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Abstract: A novel multi-population evolutionary algorithm (MPEA) is presented, which 
can solve the constrained function optimization problems rather efficiently. 
The MPEA adopts three populations with different multi-parent crossover 
operators. So each population emphasizes particularly on different searching 
regions and the complementarity of these three crossover operators can 
enhances the diversity of individuals, which improves the search ability of the 
MPEA dramatically. And during the MPEA runs, the three populations 
exchange the best solution in each generation to adjust its search direction to 
the possible optimum solution. Experiments have been carried on several 
benchmark functions to test the performance of the presented MPEA. 
Numerical results show that MPEA is highly competitive with other 
algorithms in effectiveness and generalit\'. 
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1. INTRODUCTION 

Researchers have developed many evolutionary algorithms to solve the 
constrained optimization problems.For example, 
DE[1],HDE[2],MIHDE[3] ,GEN0C0P[4],etc. Meanwhile, many strategies 
have been adopted to improve the performance of evolutionary algorithms 
[5-8]o 

These algorithms are basically single population evolutionary algorithms. 
Such single population evolutionary algorithms are powerful and perform 
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well on a wide variety of problems. However, better results can be obtained 
by introducing multiple subpopulations. Every subpopulation evolves over a 
few generations isolated before one or more individuals are exchanged 
between the subpopulation[9][10] .The multi-population evolutionary 
algorithm models the evolution of a species in a way more similar to nature 
than the single population evolutionary algorithm. The key task of solving 
constrained function optimization problems is to design universal 
evolutionary operator with high efficiency and scheme out suitable strategy 
to handle the constraints . 

A novel multi-population evolutionary algorithm(MPEA), which handles 
the constrained function optimization problems, is presented in this paper. 
Three populations are created at the beginning of the MPEA run and each 
population uses different multi-parent crossover operators. The 
complementarity among three crossover operators enhances the diversity, 
which makes the MPEA more likely to find the global optimum than other 
single population evolutionary algorithms. And during the MPEA runs, 
different populations exchange their best solutions in each generation in 
order to enhance its search performance. The new approach is compared 
against other evolutionary optimization techniques in several benchmark 
functions. The results obtained show that the new approach is a general, 
effective and robust method. Its performance outperforms some other 
techniques. 

2. DESCRIPTION OF ALGORITHM (MPEA) 

2.1 Constrained function optimization 

Without loss of generality, we assume that the objective function f{x) 
is minimized. The maximization problem can converted into a minimization 
problem according to the duality principle. The nonlinear programming 
problem is generally described as follows: 

Minimize f(x),x = (x^,X2,''.,x^) e R" 

Subject to h- (x) = 0, / = 1,2,..., n^ 

g / x ) < 0 , 7 - l , 2 , . . . , ^ 2 

where X^ <x = {x^ .x^.^-.^xj < X" 



Multi-Population Evolutionary Algorithm for Solving Constrained 383 
Optimization Problems 

The domain space of problem: D = ^\X^ < x < X" | o 
For most difficult real world problems, the objective function , constraints 
g • (x) and hj^ (x) are nonlinear . 

2.2 The flow of MPEA 

Algorithm MPEA 

BEGIN 

Initialize three different populations randomly : Px.Pi^Pi, ' 

p. ={ X^,, X^,,..., X^, }, X^, G D; 1 < y < 3,1 < / < # 

generation - 0 ; 

\<i<N 

WHILE not ( W / ( X , , , , J - / ( X , _ , ) ) < ^ ) and 

(abs(f(X,,^J-f(X,^^,,j)<s) and 

(abs(f{X,,^J-fiX,^„„,,))<s)) do 

BEGIN 

FOR Ä:=l t o 3 do BEGIN 

S e l e c t M i n d i v i d u a l s randomly from 
population pj^ and create a new i n d i v i d u a l X by 

M u l t i - P a r e n t Cros sove r O p e r a t o r ( C^ ) 

FOR 7=1 t o 3 do BEGIN 

IF better(X^X^^^^^J THEN X , , _ , = X; 
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END FOR; 

\<i<N 

END FOR; 

generation - generation +1 ; 
END; 

END WHILE; 
Output results; 

END; 

Where N is population size , s is the precision of results , X. ^^^^^ is 

the individual with lowest fitness value in population p. , X .^^^^^^ is 

the individual with highest fitness value in population p. . M is fixed 

as 4 o C| is Reflect Operator , C2 is Compact Operator, and C3 is 

Expand Operator. 

2.3 Algorithm Analysis 

MPEA uses three different populations and every population use 
different Multi-parent crossover operators . Furthermore, every population 
adopts the steady elimination strategy to generate only one new individual in 
each generation. When one population generates a new individual, other 
populations will compare the new individual with the worst individual in 
their own population. If the new one is better than the worst, supersedes the 
latter. We use real-valued encoding without a mutation operator. The main 
idea of MPEA is that it searches the domain space to find the feasible region 
at first, then approaches the possible global optimum in the feasible region 
which have been found. 

2.3.1 Handling the constraints —Two-time Evolution 

Commonly, the equality constraints are so strong that the estimate of the 
feasible region is very hard, which leads to the impossibility to search the 
domain space at first to find the feasible region and approach the global 
optima in the following. The method of Two-time evolutionary is to 
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transform those equality constraints to inequality constraints, then find a 
appropriate penalty parameter using evolutionary computation . 
The flow of Two-time Evolutionary: 
Step 1: transform equality constraints 

h.{x)-0j = \,2,...,n^ to \-S < h.(x) <S / = 1,2, n^ , 

where S is a, positive parameter. Generally, we set (5 =0.01 o Thus, 
there are 2/7j + n2 inequality constraints.-

g . ( x ) < 0 , 7 = l,2,...2/?i+/7 1 ' ' ' 2 

We can define: 

w^(x) = 
0 if ^;(x)<o 

otherwise 
7 = l,2,...2/7j +/72 (2) 

Therefore, a dualistic relation better can be defined as follow:: 

better (x\x") = 

true 

false 

true 

false 

if W(x')<W{x") 

if W(x') > W{x") (3) 

if iW(x') = W(x"))A(fix')<f(x" 

if (W(x') = Wix"))Aif{x')>f(x" 

It means that the individual x' is better than x" when better(x\x") is 
true . The feasible solutions will be better than the infeasible solutions when 
such method of handling the constraints adopted. 
Step 2: the objective function f(x) will be act as fitness function to start 
evolutionary using the algorithm MPEA, the evolutionary will be stopped 
when 

(a^/ (X, ,J - / (X_j )<^) . 
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Where e is also a small positive parameter . Since we only need the 
orders of magnitude of the global optima, we set ^=0.01 o After the 
algorithm stops, we can gain a relative good ftinction value / o 
Step 3: 

"1 

F(x) = f(x) + r j ] abs(h, (x)) 4̂̂  
/=i 

will be act as the objective ftinction to start evolutionary again , where 
r - kx f o The best result ft)und at this time is the global optimum of the 
original problem. We have obtained rather good results in all experiments 
with setting Ä: = 10. The reason lies that the value of objective function is 
larger than the value of penalty in the neighboring region of the optimum, 
but the value of the objective function has little distinction from penalty in 
the orders of magnitude . 

2.3.2 Multi-Parent Crossover Operator 

Multi-parent crossover operators, which mean that more than two parents 
are involved when generating offspring, are a more flexible version, 
generalizing the traditional two-parent crossover of nature. Much attention 
has been paying on them in the field of evolutionary computation. There are 
various Multi-parent crossover operators with good performance for the 
Real-Coded evolutionary Algorithms[ll][12]. Because of the complexity of 
the feasible region, it is impractical that a single Multi-parent crossover 
operator can solve various problems. So we design three different Multi-
parent crossover operators which have complementary features: Reflect 
Operator , Compact Operator,. Expand Operator .These Multi-Parent 
crossover operators generate offspring by linear non-convex combination of 
M parental vectors. Figure 1 shows how to generate a new individual using 
these three Multi-Parent crossover operators. 
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Figure. 1. Multi-Parent Crossover Operators 

Their flows are as follows: 

1) M individuals x^,7 = 1,2,...,M are randomly selected in the 

population. 

2) find the worst individual x^ in these M individuals ( by comparing 

with the value of their fitness ). 

3) we call the centroid of the remanent M-\ individuals as x^ 

M 

Lu^i~^^ (5) 

• ^ n 

' M-\ 

4) find the reflecting point x^ of x^ corresponding to x^ : 
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We call this Crossover Operator as Reflect Operator (generate a new 
individual x^). 

5) find the reflecting point x^ of x^ corresponding to x^: 

X^ — ZX Xp X^ 

6) Select a point x^ from x^ to x^ randomly,, We call this Crossover 

Operator as Compact Operator (generate a new individual x^). 

7) Select a point x^ from x^ to x^ randomly,, We call this Crossover 

Operator as Expand Operator (generate a new individual x^). 

8) In these multi-parent crossover operators , M is fixed to 4 . Many 
numerical tests have been made to find a good value of M The results show 
that it is a good choice with setting M=4 . 

These three Multi-Parent Crossover Operators have the following 
important features: 

• New individual generated will near the region where individuals have 
high fitness value, so there is rather larger probability that the new 
individual has higher fitness value than that of the worst individual in 
the population. Thus, MPEA can speedup the constringency because of 
the strong direction of these multi-parent crossover operators. In fact, 
these operators can instruct their search direction using statistical 
information. 
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• These three crossover operators have complementary features .On the 
one hand, the numerical tests show that Reflect Operator is the main 
operator in our algorithm which can keep a good balance between 
exploration and exploitation. On the other hand, Compact Operator will 
stress on exploitation which can improve the speed of constringency . 
Meanwhile, Expand Operator will stress on exploration , then MPEA 
has lower possibility to be trapped in local optima . 

• It is difficult to estimate which operators will more suitable to solve 
some type problems when we lack of the background of problems , so 
we hope that MPEA will gain higher generality because of the 
combination of multiple different operators . 

3. EXPERIMENTS AND RESULT 

We have developed software based on the algorithm MPEA and have 
made many numeric experiments .Six test problems are selected .Problem 2 
to 6 are found in [14] and problem 1 to 6 in [13] . In these problems, the 
constraints include linear constraints , nonlinear constraints, inequality 
constraints and equality constraints . 

In [14], Michalewicz compares the performance of six different methods 
on the five problems 2 to 6 .The result here is compared to the result for the 
best method found in [14]. In [13], Deb proposes a novel method to handle 
constraints ,and he tested his method on nine different problems of which 
test problem 1 to 6 are a subset . The results obtained by the proposed 
method in this paper are compared to the results obtained by Deb on all these 
six test problems . For each of the problems, 20 independent runs are 
performed and the best, worst and average results are recorded. 

3.1 Benchmark problems 

1 Minimize: 

(8) 
G,(x) = 5.3578547x3' +0.8356891X2X5 +37.293239X, -40792.1 

Subject to: 

0 < 85.334407+ 0.0056858x2X5 +0.00026x,X4 - 0.0022053x3X5 < 92 
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90<80 .51246 + 0.0071317x2X5+0.0029955x1X2+0.0021813x3' < 1 1 0 

20 < 9.300961+ 0.0047026x3X5 +0.0012547x^X3 +O.OOI9O85X3X4 < 25 

where 78 < x̂  < 102,33 < X2 < 45,27 < x, < 45, / = 3,4,5 

2 Minimize 

G2 (x) = 5Xi + 5X2 "̂  -̂̂ 3 + 5-̂ 4 ~ ^ 2 ] "̂ '̂  ~ ! S ^i 
/=1 /=5 ( 9 ) 

subject to 2xi + 2x2 + -̂ lo + -̂ i 1 - 10 , 2x^+ 2x^ + x̂ ^ + x̂ ^ < 10 , 

2X2+2X3+X11+X12 ^ 10 , - 8 x i + X i Q < 0 , - 8 x 2 + X i i < 0 , 

- 8X3 + X12 < 0 , - 2X4 - X5 + x̂ Q < 0 , - 2x^ - X7 + Xj J < 0 , 

^ X o Xq l" Xi 'y —^ \J f 

Where the bounds are 0 < x, < 1 , / = 1,2,...,9 

0 < x , < 100 , /= 10,11,12 and 0 < X i 3 < l o 

3 Minimize 

(10) 

subject to: l - 0 . 0 0 2 5 ( x 4 + X g ) > 0 , l - 0 . 0 0 2 5 ( x 5 + X 7 - x ^ ) > 0 , 

l - 0 . 0 1 ( x g - X 5 ) > 0 

XiXg -833.33252x4 -lOOx, +83333.333 > 0 

X2X7 - 1250X5-X2X4+1250x4 > 0 ' 

X3X3 -1250000-X3X5 +2500x5 ^ 0 

where 

100 < X, < 10000,1000 < X, < 10000,/ = 2,3,10 < x̂  < 1000,/ = 4,5,...,8 
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4 Minimize 

G,{x) = {x, - 1 0 ) ' +5(X2 - 1 2 ) ' +X3 +3(X4 - 1 1 ) ' +10x5' +7x6' H 

subject to : 

1 2 7 - 2 x ' -3x2 -X3 - 4 ^ 4 -5x5 > 0 

2 8 2 - 7 x , - 3 x 2 - 1 0 x 3 - X 4 + X 5 > 0 , 1 9 6 - 2 3 x i - X 2 - 6 x ^ + 8 x 7 > 0 , 

- 4 x ' - x ' + 3x^X2 - 2X3' - 5x^ +11X7 > 0 

where - 1 0 < x . < 10, /= 1,2,...,7 

5 Minimize: 

G,{x)^e'^''''''^'' 

subject to: ^ x ' =10 , X2X3 -5X4X5 = 0 , xf +X2 = - 1 
/=i 

where -2 .3 < x, < 2.3,/ -1,2,-3.2 < x. <3.2,/ = 3,4,5 

6 Minimize: 

G^ (x) = x ' + x ' + X1X2 - 14xi -16x2 + 4(x4 - 5)' + (X5 - 3)' 

+ 2{x, - 1 ) ' +5x,' +7(X3 -11 ) ' +2(X9 - 1 0 ) ' +(x,o - 7 ) ' +45 

Subject to 

105-4x^ -5x2 +3x7 -9x8 >0 , -10x j +8x2 +17X7 -2X3 >0 

(12) 
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8x̂  -2x2 ~5x9 +2xiQ + 1 2 > 0 

-3(x, -2f -4(x^ - 3 ) ' -2x3' +7x4 +120> 0 , 

-5xf -8x2 -(X3 - 6 ) ' +2x4 +40> 0 

-xf -2(x2 -2 )^ +2xjX2 -14X5 +6x6 - 0 , 

-0.5(x^ -8)^ -2(x2 -4 )^ -3x5 +X6 +30> 0, 

3xj -6x2 -12(x9 -8)^ +7x^0 ^ 0 , 

where - 1 0 < x , < 10,/= 1,2,...,10 

3.2 Setting of parameters in MPEA 

Control parameters are set as follows: 
Population Size: 50 . 
The number of independent runs is 20 . 

The amount of parents in Multi-Parent crossover operators :M=4 
Computing precision: 10'̂ "̂  

3.3 Analysis of Results 

Table 1. The comparison of this algorithm and the algorithms in the [13] and [14] 
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problem 

G, 

G, 

G, 

G, 

Gs 

Ge 

Study 

MPEA 

[13] 

[14] 

MPEA 

[13] 

[14] 

MPEA 

[13] 

[14] 

MPEA 

[13] 

[14] 

MPEA 

[13] 

[14] 

MPEA 

[13] 

[14] 

Best 

-31025.560 

-30665.5 

No data 

-15 

-15 

-15 

7049.2480 

7062.2 

7378.0 

680.630 

680.634 

680.642 

0.05395 

0.05395 

0.054 

24.3062 

24.372 

25.486 

Average 

-31025.560 

-30665.5 

No data 

-15 

-15 

-15 

7051.2780 

7220.0 

8206.2 

680.630 

680.642 

680.718 

0.1125 

0.24129 

0.064 

24.3062 

24.409 

26.905 

Worst 

-31025.560 

-29846.7 

No data 

-15 

-13 

-15 

7068.6440 

10230.8 

9653.0 

680.630 

680.651 

680.995 

0.44025 

0.50776 

0.577 

24.3062 

25.075 

42.358 

Known best 

result 

-30665.5 

-15 

7049.330923 

680.6300 

0.053950 

24.3062091 

1) From the Table 1, we can see that the experimental results using the 
new algorithm are surprisingly good. For the six benchmark 
problems , the results of MPEA are better than those using the 
algorithms proposed in the [13][14] in the best results , average 
results and worst results, which shows the good performance of the 
new algorithm in generality, effectiveness and stability.For the 

problems G2 , G^, G^, G^ the best results gained by MPEA are 

same with the known best results . 

2) For the problems Gj, the known best result is -30665.5 . While our 
new best result that is -31025.560 and the optimum point is 

( 78.00000000000003 , 33.00000000000001 
27.07099710517606 , 44.99999999999996 
44.96924255010539) o 
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3) For the problems G^, the known best result is -7049.3307 . While 

our new best result is 7049.2480 and the optimum point is: 
( 579.30669022708838 , 1359.97068853270640 , 

5109.97064176874688 , 182.01770006567686 
295.60117432924806 , 217.98229993432710 
286.41652573643283, 395.60117432924902) o 

4) Generally, the setting of parameters in MPEA is very simple , thus 
the performance of our algorithm is independent on the value of 
parameters which is crucial to one algorithm's generality . 

5) MPEA can also solve function optimization problems without 
constraint. Some typical test problems are solved by this algorithm. 
The results show that MPEA can solve unconstrained function 
optimization problems with high stability and performance . 

4. CONCLUSIONS 

This paper presents a novel multiple populations evolutionary algorithm 
(MPEA) to handle the constrained function optimization problems. The 
MPEA have three populations and each population adopts different multi-
parent crossover operators. Because of the complementarity among three 
crossover operators, the diversity of all individuals in each generation is 
enhanced so that the MPEA is more likely to fmd the global optimum than 
other single population evolutionary algorithms. At the same time, different 
populations exchange their best solutions in each generation during the 
MPEA runs to direct its search, which improves its search performance 
ulteriorly. The new approach is compared against other evolutionary 
optimization techniques in several benchmark functions. The results obtained 
show that the new approach is a general, effective and robust method. 
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