in this case 
has been studied in [13]. We provide here a generalization of these results by 
allowing translational motions to the body. 

3. The Maximum Principle 

Let xo> XT G R-̂  be prescribed initial and final configurations for our sim
plified model. The maximum principle for the minimum time problem, [9], 
states that if f : [0, T] ^ ZY is an admissible time optimal control such that the 
corresponding trajectory x(-) steers the vehicle from xo to xr> then there exists 
an absolutely continuous vector function A : [0, T] -^ R^, X{t) ^ 0 for all t, 
such that, almost everywhere in [0, T] we have: 

dH 

i = = 1,-

Ut) = ~(x( t ) ,A(t ) , f ( t ) ) 

m = -—•^{m,m,f{t)) 

•, 6, where 

H = X^ 
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is the Hamiltonian function. Additionally, the maximum condition holds: 

H{x{t), X{t),f{t)) = max^euH{x{t), X{t),Lo) (12) 

Moreover, the maximum of the Hamiltonian is constant along the solutions of 
(9-10) and must satisfy H{X{t), x{t), f{t)) = AQ, AQ > 0. A solution (x, A, r ) 
of the maximum principle, in the sense just stated, is called an extremal and the 
vector function A(-) an adjoint vector. For our model, the Hamiltonian system 
(9-10) gives the following dynamics for the adjoint vector: 

A. = 0 (13) 

A. = 0 (14) 

Xg — —Xx{wcos9 — usinO) + Xz{ucos9 + wsinO) (15) 

A„ = —Xx cos8 + XzsinO — XwQ (16) 

Xw = — Xx sin 9 ~ Xz cos 9 + Xuq (17) 
Xg = ~Xg + XuW - Xy,U (18) 

The maximization condition (12) implies that the control f satisfies (i = 1,3,5): 

n{t) = - 1 , if ifi^it) < 0 and n{t) = 1 if ifi{t) > 0 (19) 

with (fi = Xu/m, ifs — Xyj/m, ip^ = Xq/I. Those functions are called the 
switching functions. If along the extremal, we have ipi (t) ^ 0 almost every
where on [0, T], then the corresponding control T; takes its values in { — 1,1} 
and the extremal is said to be bang-bang with respect to r^. However, if there 
exists a non trivial interval [ii, t'^ on which ^i{t) is identically zero, the control 
Ti is said to be singular on \t\-,t-2\ and the corresponding extremal is called 
Tj—singular. Let q be such that ^^<^i is the lowest order derivative in which Ti 
appears explicitely with a nonzero coefficient. We defined q as the order of the 
singular control r,. The above definition lies on the fact that it is a well known 
result, see [10] for instance, that a singular control Ti first appears explicitely in 
an even order derivative of (^i. Assume that the component Ui of the control is 
bang-bang; then is € [0, T\ is called a switching fime for u, if, for each interval 
of the form \ts — e, f̂  + £[n[ii, t2]> e > 0, there is no constant c such that 
Uiit) — c for almost all t e [ti, i2]-

Optimal trajectories are usually concatenations of bang-bang pieces with 
singular pieces. The Maximum principle does not give any direct information 
about these concatenations and it is known that in some cases such a concate
nation may involve chattering, see [8] for the first example of such optimal 
trajectories. 
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4. Singular trajectories 
In this section we focus on the singular trajectories for our model. It is a 

well known result, see for instance [1, 11], that for a fully actuated controlled 
mechanical systems all controls cannot be singular at the same time. In other 
words, we have: 

THEOREM 2 Along an extremal, all controls TJ , T3 and TC, cannot be singular 
at the same time. 

The next step is to study extremals such that 2 controls are singular at the same 
time. 

THEOREM 3 Along a TI,T^-singular extremal, the control TS is bang-bang 
with at most one switching. Along such extremal, we have that the singular 
controls are identically 0 as well as the angular velocity q while the linear 
velocity u is constant. Moreover, ifrs has one switching then we can deduce 
u = Q along the extremal. Furthermore, these extremals are not time optimal. 

Proof. Along a TI,T5-singular extremals we must have A„ = 0 and \q ~ 0. 
Theorem 2 implies that T3 cannot be singular. In [2] it is proved that there 
is at most one switching for the control T3 and that if there is one we must 
have u = q = {) and both singular components of the controls are identically 
zero. Assume now T3 is constant along the extremal. It follows from (16) and 
from A„ = 0 that qX^ = — Â ; cos9 + X^smO. Coupled with the fact that 
Xq — w(Xx cos9 — Xz sin0) + qwXw — XyjTi/m = 0 we obtain X^TI = 0. In 
particular, since A^ 7̂  0 we have that ri is constant and we can differentiate Xq 
up to order 6: 

A(6) :^ -Aq^(Xx sin6» + X^ cos6l)r3 - 3q(-~2Xx cos0 + 2A^ sm9 - qX^^)'^ 
^ ml 

Using the second derivative of Â  and of A„, we can reduce the previous ex
pression to A5 = —59^-^u)-^- However, we must have A, = 0 . Us
ing the fact that T3 is constant, we deduce that q'^r^ = 0. Since moreover 
q = T^/I, the two last equalities implies that along the extremal we have 
r5 = 0. Now, if we combine the first and the third derivative of A„ we get 
2q^Xw — ~{Xx sinO + Xz cos9)^ which leads to c/ = 0. The equations of 
motion imply then that u is constant along the extremal and we can deduce that 
Xw = 0. For the non optimality of such extremals, one only has to see that they 
correspond to a pure translational motion that, according to [3], are not optimal. 

REMARK 4 This theorem generalizes the results of [2] to the symmetric sit
uation. Moreover, the theorem remains true if we exchange the role ofT\ and 
T3. 
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Since the non-optimality of the extremals studied in Theorem 3 as been estab
lished, let us provide numerically a fastest trajectory. Along a pure translational 
motion, if we start from xo at the origin and follow the r i , T5-singular extremal 
for 2 seconds, we arrive at x / = (0,0.1,0,0,0.1,0). Applying an optimization 
method to find a time optimal trajectory steering xo to Xf gives a minimum 
time tj^'" « 1.7604 s which is clearly better than the one of the TJ, T5-singular 
extremal. Figure 2 shows the computed time-optimal trajectory. Figure 2 only 
shows a singularity of T5 at the middle of the trajectory which corresponds to the 
time when the vehicle is properly oriented to use efficiently both its translational 
thrusters. 

0.5 I 1.5 

U 

J J 
0.5 t 1.5 

l is) 

Figure 2. Faster trajectory than a r i , T5 -singular extremal 

REMARK 5 The optimization method consists in the discretization of the op
timal control problem using a Heun integration scheme for the dynamic and 
discretizing both state and control. Then we write the obtained nonlinear opti
mization problem in AMPL [6] and apply the large-scale nonlinear optimiza
tion software IpOpt [12]. 

We now turn to the situation when T5 is bang-bang while the two other controls 
are singular. 

T H E O R E M 6 Along a Ti,T3-singular extremals, the control T5 is bang-bang 
with at most one switching. 

Proof This result is a direct consequence of the form of the differential equa
tions for the adjoint vector. 
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It could be interesting to exhibit a time optimal trajectory tliat is r i , T3-singular 
since it is kind of counter intuitive not to use the full translational power Actu
ally, if we numerically integrate the Hamiltonian system starting, for instance, 
from xo = (0,0,0,0,0,0), talce n ^ -T3 = 0.5 and Aa;(0) = A^(0) = 
A«(0) = A^(0) = 0 we will have a trajectory that is extremal. Additionally, 
we set Ae(0) = 0.5 and Ag(0) = 2 and integrate from to == 0 to T = 8 s to get 
one switching time for T5 at tg = 4 s. The switching is from 1 to —1 (because 
\q{t) = —Xg{0)t + Ag(0)). Now, if we use the obtained final configuration 
XT and apply an optimization method to solve the minimum time transfer from 
Xo to XT we find that the minimum transfer time is t f 8.0005 s which 
corresponds to T up to the unavoidable round-off errors. Figure 3 shows the 
two trajectories. 

control Posiiion/Orientation Velocity 

0.4 

-0.4 

-0.5 

-0.6 
0 2 

0 2 4 6 
t(s) !(s) t(s) 

Figure 3. Comparison between the TI , T3 -singular trajectory computed by integration of 
the Hamiltonian system (the dotted one) and the one obtained by application of the nonlinear 
optimization solver (the plain one). 

On Figure 3 one can see that the two trajectories share some similarities but 
that they are not the same. Indeed, the control strategy is not the same since 
we do not have TI and T3 constant along the time optimal trajectory computed 
numerically at the contrary of what was prescribed in our integration of the 
Hamiltonian system. However, we have a switching at the same time on both 
trajectories. 
Let us now turn to extremals that are singular for one control only. For simplicity 
we will assume the two other controls to be constant. 
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T H E O R E M 7 Assume TS,T^ to be bang along an extremal. Then, if the extremal 
is Ti'singular it is of infinite order. 

Proof To determine the order of a TI-singular extremal, we must find the order 
of the derivative at which TI arises for the first time. A simple computation 
show that: 

A„ = —Xx cos 6* + Aj sin 9 — Xyjq (20) 

\u — 2q{\xS\Tii6 + XzCosO) — Xyj—r (21) 

We can easily generalize and see that the only control that can appear in any 
derivatives of the function A„ is the control T5 and the result follows. 

REMARK 8 Theorem 7 still holds if we exchange the role ofri and T3. 

Things work differently for the control T5. 

T H E O R E M 9 Assume TI,TS to be bang along an extremal. Then, if the extremal 
is T^-singular, it is of intrinsic order 2. 

Proof. Let us define H — HQ + (̂ 5X5. Then, the first two derivatives of the 
switching function ip^ = Xg/I are given by: 

^ = {Ho,V5}, ^ ^ {Ho,{Ho,V5}} +M^5,{Ho,<P5}}- (22) 

Since, {(f^, {HQ, (fis}} = 0, we can keep differentiating and we have 

^ = . { i 7 o , { i ? o , { f f o , ¥ ' 5 } } } , (23) 

- ^ = {Ho, {Ho, {Ho, {Ho, ^5}}}} + r s i ^ s , {Ho, {Ho, {Ho, ^5}}}}- (24) 

Explicitely, we have 

X,^^^^^^I^±^^, AW = A4+r5B4 (25) 

where A4 = q{2XxCos9 — 2AzSin^ + qXyf}^ + q{2Xx?>va9 + 2XzCos9 — 

gA„)^andi?4 = — '̂"'̂ "̂'̂ a'""̂ ^ • Since along the extremal the controls ri and rs 

arebang, and such that at least one is nonsingular, we have that i?4 = —' '"'^1; "̂  
is strictly negative. It follows that the extremal is of order 2 and from (25), we 
have that the order is intrinsic (which means that the coefficient in front of T5 
is identically 0 and not only along the singular extremal). 
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= Xe 
= Xu 

Underwater vehicles 111 

REMARK 10 We saw that B^ < Q so the strict Kelley's necessary condition, 
[13], for a singular control to be optimal holds. 

Following the procedure described in [13] we put the Hamiltonian system (9-
10) under a semi-canonical form in the case of a T5-singular extremal, the other 
controls being assumed to be bang. Since this extremal is of intrinsic order 
two, the four first coordinates of the new system {5, S,) are 5 = (^i, <52, ^3, ^4) 
where 3i = Xq/1,82 = A , / / = {-XQ + A„w; - Xwu)/I, S3 = Xg/I = 

i~Xwn + A„T3)/(m/),(54 = A^V/ =̂  ((Aa;Cos6' - X^sinO + qXu,)n ~ 
(Aj^sin^ + A^cos^ — Xuq)Ti) / {ml). 
To completely define a new coordinate system we need to find S. such that the 
Jacobian D{5,S)/D{x^ A) is of full rank. We suggest 

(26) 

The corresponding D{5,£,)/D{x,X) is then of full rank and the canonical 
Hamiltonian system is 

5\ = ^2, 62 = ^3, ^3 = ^4 

h = g(2̂ 5 + 2̂ 6 + (?A™ - gCaVM) - (Csn + X^n)T^/{mP) 
Ci =44CosC3 + w'sin43,^ ^2 = wJcosCs--C4sinC8, 6 = 9 
^4 = -qw + r i / m , ^5 = -(7^6, ^6 = qii 

ii = Ui& - wS,<i, is = -^5 - A^Q 
(27) 

where 

( Xyj = (6T3 - mI63)/Ti 
) w = {^T+X^U-Ih)/^8 (28) 
{ q = {mI5i - ^ r s + ^UTI)/{X^n + ^ n ) 

Since we were able to reduce our system to a semi-canonical form and since 
from Remark 10 the Kelley's condition holds, it is now possible to apply the 
results from [13]. In there, the authors describe the behavior of all extremals 
in the vicinity of the singular manifold 5 defined by 5* = {(x, X)\5i — 0,i — 
1, • • •, 4}. In particular, we can conclude that for each point (xo, AQ) in S there 
exists a 2-dimensional integral manifold of the Hamiltonian system such that 
the behavior of the solutions inside this manifold is similar to the one of the 
chattering arcs in the Fuller problem (we have as well the existence of untwisted 
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chattering arcs). To be more specific, there is a one-parameter family of solu
tions of system (27) reaching {xo, ^o) in a finite time such that the switching 
times for the control T5 are infinite and follow a geometric progression. It is 
important to notice that this result does not imply the optimality of such tra
jectories neither it does imply that, assuming TI ,T3 constants, every junction 
between a T5-singular and a T5 bang-bang trajectory involves chattering in the 
control. Indeed, in order for such junction to have chattering the control must 
be discontinuous, see [5]. this realized for instance of at the junction the angular 
velocity vanishes; q = 0. On Figure 4, we produce an example of a smooth 
junction between a r5-singular and a T5 bang-bang solution. In [4], the reader 
can see an example of a chattering junction computed in the non symmetrical 
case. 

.... 
\ 

-

-

Figure 4. TS w.r.t. time when singular/hang junctions are continuous. 

Figure 4 corresponds to xo at the origin and Xf 
Ti and Ts are purely bang-bang. 

(2,1,0.5,0,0,0). Controls 

5. Conclusion 
In this paper, we produce an example of a system involving both, singular 

extremals of infinite order and singular extremals of intrinsic second order. The 
existence of chattering extremals has been proved based on a semi-canonical 
form for our Hamiltonian system along the singular extremals of order 2. In a 
forthcoming article we will study a more general model of underwater vehicle 
and will describe precisely the conditions under which a controlled mechanical 
system has singular extremals of order 2 and then is a potential candidate for 
chattering solutions. Another direction we intend to take is to use high order 
necessary condition to discuss the optimality of singular extremals of infinite 
order. 
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