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Analytic Methods for Estimating
HIV-Treatment and Cofactor Effects

James M. Robins

1. INTRODUCTION

This chapter describes new statistical methods developed by the author and
co-workers for analyzing randomized trials and observational data bases of
HIV-infected persons (Robins, 1986, 1987a,b, 1989a,b, 1992, 1993a,b; Robins
and Tsiatis, 1991, 1992, 1993; Robins and Greenland, 1992; Robins and
Rotnitzky, 1992; Robins et al., 1992; Mark and Robins, 1993a,b). Each of
the proposed approaches is based to a large extent on the estimation of the
parameters of a new class of causal models, the structural nested models,
using a new class of estimators—the G-estimators. Most of the new methods
are fundamentally “epidemiologic” or “observational” in that they require
data on time-independent and time-dependent confounding factors, that is,
risk factors for the outcome of interest that also predict subsequent treatment
with or exposure to the drug or cofactor under study. The proposed methods
of analysis improve upon previous methods in the following ways:

1. The new methods are the best methods available to adjust for non-
random noncompliance and dependent censoring in randomized
clinical trials. In Section 3, we shall use these methods to adjust for
the concurrent effect of an additional nonrandomized treatment in a
randomized clinical trial. Specifically, in the AIDS Clinical Trial
Group (ACTG) trial 002 of the effect of high-dose versus low-dose
AZT on the survival of AIDS patients, patients in the low-dose AZT
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arm had improved survival, but they also took more prophylactic
therapy for pneumocystis carinii pneumonia (PCP) such as aerosolized
pentamidine (a nonrandomized concurrent treatment) (Fischl
et al., 1990).

2. The new methods are the best methods available to estimate the effect
of a nonrandomized treatment (e. g., DDI, aerosolized pentamidine,
or psychological counseling) or a cofactor (e. g., marijuana use) on
an outcome of interest (e. g., mortality, time to AIDS, or CD4 count
level) from data available in an observational data base or randomized
trial, whenever symptoms of HIV disease (e. g., thrush, fever, weight
loss) are simultaneously confounders and intermediate variables on
the causal pathway from the treatment or cofactor under study to the
outcome of interest. In particular, we shall, in Section 3.7.1, present
an analysis of the effect of prophylaxis for PCP on survival in ACTG
trial 002 and, in Section 5, the effect of marijuana on the evolution
of CD4 counts in HIV-infected subjects in the San Francisco Men’s
Health Study (Fischl et al., 1990; Lang et al., 1987; Winkelstein et
al., 1987).

Randomized trials analyzed by intent-to-treat should be used to answer
any causal question that can be so studied. But the reality is that observational
(correlational) methods are used everyday in an attempt to answer, even
provisionally, pressing causal questions that cannot be or have not yet been
studied in randomized trials. For example, many investigators have used ob-
servational data to examine the effect of cofactors such as illicit drugs, con-
tinued unsafe sex, cigarette smoking, and alcohol on the progression of HIV
disease. In addition, certain “nontraditional” or “unapproved” therapies are
used in the community long before their effectiveness is tested in a randomized
trial. Thus, it is important to develop observational methods to estimate the
causal effects of these treatments on survival in order to prevent further need-
less suffering and death caused by hazardous therapies and to recognize po-
tentially beneficial therapies that should be studied further in a randomized
clinical trial. As every epidemiologist and statistician is well aware, no obser-
vational analysis can produce valid causal inferences if one fails to measure
important confounding factors that predict both outcome and cofactor use.
Nonetheless, standard methods of analysis such as Cox (1972) regression and
generalized estimating equations for longitudinal data (Zeger and Liang, 1986)
are biased when risk factors predict subsequent exposure to the cofactor or
therapy under study, even when data on all-important confounders are available
(Robins, 1986, 1987a,b, 1989a,b, 1992, 1993a); however, in this setting, the
new methods of analysis can produce valid causal inferences. These new
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methods take into account the fact that symptoms of HIV disease progression
can be both confounders and intermediate variables.

Correlational analyses are also used routinely in subsidiary analyses of
randomized clinical trials. In their New England Journal of Medicine article
reporting the results of trial 002, Fischl et al. (1990) expressed concern that
the improved survival in the low-dose AZT arm might be the result of the
more frequent use of aerosolized pentamidine. Since the authors correctly
recognized that an intent to treat analysis cannot test this hypothesis, the
authors reported the results of  a “landmark analysis,” a correlational method.
Below, we show that one would typically expect a landmark analysis to provide
a biased estimate of the causal effect of AZT treatment on survival adjusted
for differential pentamidine use even if data on important predictors of pent-
amidine usage were available.

The relationship of the proposed methods to the methods described by
Heckman and Robb (1985) is considered in Robins (1989b).

2. THE ACTG TRIAL 002: SOME BACKGROUND

The AIDS clinical trials group’s study number 002 compared the effect
of high-dose AZT (3-azido-3-deoxythymidine) therapy (1500 mg/day) versus
low-dose AZT therapy (1200 mg/day for 4 weeks and 600 mg/day thereafter)
on the survival of 524 AIDS patients (Fischl et al., 1990). The median survival
was greater in the low-dose arm. Results of standard intention-to-treat tests
of equality of the survival curves were and

where     is the statistic from the log-rank test and is the
statistic from the Prentice–Wilcoxon weighted log-rank test—a censored data
version of the Wilcoxon test (Kalbfleisch and Prentice, 1980).

There are at least two possible explanations for the apparent benefit on
median survival time associated with the low-dose therapy:

1. High-dose AZT is associated with greater toxicity than low-dose. Forty
percent of the high-dose group versus 25% of the low-dose group had
to discontinue therapy because of toxicity under the specifications of
the protocol.

2. The low-dose group received more prophylactic drug treatment for the
prevention of  PCP than did the high-dose group. Sixty-one percent of
the low-dose group versus 50% of the high-dose group received pro-
phylaxis for PCP (Fischl et al., 1990). PCP is an opportunistic infection
that afflicts AIDS patients. Patients may suffer repeated bouts of PCP
and it can be fatal. Thus, prophylaxis might prolong survival by pre-
venting further episodes of PCP.
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The potential benefits of prophylactic treatment for PCP became known
from other data sources during the course of the trial. Therefore, beginning
in August of 1987 (9 months after enrollment in the trial began and 3 months
before enrollment was closed), prophylaxis for subsequent PCP was allowed
after one postrandomization bout of PCP. In April of 1988, it was decided
that prophylaxis could be given to any study subject without regard to their
PCP history. A number of different medications were used for prophylaxis,
including aerosolized pentamidine, oral pentamidine, dapsone, and fansidar.
Except for these general guidelines, the decision whether and when to ad-
minister prophylaxis to a particular patient was left up to the treating phy-
sicians. Thus, embedded within this randomized trial of high versus low-dose
AZT was an observational study of prophylaxis. A possible contribution to
the higher rate of prophylaxis in the low-dose group was a slightly higher,
although not statistically significant, incidence of PCP pneumonia prior to
the initiation of prophylaxis. The p value for a log-rank test comparing the
low- to high-dose arm’s time to first postrandomization PCP episode was 0.15
when death, end of follow-up, and initiation of prophylaxis are treated as
censoring events.

With regard to AZT treatment, the public health question raised by trial
002 was whether the high- and low-dose AZT arms would have had identical
survival curves had all subjects received the same prophylaxis treatment. We
shall call this the hypothesis of no direct effect of treatment arm on survival.
Since the low-dose arm received more prophylaxis than the high-dose arm,
this hypothesis cannot be tested using a standard intention-to-treat analysis
if prophylaxis itself affects survival.

Before we proceed to describe our methods for testing the null hypothesis
of no direct treatment arm effect, we motivate the need for our methods by
reviewing three previously proposed methods for testing this null hypothesis.
We demonstrate that the true of tests based on these methods will
typically differ from their nominal even if neither treatment arm nor
prophylaxis influences survival.

Bias of Previously Proposed Methods

A landmark analysis is a commonly used method to test for a direct
treatment arm effect controlling for a posttreatment variable such as prophy-
laxis. In a landmark analysis, one tests whether treatment arm is a predictor
of subsequent survival among subjects surviving to the “landmark time,” say
6 months postrandomization, stratified by prophylaxis status at the landmark
time (Fischl et al., 1990). In a generalized landmark analysis, stratification
is based not only on prophylaxis status but also on the postrandomization
but “prelandmark time” history of all other covariates (such as PCP history)
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that predict both prophylaxis status at the landmark time and subsequent
survival. Below, we demonstrate, using a highly simplified but not implausible
hypothetical example, that the true  of either a landmark or generalized
landmark analysis is not guaranteed to equal the nominal level even if neither
treatment arm nor prophylaxis influences survival.

A second common approach to testing for a direct treatment arm effect
would be to compare the relative hazard for death at each time t in the high-
dose with that in the low-dose arm, when controlling for prophylaxis and
PCP history up to t using a (correctly specified) time-dependent Cox pro-
portional hazards model. Below, we show that the relative hazard at t could
be greater in the high-dose than low-dose arm even if neither treatment arm
nor prophylaxis influences survival.

A third commonly used method that tests for a direct treatment effect is
to regard, for purposes of analysis, subjects as censored at the time of initiation
of prophylaxis therapy for PCP when computing the standard intention-to-
treat log-rank test. Below, we show that, even if neither treatment arm nor
prophylaxis influences survival, the true  of the log-rank test might fail
to equal its nominal (Lagakos et al., 1990), because censoring based
on initiation of prophylaxis and survival may be dependent.

The problem with all three methods is that bias can be introduced into
the analysis by stratification on or adjustment for the posttreatment variables,
prophylaxis and PCP history.

Hypothetical Example. Suppose the high- and low-dose treatment arms
had 300 subjects. In each arm, 100 are poor-prognosis subjects who are des-
tined to die at 10 months, 100 are moderate-prognosis subjects who will die
at 20 months, and 100 are good-prognosis subjects who will die at 30 months.
We assume that neither AZT treatment arm nor prophylaxis has any causal
effect on survival. Next we suppose that, although AZT treatment arm has
no effect on survival, high-dose AZT prevents postrandomization PCP from
developing in moderate prognosis patients. Indeed, for simplicity, we shall
assume that all moderate prognosis patients would develop PCP and be placed
on prophylaxis by the landmark time of 6 months if on the low-dose arm
while none would develop PCP or be given prophylaxis if on the high-dose
AZT arm. Further we assume all poor-prognosis patients would both develop
PCP and receive prophylaxis by the landmark time, irrespective of their treat-
ment arm. Finally, we assume no good-prognosis patient would develop PCP
or receive prophylaxis by the landmark time, on either treatment arm. Under
these assumptions, the landmark analysis would be based on the data shown
in Table 1.

In Table 1, within each stratum defined by PCP and prophylaxis status
at the landmark time, the low-dose AZT arm has a greater mean survival
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than the high-dose AZT arm. Thus, the landmark analysis would cause one
to falsely reject the null hypothesis of no direct AZT effect.

Now suppose, for pedagogic purposes, that no subject develops PCP
or initiates prophylaxis subsequent to 6 months and that the above data
are analyzed using a stratified Cox proportional hazards model with time-
dependent strata defined by past PCP and prophylaxis history. The treatment
arm indicator enters the model as a time-independent covariate, say exp
with if subject i is assigned to the high-dose arm. Note within the
stratum of subjects with PCP and prophylaxis prior to month 10, the (discrete)
hazard at time 10 among subjects in the high-dose treatment arm is greater
than that among subjects in the low-dose arm, and, in the strata of subjects
with no PCP or prophylaxis, the hazard at time 20 is greater in the high-dose
arm than in the low-dose arm. It follows that the estimate of  will be positive,
falsely suggesting an adverse direct effect in the high-dose arm.

Finally, when the above data are analyzed using a log-rank test that treats
subjects as censored at the time of initiation of prophylaxis therapy, the re-
sulting test statistic is precisely the log-rank test applied to the stratum of
subjects without prophylaxis or postrandomization PCP. Again this log-rank
test will falsely suggest an adverse direct effect of the high-dose arm since the
hazard rate at time 20 is greater in the high-dose than in the low-dose arm.

3. NEW METHODS OF ANALYSIS

In this section, we present three methods of testing the null hypothesis
of no direct effect of AZT treatment protocol on survival. The first two methods
use different, totally unrelated assumptions. The third method uses the as-
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sumptions made under both Method 1 and Method 2. As a consequence, this
method will produce more powerful tests than either of the other methods.

3.1. Method 1

3.1.1. The Assumption of No Unmeasured Confounders for Prophylaxis Therapy

Method 1 is based on the assumption that there are no unmeasured
confounders for prophylaxis therapy. Specifically, let be the death time
of subject i if the subject were randomized to his observed AZT protocol but,
possibly contrary to fact, prophylaxis was withheld at all times. Time is mea-
sured as days from start of follow-up, i. e., from enrollment in trial 002.

is a counterfactual variable since it represents outcomes under circum-
stances that may not have actually occurred. See Rubin (1978), Holland
(1986), Greenland and Robins (1986), and Robins (1986, 1987a,b, 1989a,b,
1992) for discussion of the utility of counterfactual variables in causal
inference.

We pause to briefly comment on the definition and nature of a coun-
terfactual random variable. Consider a subject i who, in the observed trial,
was assigned to the high-dose AZT arm, received prophylaxis from week 10
to 40, took 1500 mg of AZT daily until week 12 and none thereafter, and
died in week 40. If prophylaxis had always been withheld, it is quite conceivable
that subject i would have continued to take 1500 mg of AZT daily past week
12 if either (1) prophylactic drugs potentiated the toxic effects of AZT pre-
cipitating a life-threatening toxic episode in week 12 or (2) the subject, al-
though nontoxic, had stopped AZT at week 12 because he felt himself to be
adequately protected by the prophylactic drugs. To be concrete, say subject
i would have continued to take 1500 mg AZT daily through week 14 and
none thereafter if prophylaxis had been withheld. Then, by its definition,

would be equal to subject  failure time when the subject was assigned
to the high-dose arm, never received prophylaxis, and took AZT daily through
week 14 (rather than through week 12). The above example should make it
clear that the assumption of the existence of a counterfactual variable raises
a number of interesting philosophical and scientific questions that we will
not consider further here.

Definition. There is no unmeasured confounding for prophylaxis therapy if,
at each time t, among a subset of subjects with the same treatment and mea-
sured covariate history up to t, the probability of treatment at t does not
further depend on either
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Since physicians tend to initiate prophylaxis in subjects who have had
recurrent bouts of PCP and recurrent PCP signifies poor-prognosis patients
(i. e., patients with small values of ), it follows that our assumption of
no unmeasured confounders would be false if we had neglected to measure
PCP history.

We suppose throughout that once prophylaxis for PCP is initiated, a subject
remains on prophylaxis thereafter. We have made this assumption because,
in the available data base, there is essentially no information about termination
of prophylaxis. Our assumption of no unmeasured confounding factors then
states that we have available, at each time t, data on the history of all time-
independent and time-dependent covariates that simultaneously (1) predict

and (2) predict which study subjects will initiate prophylaxis at t. It is
a primary goal of epidemiologists conducting an observational study to collect
data on a sufficient number of covariates to ensure that the assumption of no
unmeasured confounders will be true. We shall assume that this goal has been
realized while recognizing that in practice, this would never be precisely true
and may, on occasion, not even be approximately true.

To give our assumption of no unmeasured confounders explicit math-
ematical content, let P record time to initiation of prophylaxis and T record
a subject’s actual survival time. Further define to be the time-dependent
covariate vector with components:

R = the dichotomous (0, 1) treatment arm indicator
C = end of follow-up date (10/25/89) minus date of randomization

= PCP history up to t
= T4-count history up to t

= AZT treatment history up to t

(Overbars will be used to denote histories of time-dependent covariates.
We have temporarily suppressed the subscript i indexing study subjects.) C
is a subject’s potential censoring time. is a subject’s actual history of
AZT treatment through t recorded on the drug history form available in the
002 trial data base. is the history of a subject’s T4 (or equivalently
CD4) lymphocyte count history recorded on a hematology form.

Then, formally, our assumption of “no unmeasured confounders” is that

where
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is the hazard rate for the initiation for prophylaxis at t for subjects alive at t
given covariate history Since  is the probability of
initiating prophylaxis therapy in the interval given both past co-
variate history and Eq. (1) says that, conditional on the past history

of confounding factors, does not further predict which study subjects
will initiate prophylaxis in the interval If (1) is true but

we say there is dependent censoring by prophylaxis
for given R but independent censoring given To implement Method
1, we shall also need to assume we have correctly specified a stratified time-
dependent Cox proportional hazards model for Specifically,we
assume

where

if C > 886 days and otherwise (886 was the median value of
C), takes the value 1 if the subject had one or more postrandomization
episode of PCP prior to t and is zero otherwise, takes the value 1 if
the subject has had two or more episodes of postrandomization PCP prior to
t and is zero otherwise, takes the value 1 if the subject is no longer
receiving AZT at time t (usually because of toxicity) and is zero otherwise,

takes the value 1 if a subject’s T4 count at t is less than 20 and zero
otherwise. is a vector of unknown parameters to be estimated, and
is an unspecified baseline hazard for the initiation of prophylaxis in stratum R.

Estimates of and their standard errors (in parentheses) based on
maximization of the Cox partial likelihood are given in Table 2. The indicators
for past bouts of PCP and the indicator for discontinued AZT treatment are
positive predictors and the potential censoring date indicator is a negative
predictor for the initiation of prophylaxis. These results are not surprising,
since previous bouts of postrandomization PCP serve as a medical indication
for physicians to initiate prophylaxis. Further, physicians might feel a subject
needs prophylaxis if AZT therapy has had to be discontinued. In addition,
since prophylaxis therapy was not allowed until August of 1987, it is plausible
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that subjects randomized at later calendar dates (i. e., subjects with small
values of C) will be more likely to receive prophylaxis soon after randomiza-
tion. It is unclear why subjects with low T4 counts were less likely to receive
prophylaxis.

3.1.2. Details of Method 1

With this background we are now ready to motivate the first method of
testing the null hypothesis of no treatment arm effect. Suppose for the moment
that, contrary to fact, prophylaxis was known a priori not to affect survival
and that all subjects die by end of follow-up. Then would equal for
all i, which we shall abbreviate to and further if we define

then for all i. We could then test the hypothesis of
no direct effect of treatment arm on survival by defining the test statistic
to be the square of

divided by its estimated variance and comparing with a distribution.
That is, we would reject the null hypothesis of no treatment arm effect at the

level if Here is the average of over the
entire study population, is precisely the two-sample t test. Now, if prophylaxis
influences survival, may not equal for subjects who received prophy-
laxis. Hence, continuing to assume for all i, we shall redefine to be
the square of

divided by the variance estimate provided in Robins and Rotnitzky (1992)
and Appendix 4 and again compare with a  distribution. Here remains
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the average of over the entire study population; in contrast, the sum in (4)
is only over subjects who never initiated prophylaxis. is the estimate
of the probability that subject i survived to time without initiating pro-
phylaxis based on Cox model (2) with covariates W(t).

For example, if is 0.1, and subject i never initiated prophylaxis,
subject i then needs to count not only for himself but for nine others similar
subjects for whom could not be observed because they initiated prophy-
laxis prior to Hence, we divide the contribution of subject i by

To be more specific we shall require the following definitions.

Definitions. and
if and otherwise (so that is 1 if and only if subject i

never initiates prophylaxis); if otherwise [so is 1
only if a subject is observed to die before EOF (end of follow-up)], if

and otherwise (so is one only if a subject is observed
to die before initiating prophylaxis).

Then

with

being the Cox baseline hazard for initiation of prophylaxis at in treatment
arm For later reference, we also define

with

is the treatment-arm-specific Kaplan–Meier estimator for time to pro-
phylaxis evaluated at u in treatment arm

Specifically, Robins and Rotnitzky (1992) prove

Theorem 3.1. If Eqs. (1) and (2) hold, the is asymptotically distributed
under the null hypothesis
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that has the same distribution in the two treatment arms. Since, as dis-
cussed below, the null hypothesis of no direct treatment arm effect implies
(5), a test of (5) is a test of that hypothesis.

We shall later wish to compare the efficiency (power) of our three meth-
ods, which we shall accomplish by comparing the lengths of confidence in-
tervals for a parameter that quantifies the direct treatment arm effect. To
accomplish this goal, we shall specify a causal model for the direct treatment
arm effect. A simple model is to assume

where is an unknown parameter to be estimated, and  is the time a
subject would have died if he had never received prophylaxis and had been
assigned to the low-dose AZT protocol. That is, once we have removed the
effect of prophylaxis on survival and are left with the further effect of
AZT treatment protocol follows an accelerated failure time model with pa-
rameter is a pretreatment variable, in the sense that, like eye color,
its value does not depend on a subject’s actual prophylaxis therapy or treatment
arm. In a completely randomized trial, is jointly independent of all pre-
treatment variables. Thus,

and

since C is also a pretreatment variable. Equation (7b) is read as “R is jointly
independent of  and C” and implies (7a). We shall call (7b) the physical
randomization condition. By definition, the (sharp) null hypothesis of no
direct treatment arm effect implies

or equivalently,



Analytic Methods 225

(7a) and (8b) imply (5) and, thus as discussed above, a test of (5) is a test
of the no direct treatment arm effect hypothesis. If , in the absence of pro-
phylaxis therapy, survival in the low-dose AZT arm exceeds that in the high-
dose arm, will be positive.

We can test the hypothesis that the true value of equals a particular
value by replacing in Eq. (4) by We shall call the resulting test
statistic

A 95% confidence interval for would then be the set of test values
for which is less than 3.84, the upper 95th percentile of a  distribution.
That is, we shall invert the test to obtain a confidence interval. A point
estimate of is the value of for which We next note that
Theorem 3.1 remains true if we replace in (4) by any fixed function
such as ln where ln is the natural logarithm. Similarly, we obtain large
sample confidence intervals for if we use rather than
in the confidence procedure described previously.

In order to calculate the statistic (4), the survival time must be observed
for each subject who fails to initiate prophylaxis. But in trial 002, there were
subjects who have neither initiated prophylaxis nor died by end of follow-up
on 10/15/89, so that is not always less than Thus, (4) cannot be
computed. In order to overcome this limitation we replace  in the numerator
of (4) by

is the indicator of censoring by end of
follow-up (i. e., if and otherwise). Here  and

are fixed functions chosen by the data analyst. Note and
are always observed for subjects who do not initiate prophylaxis. Simple
choices for include and

We shall write the test statistic with replaced by as
is asymptotically under (1) and (2) when the randomization condition
(7b) and (8) are true. Hence, can be used to test the null hypothesis of
no direct treatment arm effect when (1) and (2) hold.

When (1), (2), and (7b) hold, we can test the hypothesis that the true
value of equals a particular if we replace in by
and compare the resulting statistic to a distribution where

if and otherwise (Robins & Rotnitzky,
1992; Appendix 4). Note and We call an
artificial censoring (by end of follow-up) indicator since if either and

or and need not equal the true censoring in-
dicator

ln
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The length of our confidence intervals for will depend on the choice
of the function A 95% confidence interval based
on [so that of (–0.16, 0.95) for
is reported in row 1 of Table 3. The choice is quite inefficient
leading to excessively wide intervals for two reasons. First, in small to moderate
samples, the test statistic will have a nonnormal heavy-tailed distri-
bution since the contribution of subjects with large values of  can be excessive
[because we are dividing by which can be small if is large]. Second,
the choice gives equal weight to subjects censored by end of
follow-up and to failures  which may be inefficient. Thus,
it would be important to choose m(· , ·) optimally. However, in general, the
optimal m(· , ·) is the solution to an integral equation without a closed form
solution. However, Robins and Rotnitzky (1992) derive a closed form expres-
sion for the optimal m(· , ·) say m*(· , ·), when

and is near zero. Equation (9) states that the time-
dependent covariates in are not independent risk factors for death. Equa-
tion (9) is false in the 002 data. Specifically, we used a time-dependent Cox
model for death to show that subjects who had a recurrent episode of PCP
by time t had a rate ratio (for death) at t of 1.9 compared with subjects
without a recurrence by t when controlling for R, C, and prophylaxis history.
In addition, the assumption that censoring by prophylaxis is independent of
treatment arm given C is false. Nonetheless, we expect that using m*( • , • )
should give relatively good efficiency without requiring us to solve an integral
equation. Robins and Rotnitzky (1992) show that

and
where and is the

hazard of lnT and Since and
were unknown, we estimated them from the data under the further

(false) assumptions that (i) and (ii)
with T distributed Weibull with hazard Specifically, and

were respectively the Nelson estimator of and the maximum
likelihood estimator of under our Weibull assumption based on all the
data under the assumption of independent censoring. The fact that the as-
sumptions used in estimating m *(• , • ) are incorrect will lead to some additional
loss of efficiency. However, the confidence interval of (–0.16, 0.38) provided
in row 2 of Table 3 based on in verting the test that uses will
still have its stated coverage properties under assumptions (1), (2), and (7b)
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where is our estimate of m*(• , •) (Robins and Rotnitzky, 1992).
Further, it is much narrower than the interval in row 1 based on

3.2. Comparison of Method 1 with Weighted Log-Rank Estimates of

The standard approach to analyzing the 002 data would be to ignore
prophylaxis entirely and apply a weighted log-rank test to the data

Specifically, in Section 2, we noted that standard log-rank test
and the Prentice–Wilcoxon weighted log-rank test gave p values of

0.07 and 0.02, respectively. But, as discussed previously, and are
appropriate level tests of the hypothesis and thus of the hypothesis
of no direct treatment arm effect only if it were known a priori that prophylaxis
had no effect on survival, i. e., Were it known that prophylaxis had
no effect on survival, Louis (1981) and Tsiatis (1990) show how one can use
a weighted log-rank test to estimate of model (6) under the additional
assumption that censoring by end of follow-up (EOF) and failure are inde-
pendent given R, i. e.,

To explain the Louis–Tsiatis procedure, we need to define a generic weighted
log-rank test.

A weighted log-rank test is genetically defined as follows. Let
be a generic continuous failure time variable,  a generic censoring vari-

able, and  Suppose can observe
.. . , n, where otherwise. Here is a dichotomous
(0, 1) variable. Let if  so is 1 if a subject is at risk at
t. Then, by definition, a weighted log-rank test with weight function

applied to the data equals
where

is the proportion of subjects at risk at with and
can depend on the failure and censoring history

up to The standard log-rank test has identically equal to one.
The Prentice–Wilcoxon test has

equal to the Kaplan–Meier survival curve for failure.
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If prophylaxis therapy was known a priori not to influence survival, i. e.,
then under (7) and (10a) we can validly test the hypothesis that

the true value of equals a particular value by applying any weighted
log-rank test to the data where

and (Louis, 1981; Tsiatis,
1990). We denote this test by A 95% confidence interval for
would then be the set of test values for which is less than 3.84,
the upper 95th percentile of a distribution. A point estimate of is
the value of for which

Point estimates and confidence intervals for the log-rank test  and
the Prentice–Wilcoxon test are given in rows 3 and 4 of Table 3.
(Note that at these test statistics are precisely the tests and
discussed previously.) It is of interest to note that the point estimate
under Method 1 is essentially equal to the point estimates of 0.11 and 0.13
based on and This suggests that prophylaxis may have little
effect on survival. However, the confidence interval of (–0.16, 0.38) based
on Method 1 is much wider than intervals of (–0.01, 0.23) and (0.02, 0.25)
based on and since Method 1 does not use the information
contained in the actual death times of the 252 subjects who died after initiating
prophylaxis but before EOF.

Suppose that one was not willing to assume that prophylaxis had no
effect on survival, but one was willing to assume that censoring by both pro-
phylaxis and EOF was independent of given R, i. e.,

Then one could obtain valid tests and estimates for by applying any
weighted log-rank test to the data where

if and only if That is, we apply
a weighted log-rank test that treats both censoring by end of follow-up C and
initiation of prophylaxis P as independent censoring. In row 5 of Table 3, we
report results based on the log-rank version of this test, say. Note
the point estimate is somewhat greater than the estimate
based on and the estimate of 0.12 based on Method 1. This presumably
reflects the fact that (10b) is false because (i), as we have demonstrated by
our fit of Cox model (2), recurrent PCP is a predictor of time to prophylaxis
P and (ii), as noted above, recurrent PCP also independently predicts failure
(rate ratio 1.9). Thus, subjects initiating prophylaxis at t have poorer prognosis
(i. e., smaller ) than others. Hence, censoring by prophylaxis will be de-
pendent and (10b) will be false. Since more subjects in the low- than high-
dose AZT arm initiate prophylaxis, it may be that the selection bias relating
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to dependent censoring by prophylaxis is greater in the low- than high-dose
arm, leading to an artifactually higher estimate of  based on

Of course, if, as we have assumed, Eqs. (1) and (2) are true, Method 1
appropriately adjusts for dependent censoring by prophylaxis.

An extreme (unrealistic) assumption concerning dependent censoring
by prophylaxis would be to assume, not that Eqs. (1) and (2) were true,
but rather than any subject i observed to initiate prophylaxis does so only
seconds before the subject would have died in the absence of prophylaxis
therapy, i. e.,

Under (10c), for subjects with would reflect the beneficial
causal effect of prophylaxis on survival. As a sensitivity analysis, in row 6 of
Table 3 we estimated under assumption (10c) by regarding any subject
observed to initiate prophylaxis at t as a failure at t. That is, we applied the
generic log-rank test to the data where if is
either or and if We obtained a point estimate of

of –0.025 suggests that, were (10c) true, the improved survival in the low-
dose arm would be fully attributable to differential prophylaxis usage.

Rather than simply testing the null hypothesis (5) [or equivalently Eq.
(8)] that has the same distribution in the two treatment arms, it is of
interest to actually estimate the treatment-arm-specific survival curves

by calculating Kaplan–Meier (KM) survival
curve estimates.

Hence, for generic variables define the group-specific KM survival
estimator at time u to be
where the product and sum are over a specified group of subjects and I[A]

if A is true and otherwise.
Figure 1a shows the treatment-arm-specific KM curves for obtained

by ignoring prophylaxis and applying to the data in treatment
arm r for This will be consistent for if and
(10a) holds.

Figure 1b shows the KM survival curves for calculated by treating
both EOF and initiation of prophylaxis as independent censoring, and thus,
applying the data in treatment arm r. This will be consistent
for if (10b) holds.

The treatment-arm-specific KM curves in Fig. 1b are algebraically equiv-
alent to the treatment-arm-specific curves

–0.025 and a 95% confidence interval of (–0.17, 0.12). Our point estimate
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provided that the subject with the largest value of V in each treatment arm r
has a condition that is fulfilled in the 002 data. Here the product and
the sum are over subjects in a given treatment arm r, and for any u,
is the treatment-arm-specific KM survival curve for time to prophylaxis for
subject i evaluated at u obtained by applying to the data

in treatment arm
Figure 1c plots the treatment-arm-specific curves  obtained by

replacing by in the definition of for treatment arm r,
will be consistent for provided that Eqs. (1), (2), and (10a) are true
since appropriately adjusts for dependent censoring of by pro-
phylaxis (Robins and Rotnitzky, 1992). Thus, we would tend to rely on the
curves in Fig. 1c, if we are not willing to assume a priori either that prophylaxis
has no effect on survival or that (10b) is true. A modification of  that
is always at least as efficient as the unmodified is obtained by replacing

by in This modification and its properties are
discussed in unpublished manuscripts by Malani; Robins, Rotnitzky, and
Zhao; and Robins.

3.3. Dependent versus Independent Censoring by End of Follow-up

Even if prophylaxis has no effect on survival, i. e., the confidence
intervals for based on and are valid only if

[This follows from the fact that if (10d) is false, the cause-specific hazard for
corresponding to need not be equal in the two treatment arms

if Equation (10d) is the standard assumption made in analyzing
censored survival data in a randomized trial. Clearly (10d) cannot be tested
based on the observed data. Although (10a) implies (10d), the converse is
false. Nonetheless, if (10a) were false, it seems highly probable that (10d)
would be false as well based on smoothness considerations. However, since
the potential censoring time C is observed even for subjects failing prior to
C, we are able to test (10a) in our data by fitting the proportional hazard
model for T given by We obtained a
point estimate of and a 95% confidence interval of (0.12

for and thus we rejected (10a) [ since (10a) implies
corresponds to a rate ratio comparing an early enrollee (C
and a late enrollee of  about 1.3.

Hence, it is important to develop methods that do not require (10d) to
be true. It follows from Robins and Tsiatis (1991) and Robins and Rotnitzky
(1992) that, when the randomization condition (7b) holds and
valid confidence intervals for can be obtained by inverting any weighted
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log-rank test even if (10d) is false where is the generic
applied to data . . . , n, and and
are as defined in Section 3.1. [This reflects the fact that
are functions only of C and and thus are jointly independent

of R when (7b) holds and since (6) then implies
Hence, the cause-specific hazard of corresponding to will
be the same in the two treatment arms.] Results for  and the
log-rank and Prentice–Wilcoxon version of are given in rows 7 and
8 of Table 3.

is algebraically equal to so the statistics in rows 4 and
7 of Table 3 are exactly equal. Further, the confidence interval of (–0.01,
0.23) based on and that of (–0.01, 0.24) based on  are almost
exactly equal, demonstrating that, although (10a) is false [and thus most
likely (10d) is false as well], little bias is introduced by supposing it to be
true. Indeed, results based on  and are identical to two sig-
nificant digits.

Figure 1. Treatment-arm-specific survival curve estimates for  under various assumptions,
(a) Assumes prophylaxis has no effect on survival, (b) assumes independent censoring
by prophylaxis conditional on treatment arm; (c) assumes dependent censoring by prophylaxis
conditional on treatment but independent censoring conditional on the covariates (a–c)

low-dose AZT arm; dotted curve, high-dose AZT arm.
All assume independent censoring by end of follow-up conditional on treatment arm. Solid curve,
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Figure 1. (continued)
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Of course, in general, we are not willing to assume that Im-
portantly, therefore, given (1), (2), and (7b) hold, the confidence intervals
for based on Method 1 are valid even if (10d) is false.

The following remark as well as Sections 3.4 and 3.5 may be bypassed
in a first reading without losing the thread of the argument.

Remark. In contrast, the treatment-arm-specific  estimator will no
longer be consistent for if (10d) is false. However, suppose, with

that

where is less the variable C. If (10e) is true, but (10b) is false, we
say we have dependent censoring by (C, P) jointly given treatment arm R
but independent censoring given If (10e) is true, a consistent estimator
of

is

where the sum and product are over subjects in arm r, if either
or subject j has the largest value of V in his arm and is an estimate
of based on a correctly specified
Cox model for  (In fitting this Cox model it is necessary
to artificially treat any subject with as having That is, if, as in
the 002 data, the subject with the largest value of V in a given treatment arm
has we artificially set that subject’s V to T prior to fitting the above
Cox model.) In practice, to avoid specification bias, we would specify two
separate time-dependent Cox models for the cause-specific hazards

(each model stratified on treatment arm)
corresponding to the causes “prophylaxis initiation” and “EOF” and define

where
and is the Cox hazard estimate for cause k given
The “w” in refers to the covariates W(t) [depending on  that were
used in the Cox models for (Of course, if and C
are correlated, there may be little substantive interest in the marginal distri-
bution of )
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3.4. Remarks on Efficiency

In Appendix 4, we show that when (7b) and (10d) holds and
[so intervals based on either or are valid], (i) for fixed

intervals based on are always (asymptotically) strictly nar-
rower than those based on except if  in which case they are
(asymptotically) of equal width; (ii) if (the distribution of) T given R is
Weibull, (a) the intervals based on are the narrowest possible (Ritov
and Wellner, 1988), and (b) the intervals based on  are the narrowest
among all confidence procedures that [like but unlike are
guaranteed to yield valid large sample confidence intervals even were (10a) false.

Further, Robins and Rotnitzky (1992, Appendix 4) showed that, given
(7b), when (10a) and (10d) are false, the interval based on is no
longer the narrowest possible confidence interval for of model (6) that is
guaranteed to cover at its nominal rate under the restriction Rather,
the narrowest interval is obtained by inverting the test  when (i)

C) is as defined following Eq. (9) and (ii) and  are (artificially) set
to 1 for all i. This interval (i) will be strictly narrower than the interval based
on inverting  except if both (10d) holds and T given R is Weibull in
which case they are equal in length and (ii), when (10d) holds and T given
R is Weibull, will be strictly longer than that based on except at

where they are equal.

3.5. An Improvement on the Log-Rank Test with Independent Censoring
by Using Surrogate Markers

Suppose (10b) were true, so we could obtain valid confidence intervals
for by inverting the log-rank test  that treats both EOF and ini-
tiation of prophlaxis as independent censoring. Write
The covariates are the posttreatment time-dependent covariates and
are often referred to as surrogate markers. Note does not use data
on the time-dependent covariates  such as PCP history. We will show
how to construct valid confidence intervals that are guaranteed to be narrower
than those based on by incorporating surrogate marker data
provided is an independent predictor of mortality, i. e., provided

and that (10e) holds. [One would often be un-
willing to assume (10b) held unless one assumed that (10e) also held.] To
do so, we first note that the numerator,  say, of the usual log-rank
test is algebraically equivalent to
where
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and, for each subject j, is the KM curve for censoring by either C or
P, except that the subject with the largest value of V in each treatment arm
is treated as a failure. That is, is the generic KM estimator
applied to data in treatment arm

can be rewritten as
Now define like except replace the in

set braces by Set
Let be divided by the variance estimate given

in Appendix 4.2. In Appendix 4.3, we prove that, if is computed based
on a correctly specified model, intervals based on inverting will be
strictly narrower than those based on the log-rank test when(10e)
and (10b) are true. Further, when (10b) is false, but (10e) is true, intervals
based on in contrast to those based on will continue to cover
at their nominal rate.

Now define and like and except re-
places and and (defined previously) replace and Let

and be defined like their “ • ” counterparts but with
replacing their “ • ” counterparts. Then (i)

(ii) intervals based on inverting will be valid when (1),
(2), and (10a) hold, and will be strictly narrower than the (now valid) intervals
based on when (10b) holds as well. In the 002 data, a 95% confidence
interval based on inverting was (–0.16, 0.35) with a point estimate

of 0.125. See row 12 of Table 3. When assumptions justifying both methods
are satisfied, intervals based on will be narrower than those based on

Intervals that are at least as narrow as those based on can
be obtained upon modifying by redefining to be with

replaced by in the numerator and denominator. This
modification and its properties are considered in unpublished manuscripts
by Malani; Robins, Rotnitzky, and Zhao; and Robins.

3.6. Method 2

In Method 2, as with Method 1, we shall assume the randomization
condition (7b) holds and test the null hypothesis of no direct treatment arm
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effect by testing whether Eq. (8) holds. In contrast to Method 1, we shall not
assume that either Eq. (1) or (2) is correct. Rather, we shall assume that the
causal effect of prophylaxis treatment on survival can be described by a par-
ticular SNFTM. Let represent subject i’s death time if continuous pro-
phylaxis therapy was begun at start of follow-up.

One simple SNFTM assumes that, under continuous prophylaxis therapy,
a subject’s life is expanded or contracted by the factor where is an
unknown parameter that we will later estimate. That is,

In particular, if  then and prophylaxis therapy is beneficial.
If  then and there is no effect of prophylaxis on survival.
Finally, if then prophylaxis decreases survival. We note that the
expansion factor is related to a parameter of public health interest. Spe-
cifically, is the fractional increase in life ex-
pectancy because of continuous prophylaxis therapy.

We next extend our causal model to incorporate other counterfactual
prophylaxis histories. Let represent subject i’s death time if prophylaxis
therapy were to begin at time after enrollment and continued thereafter. If,
in the absence of prophylaxis, a subject would die prior to then
equals Note that we can write as and as In
our extended causal model, is the factor by which a subject’s remaining

life is expanded or contracted by initiating prophylaxis therapy at
time (Cox and Oakes, 1984). That is, for each

When we substitute into (11a), we recover our previous SNFTM linking
and
Let be the time, if any, subject i was observed to initiate prophylaxis

in the actual study. Then a subject’s observed death time  must be
with  and thus, by (11a), On the other
hand, if a subject never initiates prophylaxis, his observed death time ob-
viously equals Thus, on solving for the SNFTM (11) implies that

is linked to the observed death time and prophylaxis history by
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and

Note implies
(12a) and (12b) are the only assumptions beyond the randomization

condition (7b) that are used in Method 2 to test the null hypothesis (8). To
estimate the magnitude of the direct treatment arm effect, we shall also assume
(6) holds. We shall now describe how we can test the hypothesis that a par-
ticular value equals the true value in (6) under Method 2. The choice

will give a test of the null hypothesis (8). We first describe how to
construct a test for the joint hypothesis that equals the true parameter
values We then show how to use our joint hypothesis test to construct
a test of the univariate hypothesis of interest.

Define by (12a) and (12b) except with substituted for the
true Define so that and

where is as defined previously. Note that for each
is an observable random variable. Further, at the true but

unknown Since, by (7b), is indepen-
dent of it immediately follows that for any given we obtain an
asymptotic level test of the hypothesis  by the following
procedure. Choose two weighted log-rank tests. We shall use the log-rank test
itself and the Prentice–Wilcoxon test. Let and

be respectively the numerators of the generic log-rank test and Prentice–
Wilcoxon test  and their joint estimated covariance matrix applied to the
data [The  estimated covariance
matrix of a bivariate generic weighted log-rank test with numerators

based on weight functions and respectively has (m, k)
entry equal to

We compare
to 5.99, the 95th percentile of a  distribution.

If exceeds 5.99, we reject the hypothesis  at
the 5% level. Robins and Tsiatis (1991) provide a formal proof.

In order to compute we need to have observed for all
subjects. In fact, as discussed previously, we actually observed only

because of censoring by end of follow-up. Robins and Tsiatis (1991) show
that the test of joint null hypothesis  given above is still
valid in the presence of censoring by end of follow-up if (12a), (12b), and
(6) are true when we modify as follows. Define

where
and if and
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otherwise. Then is as defined above except we apply the generic
log-rank and Prentice–Wilcoxon tests to the data

treating as a censoring indicator.
We used Newton’s method to solve the equation using

“numerical derivatives” of the step function Using a large number
of starting values, we found a unique “solution” of (0.25, 0.61).
Although these values of and are most compatible with the data based
on we still cannot rule out the hypothesis that both and
are 0 since Indeed, we cannot rule out the hypothesis that

and
Wei et al. (1990) show that the following procedure produces a univariate

asymptotic 0.05-level test of the univariate hypothesis based on
Given a test value find for which attains a

local minimum. Call this value of Compare
to 3.84, the 95th percentile of a distribution. In our case, with

and was both a global and
local minimum. Thus, we cannot reject the hypothesis that of no
direct treatment effect based on Method 2. Confidence intervals for (defined
as the set of for which our test fails to reject) are given in row 9 of
Table 3.

If i.e., then interval estimates based on
and are all valid 95% large sample confidence intervals

for under the randomization condition (7b). The interval (–0.03, 0.51)
based on is wider than the intervals (0.02, 0.25) and
(–0.01, 0.24) based on and since it incorporates uncertainty
concerning and thus sacrifices power. On the other hand, if prophylaxis
has an effect on survival, i. e., then and  fail to provide
valid tests and confidence intervals for In contrast, the statistic

provides asymptotically valid tests for if our two-stage causal
model given by Eqs. (6) and (12) is correctly specified. Further, it provides
an asymptotically valid test of under the sole assumption that the
prophylaxis part of the causal model, i. e., Eq. (12), is correctly specified.

The excessive width of the interval based on may
also result in part from our choice of weighted log-rank tests. That is, choosing
the ordinary log-rank test and the Prentice–Wilcoxon test may have been an
inefficient choice. Thus, we replaced the log-rank and Prentice–Wilcoxon test
by alternative-weighted log-rank tests, say A and B, such that a test of
based on comparing has greater power than the test based
on To find such weighted log-rank tests, A and B, one
can use the results of Robins and Tsiatis (1991) to derive the form of the
asymptotically optimal weighted log-rank test for testing the univariate hy-
pothesis against alternatives specified by our causal model (4). The
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asymptotically optimal test is not feasible because it depends on unknown
population parameters. Therefore, we constructed adaptive weighted log-rank
test statistics A and B as described in Robins and Tsiatis (1991) such that
the power of the test based on would approach that of
the optimal but infeasible test. Unfortunately, the confidence interval for

based on these approximately optimal weighted log-rank tests A and B
were, in our data set, of essentially the same width as those based on the log-
rank and Prentice–Wilcoxon test. Because this approach was not useful for
these data, we refer the reader to Robins and Tsiatis (1991) for details of our
approach to constructing nearly optimal adaptive tests.

3.7. Method 3

The interval estimates of (–0.16, 0.38) for based on under
Method 1 were wide [in comparison to the potentially biased intent-to-treat
intervals of (–0.01, 0.24) and (0.02, 0.25) based on and
because Method 1 censors all subjects who initiate prophylaxis and thus dis-
regards any information concerning that may be contained in the observed
failure times of such subjects. In contrast, the interval estimates based on

can potentially extract information concerning from
the observed failure times of subjects receiving prophylaxis therapy by spec-
ifying the causal model (12) for the prophylaxis effect. However, the causal
model (12) can be used to efficiently extract additional information concerning

only if relatively precise estimates of the parameter of (12) are available.
Thus, the interval estimates of (–0.03, 0.51) based on
were quite wide since the only restriction used to estimate and was
that was independent of  by physical randomization of This
resulted in highly imprecise estimates of In Method 3, we will obtain
independent, relatively precise estimates of using the observational study
assumptions (1) and (2) of Method 1. These estimates of are “observa-
tional” in that they do not use the information that was assigned by physical
randomization. We first describe how we computed our observational esti-
mates of We then describe Method 3.

3.7.1. Observational Estimation of under Assumptions (1) and (2)

Based on the maximum partial likelihood estimates of  in model (2)
given in Section 3.1, we can proceed to estimate the parameter of interest

as follows. Separately, for each of the 41 values of  in the set {– 1, –0.95,
. . . , 0, 0.05, . . . , 1}, we again compute the random variable

add the term to the expression in brackets in
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Model (2), and perform a Cox partial likelihood score test of the hypothesis
A large sample 95% confidence interval for consists of those

for which the score test of the hypothesis  fails to reject at a 5% level.
This follows immediately from the observation that, provided our Cox model
of Eq. (2) is correctly specified, under assumption (1) and causal model (12),

of the random variable is zero. Note for each of the 41 random
variables the score test of can be obtained without refitting
the Cox model (2).

Of course,  is not observed for subjects censored by end of follow-
up. Hence, in practice, we estimated by the above procedure except we
substituted for

Using the above approach we obtained a 95% confidence interval of
(–0.15, 0.20) for Interpolating, we found the score test would be 0 at

our assumptions, is asymptotically normal and unbiased as an estimator
of

3.7.2. Details of Method 3

We next consider how we can use the estimate  to produce
more powerful tests of the hypothesis (8). Recall that the randomization
condition (7b) implies (8) is true only if has the same distribution in
the two treatment arms. Thus, if we knew we could use (12) to compute

and then use the standard intention-to-treat log-rank test or the Prentice–
Wilcoxon test to determine whether the distribution of  was the same in
the two treatment arms, i. e., whether the two treatment arms would have
had the same distribution of death times had prophylaxis been withheld. Of
course, we do not know but under the assumptions that (1 ) and (2) hold,

using Eq. (12) based on  and then apply a standard intention-to-treat
(weighted) log-rank test to the estimated In practice, we apply a generic
weighted log-rank test to where

to properly account for censoring by end of follow-up. Further,
we have to appropriately inflate the variance of the test to reflect the fact that

has been replaced by an estimate. When we did so, we obtained the
value of 4.90 for the Prentice–Wilcoxon test and a value of 3.85 for the
log-rank test as reported in rows 10 and 11 of Table 3. Thus, both tests
rejected the null hypothesis of no direct treatment arm effect, in the direction

the hypothesis is equivalent to the hypothesis that the coefficient

which we used as a point estimate of  in the further calculations
described below. Robins (1992) and Robins et al. (1992) shows that, under

we previously obtained a consistent estimate of Thus, we estimate
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of better survival for the low-dose treatment arm. In general, we test the
hypothesis as follows. Given a weighted log-rank test, say the Prentice–

centile of a distribution, where

and refer to the numerator and estimated variance of
applied to data k is a fixed

constant, is the
symmetric “numerical partial derivative” of with respect to
with step size u, and is the
square of the estimated standard error of   defined as the length of the 95%
confidence interval for i. e., divided by [(2)( 1.96)]. The
additional term represents additional uncer-
tainty caused by estimation of the unknown by

In our data was a linear function of  for in
the interval (0.15, 0.35). We therefore chose in our calculations.
The contribution of the correction term  to the
total variance was less than 3%, which means that our observational estimate

residual uncertainty concerning We obtained 95% confidence intervals
for  of (0.03, 0.26) and (0.0, 0.25) given in rows 10 and 11 of Table 3 by
inverting the Prentice–Wilcoxon and log-rank tests.

4. EFFECTS OF INTERACTIONS

4.1. Treatment Arm–Prophylaxis Interaction

We have developed three methods to test the null hypothesis (8) that,
in the absence of prophylaxis therapy, a subject’s survival time does not depend
on his AZT treatment protocol, i. e., his treatment arm. We shall refer to (8)
as the hypothesis of no direct treatment arm effect in the absence of prophylaxis
therapy. However, since it is now recommended that all AIDS patients receive
prophylaxis therapy, it would be of greater public health interest to test the
hypothesis of no direct treatment arm effect in the presence of continuous
prophylaxis therapy (since enrollment); that is, to test the hypothesis that

Wilcoxon test, a large sample 0.05-level test of the hypothesis that  is

of  was sufficiently precise that essentially no power was lost because of

obtained by comparing  to 3.84, the 95th per-
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where and are a subject’s death time if prophylaxis was begun at
time of enrollment, and the subject was assigned to a high- or low-AZT pro-
tocol, respectively. (13) implies that equals and thus,
under the randomization condition (7b), that the distribution of  is the
same in the two treatment arms. To understand how we might test (13) using
an analogue of Method 1, we note that, in applying Method 1 to test the null
hypothesis (8), we treated a subject as (dependently) censored the moment
he initiated prophylaxis and thus deviated from the prophylaxis history with
which (8) was concerned. [We used the assumptions of Eqs. (1) and (2) to
adjust for the dependent censoring.] Since we have assumed that once a subject
initiates prophylaxis therapy, he continues on therapy thereafter, the analogue
of Method 1 to test (13) would be to restrict the analysis to the 7 subjects
who were on prophylaxis at time of randomization. Clearly this analogue of
Method 1 will lack power, and will not be pursued further.

Now if we are willing to assume that model (11a) is true, then, since this
model implies there is no treatment arm prophylaxis interaction,  represents
the effect of AZT treatment arm both in the presence and absence of pro-
phylaxis therapy. Here we generalize (11a) to the two-parameter model

and thus (12a) to

while retaining model (6). represents a treatment arm prophylaxis in-
teraction, continues to represent the effect of AZT treatment in the absence

so that, under (7b), will have the same distri-
bution in the two treatment arms if and only if

More generally, if as suggested by this model, we assume

then represents the effect of AZT treatment arm given continuous pro-
phylaxis therapy. We could estimate the three parameters  jointly,
where using Method 2 by using three different log-rank

of prophylaxis therapy. It follows from (11a'), (11b), and (6) that
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tests rather than two, although the power to test (14) or (8) would be quite
poor. Hence, we estimated under Method 3. We first estimated

as –0.05 [95% CI of (–0.4, 0.3)] by restricting our observational estimates
of described in Section 3.1 to subjects with We estimated

as 0.075 [95% CI (–0.25, 0.4)] by restricting our observational analysis
to subjects with and thus, obtain an estimate of  of 0.125 [95% CI
(–0.4, 0.6)] as the difference of these treatment-arm-specific estimates of the

now use (12a') with substituted for and the variance correction term
in now requires partial derivatives with respect to both
and We obtain with a 95% confidence interval of (–0.20, 0.30)
based on the standard log-rank test. Comparing this interval with the confi-
dence interval of (0.0, 0.25) in row 11 of Table 3 we see that allowing for a
possible treatment arm prophylaxis interaction by adding the parameter

to our model markedly increased our uncertainty concerning  [The
variance correction term now represents 82% rather than 3% of the total
variance of  Indeed, our confidence interval length of 0.5 is
almost as great as the confidence interval length of   given
in row 2 of Table 3, even though this latter interval did not require us to
specify a structural nested failure time model for the prophylaxis effect at all.

An alternative approach to obtaining the estimate (given our
estimates of and ) that also produces a valid confidence interval for

is as follows.
Note (6), (11a'), and (11b) imply

(16a) and (16b) imply

Given (17a), (17b), and (15), Methods 2 and 3 can be used to estimate
with now playing the role that played previously. Using this ap-

proach we obtain a point estimate of 0.17 and a 95% confidence interval of
(–0.08, 0.46) for

3 except now and
prophylaxis effect. We then estimate as described previously under Method

Given the above estimates we obtain an estimate  by calculating
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Note that our inferences concerning the equality of the distribution of
in the two arms using a model such as (11a') will be quite sensitive to

model choice and yet we will have little power to discriminate between models,
since was observed only for the 7 subjects who were on prophylaxis at
time of enrollment.

4.2. Interactions with Unmeasured Covariates

Our simple SNFTM models assume no interaction with unmeasured
factors. For example, according to model (12), if two subjects i and j have
identical observed failure times, treatment arm assignment, and prophylaxis
histories, they would have had an identical failure time if prophylaxis
had always been withheld. In certain settings, this no-interaction assumption
might be considered biologically implausible. The general class of SNFTMs
discussed in Appendix 1 allows the magnitude of the treatment effect to depend
on unmeasured factors.

4.3. Interactions with Measured Time-Dependent Factors

We could consider adding interactions of prophylaxis with observed time-
dependent factors. For example, we could have generalized (12a') to

where if a postrandomization PCP episode occurs by  and
is 0 otherwise. Under this model, the magnitude of the prophylaxis effect on
survival can depend both on the treatment arm R and on past PCP history.

Given (12a"), we can estimate the parameters  under the
assumptions of Eqs. (1) and (2) as described in Appendixes 1 and 4 and thus,
using Method 3, test the null hypothesis (8) of no direct treatment arm effect
in the absence of prophylaxis therapy. However, specifying model (12a")
linking a subject’s observed data with will not allow us to compute

or to identify the treatment-arm-specific distribution of  without fur-
ther assumptions. In Appendix 1, we discuss further assumptions that would
allow such identification. Even under these further assumptions, it is difficult
to use model (12a") to test the null hypothesis that has the same distri-
bution in both arms since, even if and were zero and (7b) were true,
the distribution of need not be the same in the two treatment arms if

is nonzero. Under these conditions, this null hypothesis could only be
tested by further modeling probability of contracting PCP at time t as a func-
tion of past prophylaxis history and treatment arm (Robins et al., 1992).
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Thus, it would be prudent to specify models linking the observed data on
survival time, prophylaxis, and PCP history with rather than if one
were interested in testing the null hypothesis (13). See Section A2.12 of Robins
et al. (1992).

4.4. Interactions with Measured Pretreatment Variables

Methods for estimating how the effect of AZT protocol or PCP prophy-
laxis is modified by pretreatment variables such as age or sex are considered
in Appendix 1.

5. ANALYSIS OF THE EFFECT OF MARIJUANA ON CD4 COUNTS

This section describes, in an abbreviated fashion, a very preliminary
analysis of the effect of marijuana usage on the evolution of CD4 counts
among HIV-infected members of the San Francisco Men’s Health Study
(SFMHS). The SFMHS cohort is a population sample of single males in San
Francisco. Every 6 months cohort members were evaluated through interviews,
physical examinations, and laboratory studies of blood specimens. Details on
the study methods have been described in Lang et al. (1987) and Winkelstein
et al. (1987). The analysis reported here is based on data obtained through
the eighth wave of interviews. In the analysis, we first determined that symp-
toms of HIV infection might be simultaneously confounders and intermediate
variables. Specifically, at each wave, we abstracted data on 12 symptoms of
HIV-related disease—presence of thrush, worsening herpes, fever, weight loss,
etc. We next created a three-level “symptom variable,” coded as “0” for no
symptoms, “1” for one symptom, and as “2” for 2–12 symptoms. Our symp-
tom variable appeared to be simultaneously a confounder and an intermediate
variable on the causal pathway from marijuana to a change in CD4 counts.
That HIV symptoms might be an intermediate variable followed from the
fact that past marijuana use predicted fewer current symptoms and an in-
creased number of symptoms independently predicted a subsequent decrease
in CD4 counts. Further, since increased symptoms also predicted a subsequent
decrease in marijuana use, symptoms of HIV disease appear to be confounders
as well. Therefore, we undertook an analysis based on the G-estimation of a
(rank-preserving) structural nested distribution model (SNDM) described in
Section A2.16 of Robins et al. (1992). We use a simple SNDM that assumed
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where is subject i’s observed CD4 count at wave k, is subject i’s
cumulative marijuana dosage from start of follow-up until wave k, is a
counterfactual variable recording what subject i’s T4 count would have been
at wave k, if the subject had smoked no marijuana since start of follow-up.
In analogy to our SNFTMs, a structural nested distribution model links a
subject’s observed CD4 count and cofactor history with the CD4 count the
subject would have had in the absence of exposure to the cofactor (since start
of follow-up). We then estimated the parameter  of SNDM (18) from the
data, under the assumption of no unmeasured confounders. Specifically, in
analogy with Eq. (1), we assumed that the probability of smoking marijuana
at wave k conditional on HIV symptom and CD4-count history through oc-
casion k, and marijuana history through k – 1 did not further depend on a
subject’s future counterfactual CD4-count history, that is, on m > k.
That is, we assume for

where records marijuana smoking as 0 or 1 at wave m,
where is observed T4 count, is the symptom variable recorded at m,
and, e. g., and are other variables recorded at
baseline such as age and lifetime number of sexual partners.

Given (19), the sharp null hypothesis

which is equivalent to the hypothesis that in (18) implies

and, for k > m,

but, without further assumptions, does not imply

or
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Most standard methods of longitudinal data analysis such as the generalized
estimating equation approach proposed by Zeger and Liang (1986) are able
to test either the hypothesis (22) or (23) but not (21a) or (21b). Hence, they
are not useful for testing the causal null hypothesis (20) when we only assume
(19) holds.

However, gi ven (19), we obtain a valid test of the hypothesis and
a valid confidence interval for by the following G-estimation procedure.
In analogy with Eq. (2), we fit a logistic regression model for the probability
pk,i that subject i is a marijuana smoker at wave k given the subject’s baseline
covariates and past marijuana, CD4 count, and symptom history. That is,
we fit a model for Then, for a range of values, we
add the covariate  to the logistic model and perform
a score test of the hypothesis that the added covariate’s coefficient is 0. The

for which the score test does not reject form a large sample confidence
interval for Note that (18) implies the covariate
is what the sum of the subject’s post-wave-k CD4 counts would be if the
subject was unexposed to marijuana since enrollment; the sum is counter-
factual unless the subject is, in fact, unexposed to marijuana.

This analysis gave a 95% confidence interval exceeding (–30, 30) for
which includes 0 and is exceedingly wide. The excessive width of the confidence
interval is the result of two factors. First, when (a) past marijuana smoking
and HIV symptom history are strong predictors of current marijuana use and
(b) there is large within- and between-subject variability in CD4 counts, the
information available in the data on the effect of changes in marijuana smoking
on mean CD4 count can be quite small. Second, the particular G-estimator
of described above may have failed to efficiently extract even the small
amount of information available. As discussed in Appendix 4, there always
exists an optimal G-estimator that in principle can extract all of the available
information. The optimal G-estimator is complex. The preliminary analysis
reported in this section is likely to be biased, because we regarded missing
data as “missing completely at random.” Appropriate corrections are discussed
in Robins et al. (1992). Finally, we note that, although unlikely, it is not
inconceivable that a subject would have a higher CD4 count if he had smoked
marijuana than if he had not, since it is well established that the total white
blood count is elevated in both healthy and ill cigarette smokers.

A second approach to estimating the effect of marijuana smoking on the
evolution of CD4 count under an assumption similar to (19) would be to
use the G-computation algorithm as in Section 13 of Robins (1989b). Lim-
itations of estimation based on the G-computation algorithm are discussed
in that section. Further, as discussed in Section A2.16 of Robins et al. (1992)
and Robins (1993a), a more robust approach to estimating the effect of mar-
ijuana smoking on the evolution of CD4 count would be to use a structural
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nested mean model rather than either the structural nested distribution model
described above or the G-computation algorithm.

APPENDIX 1. A COUNTERFACTUAL APPROACH TO CAUSAL
INFERENCE IN RANDOMIZED TRIALS

A1.1. Notation

For let taking values r in {0, 1, . . . , J} index the
treatment arm to which a subject i was assigned in a randomized trial. Let

be a continuous random variable recording the survival time of subject i
with time measured as time since randomization. Let  record the treat-
ment received at t. may be vector-valued if, for instance, we were in-
terested in the joint effect of two treatments, say ziduvodine and PCP pro-
phylaxis.

Remark A1.1. In the body of the paper, where
was an indicator of prophylaxis therapy at t and, for all t,

was equal to the indicator  of whether a subject was assigned
to high- versus low-dose AZT protocol. If we had been interested in the effect
of actual AZT treatment, rather than the effect of the AZT protocol, we would
have set to be a subject’s actual AZT dose at t.

For t > 0, let record the value at t of all measured time-dependent
covariates other than Let  where is the
vector of recorded pretreatment variables. For any time-dependent variable,
let be the history of the Z-process through t.

Define so  is L-history up to t ignoring treatment
arm R, while  includes R. Henceforth, it will be convenient to discretize
the times at which the data on were recorded.

Except in Remark A1.3. below, we suppose data on the covariates
were recorded at most once per day. We shall assume the recorded covariate
process jumps at and only at times days from enrollment
and the recorded treatment process, only jumps at times where
is a time just after k. Let be subject i’s recorded value of  at k. Let

be subject i’s treatment in so, by convention,  follows
where  is the value of all preenrollment time-dependent

and time-independent covariates. Then and
are the L-history and treatment history through day k.

Note Let int(t) be the largest integer k less than
or equal to t so that  because L-history only jumps at times k.
We suppose realizations and of and lie in sets and of
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feasible and values. Let and be the set of all vectors

is a covariate history denned on Similar remarks apply to
and

A1.2. Estimation of the Baseline Survival Distribution

Counterfactual Random Variables. We define a feasible treatment regime
G to be a function that assigns to each possible and a treat-
ment rate If is ziduvodine (AZT) dosage, then an example of a
feasible regime is “take a dosage of 1000 milligrams of ziduvodine daily
in the interval if the subject’s hematocrit exceeds 30 at time k.
Otherwise, take no ziduvodine in that interval.” Let G be the set of all feasible
regimes. Note G depends on the covariates recorded in Given the function

of two arguments we define the function of one ar-
gument by the relation Since there is a
one-to-one relation between the functions and we shall identify
the regime G with both functions.

For each subject i and each regime G, we shall assume there exists
representing the time-to-death that would be observed if, possibly contrary
to fact, subject i had followed a treatment history consistent with regime G
in the randomized trial. This assumption will be particularly reasonable in a
double-blind randomized trial (Robins, 1989b). We shall make the following
consistency assumption that formalizes the idea that a subject’s survival
through t depends only on treatment received prior to t.

Consistency Assumption 1 (CA1). For any regime G and time k for which
we assume for

We shall assume that the observed and counterfactual data
are realizations of independent and identically distributed

random vectors Therefore, for notational
convenience, we shall often drop the subscript i when referring to these random
variables.  is the treatment regime-specific counterfactual survival
curve for regime G. To avoid identifiability difficulties, we shall suppose that,
for all k, the density for all whenever

The Randomization Assumption. We shall formalize the assumption that the
treatment arm indicator was assigned completely at random by

segment of Similarly, if k < t, is the initial segment of Finally,

and with
We shall adopt the convention that m and k will denote nonnegative integers,
and, if and are used in the same expression with k < m, is the initial
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and

which together imply

The sharp null hypothesis

plus (A1.1) implies the usual intention-to-treat null hypotheses

and

as well as the G-null hypothesis

(A1.4) implies neither (A1.3b) nor (A1.2) [even given (A1.1)]. Similarly,
(A1.3) implies neither (A1.4) nor (A1.2).

Our goal is to test the sharp null hypothesis (A1.2) and to estimate the
counterfactual survival curves

Structural Nested Failure Time Models. Given any treatment history
on let be the regime defined by for all

Let be the corresponding counterfactual variable. Also, given as
above, adopt the convention that  will be the history on
characterized by if and  if k>m. Thus, is the
counterfactual survival time in the absence of treatment.
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For define the “blip” function by the relation

To clarify the meaning of the function consider a subset with
observed history The function is a measure of
the magnitude of the causal effect of a final brief “blip” of treatment       in
the interval  on the survival experience of this subset, in the sense

random variable We assume that the random variables,
and conditional on have a density on

that is continuous almost everywhere. Thus, it follows from its definition that
is well defined and satisfies (a) (b)

if (c) is increasing in t; and (d) the derivative of
with respect to t is continuous.

Note, by definition, conditional on the random variable
has the same distribution as If, conditional

     these two random variables are equal with probability
one, we say there is local rank preservation. Local rank preservation is a
strong, untestable assumption that would rarely be expected to hold.

For  define  to be
and, for define to be

H is a deterministic function of Note, if
we have local rank preservation, for H is
and, therefore,

In fact, in Appendix 3 we prove that, even without local rank preservation,

Theorem A1.1. The consistency assumption 1 implies (A1.5). In particular,
and

As an immediate consequence, we have

Corollary A1.1. If (A1.1) and CA1 hold, then

that it maps percentiles of the random variable into those of the

Define to be Let and
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and

Corollary A1.2. If the blip null hypothesis

(A1.1) and CA1 hold, then and the intention-to-treat null hypotheses
(A1.3) hold [but the G-null hypothesis (A1.4) may not hold].

Remark A1.2. Note that the sharp null hypothesis (A1.2) implies the blip
null hypothesis (A1.7).

Theorem A1.1 implies that if  were known, we could identify
Unfortunately, it is trivial to construct examples to show that

the restrictions (A1.6) implied by (A1.1) do not suffice to identify
yet (A1.6) is the sole restriction placed on by (A1.1). If we

assume the function is known up to a finite vector of unknown
parameters, it often becomes identifiable.

Definition. The population follows a structural nested failure time model
(SNFTM) or blip model with respect to L if (1)

where is a known function; (2) is a finite
vector of unknown parameters to be estimated taking values in (3) for
each value of  satisfies the conditions (a) – (d) that were

continuous for all and almost all and (5)
if

Let be defined like
except with replacing Define
so that Given an SNFTM w.r.t. L, h(• , • , • , •) is a fixed almost
everywhere smooth function, satisfying (1) monotonicity:

if  (2) identity: if
is identically zero on (0, t); and (3)

Example. Suppose

if

satisfied by described in the paragraph in which the blip function
is defined; (4) and are
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where and, for concreteness, suppose is the ordinal
covariate “number of PCP episodes prior to m.” Given defined on (0,

), write

Note that if subjects with history on a particular treatment arm,

treatment arm, say  then  would, as in our example, depend
on treatment arm r. Until Appendix 4, we shall assume all subjects failed by
the end of the study so that there is no censoring.

Corollary A1.3. Given (A1.1), CA1, and a correctly specified SNFTM
then (a)

is the sole restriction on the joint distribution of the observables
other than (A1.1b); (b)

(c) implies the ITT null hypothesis (A1.3) but not the G-null hypothesis;
(d) is identified if

(e) there will exist, under regularity conditions, a solution to 0
that is asymptotically

where and

Then, under (A1.8), equals x.

say are not comparable to subjects with the same history on another

normal and unbiased for where q(•,•,•) is a fixed function chosen by the
investigator. The asymptotic variance of attains the semiparametric
variance bound for the semiparametric model defined by (A1.10), where
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is the score for under restriction (A1.10) calculated as follows.
Noting the map from to  is one
to one with strictly positive Jacobian determinant  we have

By a decomposition into a product of conditional probabilities, the right-hand
side of the previous equation can be written

We have used the fact that, by Theorem A1.1, (A1.1) implies
Finally, we obtain by differentiating the logarithm

of (A.12) w.r.t. [This corollary is relevant to Method 2 in the text. The
optimal Robins–Tsiatis rank estimator is, in the absence of censoring, the
most efficient estimator of  that ignores data on the pretreatment
variables under the sole restrictions (A1.10) and (A1.1) (Robins and
Tsiatis, 1991). However, this optimal rank estimator will be less efficient than

when data on is available.]

A1.3. Identification and Estimation of

Although the assumption of an SNFTM w.r.t. L will serve to identify
from the data when (A1.11) is true, none-

theless, will not be identifiable for any other treatment regimes
without further assumptions. Three such identifying assumptions are given
in Theorem A1.2 below. First some definitions are needed.

Definition. For any and such that define
the function by
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We shall call  the treatment effect transformation function
w.r.t. L. It transforms percentiles of the survival curve that would have been
observed if subjects with history had received no further treatment
subsequent to time m into percentiles of the survival curve that would have
been observed if the same subjects had followed regime G* subsequent to m.

Definition. We say there is no current treatment interaction w.r.t. L if

does not depend on for all G* and m (A1.14)

That is, if conditional on  the treatment effect transformation func-
tion is the same for subsets of the population differing in their observed treat-
ment at

Definition. A regime G is nondynamic if, for all m, we have
The nondynamic regimes are precisely the regimes

defined previously.

Definition. We say there is no current treatment interaction w.r.t. L for non-
dynamic regimes if  does not depend on for all nondynamic
regimes G*.

Definition. We have no confounding by unmeasured confounders for survival
given L if for all

Definition. We have no confounding by unmeasured confounders for survival
given (L, H) if for all

= u. For if
and otherwise. We call

the recursive blip-up function. Given let
if the limit exists and otherwise. In Appendix 3,

we prove

Define the function recursively for all and
as follows. where if
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Theorem A1.2. If is identified, CA1 holds, and if (a) there is no
current treatment interaction w.r.t. L, (b) Eq. (A1.15) or (c) Eq. (A1.16)
holds, then (i) and  are identified
and (ii) the blip-null hypothesis implies the G-null hypothesis. Further, CA1
and (A1.15) imply   is identified. In particular, if  (A1.15) or (A1.16)
hold, then

where (i)  is 1, 0, or undefined
as exceeds t, lies in (m – 1, t], or is less than or equal
to m – 1; (ii) is undefined if

and (iii) we assign the value 0 to undefined quantities in
(A1.17). Further, if (A1.15) or (A1.16) hold, the following Monte–Carlo
algorithm produces independent realizations of a random variable
whose distribution is that of   given

Given a regime G,

Step 1: Set
Step 2: Draw from
Step 3: Draw from
Step 4: Set
Step 5: If set

increment v by 1 and return to Step 2. If

increment m by 1 and return to Step 5.

Remark A1.3. Suppose we allow the A(t) and L(t) processes to jump at any
time t. Consider continuous time feasible treatment regimes G characterized
by functions  taking values in the set of possible a(t) values. It then
follows from the proofs of the fundamental identities in Robins and Rotnitzky

draw from
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(1992, Section 3h), that, under conditions (a) and (b) below, we have the
identity where (i)

where X(G) is the minimum of T and the first time U* at
which where and
(ii) where is the cause-
specific hazard of X(G) corresponding to given • with

Here, conditions (a) and (b) are (a)
and (b) w.p.l. If A(t) and L(t) can only

jump at discrete times and m, respectively, the above identity remains
true except now conditon (a) becomes equation (A1.15), and

Theorem A1.3. (a) If, for all histories, neither nor
depend on except through r, then

and
where and are as defined
previously except with r replacing

(b) If we have no current treatment interaction w.r.t. r, i. e., by definition,
does not depend on then

Proof. Theorem (A1.3(a)) is an easy calculation. (A1.3(b)) follows from
Theorem A1.1 and the proof of Theorem A3.1 in Appendix 3.

Remark A1.4. Hence, if we have a correctly specified SNFTM for
we can identify without data on any posttreatment
covariate L*(t) provided we can assume no current treatment interaction
w.r.t. r. Unfortunately, this latter assumption will be false if there is a time-
dependent covariate (e. g., red blood count at m) that is (1) a predictor
of future treatment and (2) there exists a treatment covariate interaction.
[For example, (1) AZT treatment is contraindicated in patients with low red
blood counts and (2) AZT is harmful in subjects with very low red blood
counts but beneficial in subjects with normal red counts.]

The following proposition provides the logical relationships between the
three identifying restrictions of Theorem A1.2. The proofs are omitted or are
only sketched.

Proposition A1.1. (a) Equation (A1.15) implies no current treatment inter-
action w.r.t. L but the converse is not true; (b) (A1.15) neither implies nor
is implied by (A1.16); (c) by Theorem A1.1, (A1.15) implies
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(d) (A1.18) plus (A1.16) imply (A1.15); (e) if  does not depend
on except through r and (A1.16) holds, then there will be no current treat-
ment interaction w.r.t. L for nondynamic regimes, although if (A1.15) is
false, there will be current treatment interaction w.r.t. L for dynamic regimes;
(f) it follows from Theorem A1.3 that if there is no current treatment inter-
action w.r.t. L for nondynamic regimes and depends on only
through r, then (i) and (ii) if R was
assigned at random so (A1.1) holds, neither nor will
depend on r; and, finally, (g) if depends on and (A1.15) is
false, then, in general, even for nondynamic regimes G, (i) it is not possible
both for there to be no current interaction w.r.t. L and for (A1.16) to be true,
and (ii) if there is no current treatment interaction w.r.t. L, the right-hand
side of (A1.17) does not equal

The following example gives an explicit demonstration of point g above.

Example. Suppose Further, and are each dichotomous (0,
1) variables, and, conditional on and
where we have suppressed the conditioning event throughout
this example. Suppose there exists a constant such that, condi-
tional on

if and if Then, given
with the right-hand side of  (A1.17) equals

for so

if  (A1.16) holds. On the other hand, it is easy to calculate that, given r, (1)–

restrictions. (A1.15) will be true if all risk factors for (i. e., predictors of)
that are used by patients and physicians to determine their treatment dosage
at are recorded in Thus, an investigator could try to ensure
that (A1.15) was justifiable by trying to measure all such risk factors.

We next consider what beliefs an investigator would need to hold to
accept (A1.16) but not (A1.15) as true.

(7) above imply   under the
assumption of no current treatment interaction w.r.t. L. [Note (1)–(7) imply
(A1.18) is false so (A1.15) must be false.]

We next turn our attention to the substantive plausibility of the identifying
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Definition. We have no unmeasured confounding for survival given “L and
current risk” if, for all

We would believe (A1.19) held, but (A1.15) did not if, using standard
epidemiologic parlance, we thought effectively controlled residual
confounding by those unmeasured risk factors for not contained in

Lemma A1.1. If we have local rank preservation and (A1.19) holds, then
(A1.16) holds [since local rank preservation implies that
and H is a deterministic function of

In standard epidemiologic parlance, the assumption of local rank pres-
ervation is the assumption that all modifiers of the effect of a single blip of
exposure at are contained in It is my opinion that (A1.15)
might often adequately approximate the beliefs of an investigator. Occasion-
ally, an investigator might accept that (A1.16) was approximately true as a
consequence of (A1.19) and local rank preservation, even if (A1.15) was not
accepted. It is hard to imagine settings in which the assumption of no current
treatment interaction w.r.t. L would adequately represent an investigator’s
beliefs, when (A1.15) did not.

A1.4. Efficiency Considerations

We have seen in Corollary A1.3 that given (A1.1), CA1, (A1.11), and
a correctly specified SNFTM, is semiparametric efficient for If

is no longer semiparametric efficient [unless depends
only on and ]. To see why, note (i) (A1.1) implies

does not depend on r; (ii) (A1.1) plus (A1.16) imply [although (A1.10)

interaction w.r.t. L or of (A1.15) implies is no longer efficient.
Furthermore, imposition of (A1.15) implies more restrictions on the

distribution of the observables than does imposing (A1.16). Specifically, by
Robins (1989b) and Theorem A1.1, (A1.15) plus CA1 imply that

and are identified and that (A1.18) holds [without

we impose the added restriction (A1.16) to identify

plus (A1.16) do not imply ] that   is given by the right-hand side
of (A1.17); and (iii) points (i) and (ii) constitute all additional restrictions
on the joint distribution of the observables beyond (A1.10) and (A1.1b) ob-
tained by imposing (A1.16).

Similarly the imposition either of the assumption of no current treatment
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imposing either the assumption (A1.1) of randomization or the assumption
of a correctly specified SNFTM].

(A1.15), CA1, plus a correctly specified SNFTM imply

Robins (1989b) and Robins et al. (1992) propose a class of G-estimators
that are consistent for under (A1.20) and drive an estimator

that is semiparametric efficient under the sole restriction (A1.20). Specifically,
solves

where is the partial maximum likelihood estimator of the parameter in
a correctly specified model for the density with
respect to a measure and

where q(•,•,•,•) is a fixed function.
Under the restrictions (A1.15) and (A1.6a), an inverse variance weighted

average of and will be semiparametric efficient where
and and are as

defined above. [Note can now also be obtained by removing
from the terms T > m) in (A1.12), and then

differentiating the logarithm of (A1.12) w.r.t. ] In contrast, this inverse
variance weighted average will not be efficient under (A1.1) and (A1.15)
since (A1.1) and (A1.15) imply [but (A1.15) and (A1.6a) do not imply] the
additional restriction that the right-hand side of (A1.17) does not depend on
r [except when only depends on and ]. This is relevant
to efficient estimation under Method 3 in the text.

Instrumental Variables

Suppose next that is two-dimensional and that one
is willing to assume

is true but that (A1.15) is not.
would be called an instrument for Then solving

(A1.21) with and replaced by  and (but unchanged)
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(A1.22), and CA1, the inverse variance weighted average of and
will be semiparametric efficient where

and and are as defined
previously. [Note that can now also be obtained by replacing the term

in (A1.12) with
and then differentiating the natural

CA1, and a correctly specified SNFTM  is
not identified for regimes other than G = (0), unless we assume either (A1.16)
or no current treatment interaction w.r.t. L.]

A1.5. Implications of No Unmeasured Confounders for
L*-History and Death

We shall next assume there exists representing the L*-history
that would be observed if subject i had followed regime G. (Remember that
L*-history is L-history ignoring treatment arm.) Furthermore, we make the
following consistency assumption.

CA2. If and then

We assume physical randomization of R in the trial implies

which generalizes (A.1).

Definition. There exists no unmeasured confounders jointly for survival and
L*-history given L if, for all and all m

Note (A1.24) implies (A1.15). Furthermore, in Appendix 2, we argue that it
would essentially never make substantive sense to believe that (A1.15) were
true but (A1.24) false!

We now show that when (A1.23) and (A1.24) hold, the sufficient statistics
for and for do not depend on the data through so that
could be completely ignored in the analysis without loss of efficiency and it
is irrelevant that the data arose from a randomized trial. This result is based
on the following two lemmas.

would be asymptotically normal and unbiased for  Further, under (A1.1),

log of (A1.12) w.r.t.       ] [If (A1.15) is not true, even given (A1.1), (A1.22),
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Lemma A1.2. If (A1.23), (A1.24), and CA1 and CA2 hold, then

and, for

Lemma A1.3. If (A1.24), CA1 and CA2, (A1.25) and (A1.26) are known to
hold, then

a.

b. and ) do
not depend on r; thus, and do not depend on r

c.
d. The likelihood function (A1.12) can be written

e. A semiparametric efficient estimator of  does not depend
on the data through R, where is defined like except with

replacing and is the conditional

of (A1.28) w.r.t. ] given
f. The Monte–Carlo algorithm of Theorem 2 produces draws from

when all references to “r” are deleted

Remark A1.3. Even part ( f ) is false if (A1.15) and (A1.23) hold, but (A1.24)
does not.

expectation of [which now equals the derivative of the logarithm



264 James M. Robins

Proof of Lemma A1.2. Given (A1.24) and CA1 and CA2, the left-hand sides
of (A1.25) and (A1.26) equal and

respectively, by Theorem 4.1 of Robins
(1986). But, by (A 1.23), neither of these conditional probabilities depends
on R, proving the lemma.

Proof of Lemma A1.3. Parts (a)–(c) follow directly from Theorem 7 of Robins

But by (A2.31) of Robins et al. (1992),
does not depend on Part (e) follows from (d) and the proof

of semiparametric efficiency in Robins (1993b) [part (e) remains true if the
marginal law of R is known. In this case, a proof uses part (c) of Corollary
A3.1 to rewrite the likelihood (A1.12).]. Part ( f ) follows from part (a) and
Theorem 3 in Robins et al. (1992).

APPENDIX 2: PLAUSIBLE VERSUS MATHEMATICAL
ASSUMPTIONS

In this appendix we argue that in the context of an AIDS study, it is not
plausible to assume (A1.15) is true when (A1.24) is false. In the context of
a study of the effect of a workplace exposure on occupational mortality, Robins
(1987b) presented a plausible scenario under which it would make substantive
sense to believe the assumption (A1.15) of no unmeasured confounders for
survival given L was true for the regime but the assumption (A1.24)
of no unmeasured confounders jointly for survival and L*-history given L
was false. He was unable to provide a scenario in which (A1.15) was true but
(A1.24) was false for any other regime. Here we translate Robins’s scenario
into our AIDS context and show, in this context, it is no longer substantively

et al. (1992) if R is identified with and is identified with Robins
et al. (1992) did not prove part (b) of their Theorem 7 on which parts (b)
and (c) of this lemma depend. Therefore, we give the proof of part (b) of
Theorem 7 of Robins et al. (1992) in Lemma A3.1 of Appendix 3. The proof
of part (d) proceeds as follows. (A2.30) of Robins et al. (1992) implies that
their (A2.5) can be written
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plausible to assume that (A1.15) is true but (A1.24) is false, even for a regime
We shall use the results and the notation collected in Robins (1986,

1987a,b, 1989a,b, 1992). Figure 2a is a causal tree graph representing the
expected data from a simplified hypothetical version of trial 002 in which

is a dichotomous (0, 1) variable representing the absence and presence

treatment arm to which a subject was randomized, and represents
prophylaxis treatment at time 0 and 1. We assume that for all subjects,
follow-up ends at time 2, and all deaths occur just prior to time 2. Further,
we assume that (A1.24) holds. In the occupational study context,

treatment regimes in Fig. 2a as   where the superscript
“a” refers to Fig. 2a and for example is the regime in which
a subject is randomized to the high-dose arm at time 0, takes no prophylaxis
at time 0 but takes prophylaxis at time 1. Using the G-computation algorithm
described by Robins (1986, 1987a,b, 1989a,b), we see that the G-null hy-
pothesis holds for Fig. 2a and for all As a conse-
quence, we say that neither AZT treatment arm nor prophylaxis has a direct,
indirect, or overall effect on survival. In contrast,

But,

and

by the G-computation algorithm. (A2.1) implies that AZT protocol  has

prophylaxis has no direct effect on controlling for AZT protocol. For later
reference, we note it follows from (A2.2) and (A2.3) that

represents a genetic sensitivity to eye irritants. Figure 2a captures the
scenario described by Robins (1987b). We represent the eight nondynamic

a direct effect on controlling for prophylaxis. (A2.2) and (A2.3) imply

represents a subject “off work” (i.e., unemployed), represents a subject
“at work,” represents exposure to a workplace chemical, and

of anemia (low red blood cell count), respectively, represents the AZT



Figure 2.. assigned to high (low )AZT protocol; taking (not taking)
prophylaxis therapy at time m;  presence (absence) of anemia at time 1; whole numbers,
numbers of subjects with a given history at a given time.
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where, e. g.,

Similarly,

Figure 2b represents the expected data when data on AZT protocol
are missing and thus have been collapsed over. The outcomes under the

four nondynamic regimes of  Fig. 2b, i. e., are defined in
terms of the outcomes under regimes as follows.

and Thus, by
(A2.4),

But, since

it follows that so (A1.24) is false for Fig. 2b [ since (A2.6) plus
(A1.24) implies (A2.7) would be an equality]. (A1.24) is false for Fig. 2b
because the (unrecorded) causal risk factor for is correlated
with

In this setting, Robins (1987b) claimed that if (i) Fig. 2a satisfied (A1.24)
and (ii) the unmeasured factor was not a direct causal risk factor for
death controlling for (A1.15) might hold on Fig. 2b for the regime
= [0, 0]. But, if (A1.15) were true, by the G-computation algorithm formula,

would have to equal

now discuss why not. One can show that, when (A1.24) is true for Fig. 2a,
then with set equal to for

is true for Fig. 2b except at [It is true at  because on
Fig. 2a However,

Thus, if pr    would hold for Fig. 2b
and we would indeed obtain the correct result 3/4 by using the above G-
computation algorithm formula. Robins (1987b) assumed, in his plausible
scenario, that pr  since            represented subjects

then if, as in Fig. 2a, (i)

since is random.

But it does not. We

and (iii) then when (A1.24) holds

“off work” and denoted exoposure to a workplace chemical. In fact, if 1



states that AZT protocol is a direct causal risk factor for anemia
controlling for prophylaxis          (ii) states that that anemia is an independent
prognostic factor for death controlling for AZT and prophylaxis history; and
(iii) states that given a subject’s prophylaxis treatment at time 0 and anemia
status at time 1, the probability a physician chooses to provide prophylaxis
therapy at time 1 depends on a subject’s AZT protocol (i)–(iii) would
all be expected to be substantively true in an actual AIDS study.

APPENDIX 3: PROOFS OF SOME THEOREMS

refer to the regime Then, by definition,

Case A3.1. Suppose Then

where the first equality is from CA1 and the second from
by the monotonicity of (A3.1)

and (A3.2) prove Theorem A1.1 in Case A3.1.

Case A3.2. Proof  by induction. Assume the theorem is true with
replacing m. We now show it is true for m.  equals

By the induction assumption,
Hence, (A3.3) equals

since, by the definition of given and  then
But, by definition, if and only if

proving the theorem.
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for Fig. 2a, it is not possible for (A1.15) to hold for Fig. 2b since it cannot
be the case that for equal to
= 1 and  are both true. Given (A 1.24), (i)

Proof of Theorem A1.1.  Given define and let G
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Proof  of  Theorem A1.2. When (A1.16) holds, (A1.17) is a restatement of
Theorem (A.1) in Robins (1989a) or Theorem 1 in Robins et al. (1992) with
H simply an additional pretreatment variable. When (A1.15) holds, the iden-
tifiability of and (A1.17) is proved in the appendix of  Robins et
al. (1993b) and in Robins (1989a). When supposition (a) of  Theorem A1.2
holds, Theorem A1.2 is a corollary of  the following theorem.

Theorem A3.1. If  there is no current treatment interaction with respect to L
and the function is identified, then, for any and

and

are identified.

Proof. First we show that under the suppositions of  the theorem, if  we assume
(A3.4) is identified, then (A3.5) is identified. Now (A3.4) equals

since, by the assumption of  no current treatment interaction w.r.t. L, we can
write rather than in where

is the inverse of with respect to its first
argument. Therefore, since (a) (A3.4) is identified by assumption and (b) by
Theorem A1.1, the law of conditional on is
identified if is identified, it follows that

] is itself identified. But, the assumption of  no current treatment interaction
w.r.t. L implies equals

Therefore, by Theorem A1.1 and the fact that is identified, it
follows that is identified. It follows that
(A3.5) is identified.

We now prove that (A3.4) is identified.
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Case A3.2. (A3.4) equals

by CA1. By the definition of  the function (A3.8) equals

But (A3.9) is identified by Theorem A1.1 and the fact that, by supposition,
is identified.

Case A3.3. We proceed by induction. Specifically, we assume
the theorem is true with replacing m and show it is true for m. Now

equals

where we have used the fact that for subjects with history it
follows from CA1 that

Since, by Case A3.2 above, the right-hand term in (A3.10) is identified,
it follows that (A3.4) is identified if  the left-hand term in (A3.10) is identified.
The left-hand term of (A3.10) equals

From the induction assumption that the theorem holds with replacing
m, expression (A3.11) is identified which completes the proof.

Proof of Part (b) of Theorem 7 of Robins et al. (1992)

Lemma A3.1. Under (A2.15), (A2.29a), and (A2.29b) of  Robins et al.  (1992)
and the consistency assumptions,
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Proof. For G equal to

by Theorem 2 of Robins et al. (1992). But by Theorem 1 of Robins et al.
(1992), the right-hand side of  (A3.12) equals

By (A2.29a) and (A2.29b) of  Robins et al. (1992), (A3.13) equals

But  equals one. Hence,
does not depend on proving the lemma.

Thus, we have shown  and, thus, by choosing
k = int (T ) , we see that  does not depend on Finally, to show
that this implies (A2.31) of  Robins et al. (1992), we note that H is a deter-
ministic function of when (A2.29a) and (A2.29b) hold since

does not depend on This completes the proof.

Corollary A3.1. The suppositions of Lemma A3.1 also imply that (a)
(b)  H; and
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Proof. Part (a) follows from Lemma A3.1 and the fact that by Theorem 2 of
Robins et al. (1992), their (A2.15) implies their (A2.20). Part (b) follows
from Bayes Theorem by part (a) and Eqs. (A2.29) and (A2.20) of  Robins et
al. (1992). Part (c) is an immediate consequence of  parts (a) and (b).

APPENDIX 4: CENSORING

A4.1. Known Potential Censoring Time

In this section, we shall consider the following restricted type of censoring.
We suppose that in our trial, follow-up ends on a particular calendar date
and staggered entry is allowed. Let C record the known potential censoring
time defined as the difference between the end of follow-up date and the date
a subject was enrolled in the trial. We now observe for

rather than

where, again, and are the pretreatment variables. Since C
is the known potential end of follow-up time, we can and do include it in

and write Further, is the “residual” on the -time
scale of Appendix 1. The notation in this section is consistent with that of
Appendix 1. We make no effort here to keep the notation consistent with
that in the main body of the chapter.

Let model (a j ) be a semiparametric model for char-
acterized by (i) the data (A4.1), (ii) the restriction (A1.10), and (iii) a model
( j ) for with and defined as follows. Given random
variables we consider four models, indexed by j, for
Model (1) is a correctly specified parametric model with finite
dimensional with true value model (2) assumes and are independent;
model (3) places no restrictions on the law of given and thus is com-
pletely nonparametric; model (0) assumes is completely known.

Note that in a completely randomized trial in which R was assigned at
random, we would expect that all four models could be correctly specified by
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the data analyst, since is a known function of  R alone. However,
in an observational study, we might wish to only entertain the completely
nonparametric model (3) if we were uncertain about how R was assigned.
[In order to allow our results to applied observational studies, we shall no
longer assume that R is necessarily discrete or that (A1.1) necessarily holds.]

We shall need the following notation. Letting index
the model and given any function define

where is with the
MLE of under model (1), (ii) places mass 1 / n at each of  the n observed
values of under model (2), so
(iii) is a completely nonparametric estimate, e. g., a multivariate kernel es-
timate, of under model (3), and (iv) is under model (0)
so is a true expectation. We now have

Theorem A4.1. Under the semiparametric model ( a j ) for  for each choice
of functions  and each
collection of sets, indexed by R, of histories
satisfying

subject to regularity conditions, there will exist an asymptotically normal and
unbiased estimator of  solving

where
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Further,

and
is given by (A4.1), and is the score for in a model

characterized by the sole restriction (A1.10) in the absence of censoring
[i. e., based on data (A4.2)]. [  is the derivative of  the logarithm of  (A1.12)
w.r.t. .] In addition,

Sketch of Proof. One can calculate that (A1.10) implies E[D] = 0. Next one
shows that by arguments similar to
those in the proof of  Theorem A.2 in Appendix 3 of Robins and Rotnitzky
(1992) and/or by using Theorem 4.3 in Newey (1990). Under regularity
conditions, will be regular so that by Theorem 2.2 of
Newey (1990). That follows from since

is a function of and by ancillarity of R,
for

Remark A4.1. The use of  b* in is nonstandard. Its usefulness will become
clear later.

Optimal Estimation

Let be the smallest set satisfying (A4.3) with associated
Let be the constant 1.

where

Remark A4.2. if

Define and let solve

Theorem  A4.2. (a)                                                                                   does not depend
on j and is less than or equal to                                               Furthermore,

for all j and (b) is
the efficient score for in all four models ( a j ) and is the semi-
parametric information bound (SIB), if

Set Then we have
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for some constant c w.p.1, where if and
if [ Here and throughout we use the convention that we drop

the argument for functions evaluated at e. g., we write as ]

Definition. We say that is standard if it does not depend
on any posttreatment variable

Definition. We shall say there is complete compliance if for is
a deterministic function of R and We then have the following obvious
corollary.

Corollary A4.1. If is standard and there is complete com-
pliance, then (A4.5) holds and is the efficient score under each model
(aj ) . [We do not know as yet the form of the efficient score when (A4.5) is
false.] (A4.5) may be true even if the supposition of the corollary is false,
especially if   is, for fixed C, a discrete random variable w.p.1.

Remark  A4.3. If consists only of C, model (a3) is called the (nonlinear)
limited information model with known potential censoring time (Newey,
1990). Typically, one would obtain the limited information model by taking
the pretreatment variables other than C that are initially included in

and incorporating them in (i. e., in “exposure” at time zero), so that
the residual would now also model the variation
in failure times as a function of  the pretreatment covariates  For example,
if consisted (only) of “age” at entry, we might add a term “age” to
the right-hand side of (A1.9) in defining and “age” would
no longer need be included in

Sketch of Proof of Theorem A4.2a

We note that for fixed the asymptotic variance of
is less than or equal to that of  any other since

for any g( • , •).  Next, as in Lemma
(3.4) of  Robins and Rotnitzky (1992), one can use integration by parts to
show that  for some G (u)

is a martingale adapted to the filtration F(u,
depending on b, b*,        where
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Let be based on and Then
is

thus also a martingale adapted to since I(v > u) is
-predictable. In the next paragraph, we use this latter representation of
to show that Therefore,

which, by Cauchy-Schwartz,
A4.2a.

Sketch of Proof of Theorem A4.2b

First consider model (a0). By standard arguments for missing data prob-
lems as in Bickel et al. (1993), Newey (1990), or Robins and Rotnitzky
(1992), the nuisance tangent space under model (a0) is closure {P

where the closure is taken
with respect to the Hilbert space of random variables with finite variance
with the inner product of A and B given by E(AB). Here
and (with

as defined in Appendix 1) is covariate and treatment history up to u on the
-residual time scale. Let be the orthogonal complement of

We now show that, given any random variable
when (A4.5) is true,

where is the Hilbert space projection operator,

and
If one can calculate

and B(u) is
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It is not difficult to show is in So to prove (A4.5a), it remains
to show that Now let

by results in Ritov and Wellner (1988).
By construction, has finite variance since (A4.5)
is true. Some tedious calculation then shows that

equals
The efficient score under any of the models (a1)–(a3) is the same as

that under model (a0) since the nuisance tangent space under any of (a1)–
(a3) simply adds to functions of and the score w.r.t. remains

But so the projection of on the nuisance
tangent space remains when (A4.5) is true.

M-Estimator Representation

We now provide conditions under which the “martingale-like” score
function can be represented as an “M-estimator like” score function.

Define
and Let q[R,

Corollary A4.2. If does not depend on R, and (a) R,
K) does not depend on R, (b) R is dichotomous, or (c) for each C,

takes on at most two values w.p.l, then, under model (a j ) ,
and D = Q

= D

Corollary A4.3. If (a) does not depend on R, (b) R is dichotomous, or
(c) for each is dichotomous w.p.l, then under model

is where

Proofs. Under supposition (a), the corollaries are a consequence of the
identity
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for all u. Under supposition (b) or (c) for times
Further, for times (A4.6) holds [ since

then

Remark A4.4. If then  and thus does not depend on R. For
may or may not depend on R.

Rank Estimators

Now suppose  is a fixed nonrandom constant so that there
is no staggered entry. Then models (a0)–(a3) are the same model (a). We
can then estimate under model (a) using a generalized weighted rank
estimator with the superscript “(r)” signifying “rank.” Specifically, define

Lemma A4.1. If then under model (a), subject to regularity
conditions, where
replaces by the true expectation E in the definition of

such that where
so that will be asymptotically equivalent

to The estimator was originally proposed by Fu-Chang Hu.

Proof  of  Lemma A4.1. Since  is a martingale adapted to the fil-
tration that records the information in each of  the n -subject-specific filtrations

Lemma A4.1 follows immediately from results in Tsiatis (1990)
and Robins and Tsiatis (1991).

Standard Independent Censoring

In analyzing censored survival data, it is commonly assumed (but not
often checked) that
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That is, censoring is independent of baseline failure time given treat-
ment arm R and other pretreatment variables Now given (A1.10),
(A4.7a) is implied by

Hence, let semiparametric models (bj), j = (0, 1, 2, 3), be characterized
by (A4.7b), the data (A4.1), restriction (A1.10), and a modely for
with [where ]. We then have

Theorem A4.3. Under semiparametric model (bj), subject to regularity con-

are defined just like their counterparts above except 

Set
have

Theorem A4.4. does not depend
on j and is less than or equal to            is the
efficient score for in all four models (bj) if (A4.5) holds.

The proofs of Theorems A4.3 and A4.4 are similar to their counterparts
for models ( a j ) and will not be given except to note that in the
proof of Theorem A4.2b is now replaced by

], since will now represent functions of          with mean 0
given

It is of  interest to determine the conditions under which prior knowledge
that (A4.7) is true provides additional information about in the sense that

where we have added the superscript “ (a )” to pre-
viously defined quantities related to model (a).

To do so, note and can be written
and

which are martingales adapted to
under model (63).
It follows that if and only if

] does not depend on C. Given (A4.7b) is true, sufficient and essentially
necessary (joint) conditions for this are

replaces and

such that
where

used in defining

Further
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i. does not depend on R,
ii.   does not depend on C, and
iii.

As discussed above, (i) will always be true at and sometimes at
all values of [note that (i) cannot be replaced by the condition that R is
dichotomous]. (iii) will be true in a completely randomized trial since (C,

) are pretreatment variables. With ( t) defined to be less C, (ii)
will be true if either

iv.a does not depend on C and

or
iv.b our SNFTM is fully “standard” and

where we say that our SNFTM is fully standard if does not
depend on C or on any posttreatment variables l*(t), t > 0. Note complete
compliance implies (A4.8b). However, (iv.b) implies that (i) is false if

To see why (iv.a) and (iv.b) imply (ii), note (iv.a) and/or (iv.b) guarantee
first is not a function of C and second that R, C]

                 C. Finally, (A4.7a) implies that
and thus, by definition,

does not depend on C.

Remark A4.5. If then, under model (b), we can estimate using
the generalized rank estimator defined in Lemma A4.1 even if C is ran-
dom. This follows from

Lemma A4.2. If then, under model (b), and subject to regularity
conditions,  where, now,

 In particular,
optimal.

Note to compute we, in general, require data on C even for subjects
who failed prior to C, since, even if may equal 0 if Thus,
data on C are necessary to compute However, data on C for subjects

is
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with T < C are not necessary for (a) testing the null hypothesis or (b)
for calculating if our SNFTM is fully standard and there is complete
compliance since, then,

Comparisons with the Robins–Tsiatis (1991) Rank Estimators

Since (A4.7b) would not be expected to hold if there were secular changes
in baseline risk over time, yet R will be independent of C in a randomized
trial, it is of interest to determine whether one can construct generalized rank
estimators for that are guaranteed to be asymptotically normal and unbiased
under model (a2) when Robins and Tsiatis (1991) show this is
possible and propose a specific class of rank estimators with influence
functions [depending
on functions                                   analyst] is

corresponding to w.r.t. the filtration
[Note C is not included in the filtration F(u).]

Sufficient conditions for the asymptotic variance of to equal
are that (1) so (2) (A4.7) holds so

(3) does not depend on C; (4) supposition
(a), (b), or (c) of  Corollary A4.3 holds; and (5) and

When (1)–(5) hold, We believe but have not
proved that unless (1)–(5) hold, will have strictly smaller variance
than

Remark A4.6. If does not depend on R, (b, b*, K) equals
if (i) the function b* is the constant 1, (ii) b(u, r, c)

and (iii) In fact, under model
K) will be asymptotically normal and unbiased for even if (A4.7b) is false
and is nonconstant, provided does not depend on R and
the functions b* and b do not depend on C.

A.4.2. Adjustment for Censoring by Competing Risks

Let Q represent time to a censoring (or competing risk) event other than
C. For example, Q might be time to initiation of  prophylaxis, and A (u) might
be actual AZT treatment and L(u) does not contain Let T* be
the possibly counterfactual variable recording time to failure in the absence

chosen by the data
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of censoring by Q (i. e., if prophylaxis were never initiated), so if T
< Q. Redefine For notational convenience
write

If  we discard data on L(u), A(u), and T subsequent to Q, the observable
data are now

We shall assume the cause-specific hazard for censoring satisfies

where Define K(t)

where is a parameter vector, is a vector of functions of
is a time-dependent discrete stratification variable that

is a function of       and the are unspecified stratum specific baseline
hazard functions. Let be the Cox maximum partial likelihood estimator of

To obtain one can use standard time-dependent Cox proportional haz-
ards model software by regarding the subjects with  as the “failures.”
Let

where records “at-risk” status at u.  is the Cox
baseline hazard estimator for censoring at in stratum ally,

We will sometimes write as  to stress its dependence on
is an -consistent estimator of

 We suppose we have a correctly specified
stratified time-dependent Cox model
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Define, for any random Also define

but with     replacing Define analogously in terms of Let
solve and similarly for Let solve

The following theorem is true for models (aj ) and (bj)
[given the data (A4.9)] when appropriate superscripts (a j ) or (bj) are added.
That is, and will refer to and under model (aj) . First define

martingale with respect to the filtration that records

Theorem A4.5. Subject to regularity conditions, under models (aj ) or (bj ) ,
if (A4.10) and (A4.11) hold, and if for some w.p.1

The proof is like that of Theorem 3.4 in Robins and Rotnitzky (1992).

Remark A4.7. If (A4.5) holds, it follows from (A4.5a) in the proof of Theorem
A4.2b of this chapter and from Theorems 3.5, 4.1, 4.3, and 4.4 of Robins
and Rotnitzky (1992) that, for some function b, is semi-
parametric efficient under the suppositions of Theorem A4.5. The optimal b
is the solution to an integral equation that does not exist in closed form. The
bound is unchanged if the data in (A4.1) are available in addition to the data
(A4.9). Further, we have

like except with   is defined  like
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Corollary A4.4. Theorem A4.5 is true with defined to be with
replacing and with if either (i) model (a) holds and

or (ii) model (b) holds and This also follows from the
proof to Theorem 3.4 in Robins and Rotnitzky (1992).

It follows from the decomposition of Var(U) that can be
based on consistent estimators of and for

Turning first to the rank estimators, a consistent
is where

is defined like with      replacing                                   can be con-
sistently estimated by

with and Z(H, u,
Thus, it only

remains to provide a consistent estimator for for as follows.
where is with replaced

by

mates of and are as described for the rank estimators
except

Robins and Rotnitzky (1992) consider the interpretation of the com-
ponents of the variance decomposition

An alternative variance decomposition with its own interesting
interpretation follows from the identities and

leading to
Here, Now

is the asymptotic variance of or if we had
used K(X) instead of is the
asymptotic variance of or if is calculated with replacing in
(A4.12) and (A4.13). Hence, is the savings in variance
attributable to estimating the hazards is the addi-
tional savings attributable to estimating by

An alternative estimator of Var (U) is obtained by (i) estimating
K(X)} by where denotes or for nonrank

where            and           are consistent for           and

and can be obtained as in Section 3j of Robins and Rotnitzky
(1992) although only consistency is necessary for variance estimation. Esti-

regression of on in both models (a3) and (b3). [However,
still depends on the model (a) versus (b).] More efficient estimators of

in model (b2); similarly, is the predicted value from a nonparametric

Turning now to the nonrank estimators i. e., and
where

a consistent but
inefficient  estimator                of                  n                          is obtained by the predicted value from
a nonparametric regression of on R in model (a2) and on (R, C)
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and rank estimators, respectively, and (ii) estimating
by and (iii) estimating as
above.

The results of this subsection and Sections A4.3–A4.5 depend critically
on results in Robins and Rotnitzky (1992). A clear understanding of Robins
and Rotnitzky (1992) requires the correction of several typographical errors.
(See the listing of corrections to the above article at the end of this chapter.)

A4.3. An Improvement on the Usual Rank Estimator

Suppose our SNFTM is fully standard with complete compliance and
Then we can define such that if and only

if
Suppose

so is a function only of R. Let be
with in (A4.12) and (A4.13) and with discrete.

is the treatment-arm-specific Kaplan–Meier estimator of          evaluated
at

Let and represent the estimator of when is based on and
respectively, where uses and uses [ In the Cox

model for censoring used in computing is chosen so that is a
function of .]

If (A4.15) holds, then, under the suppositions of Theorem A4.5, and
are both asymptotically normal and unbiased but asymptotic variance of
is less than or equal to that of

Suppose further that and model (a) is true. Then
is asymptotically normal and unbiased but with asymptotic variance greater
than Further, by Appendix 3 of Robins and Rotnitzky (1992),

has, under regularity conditions, the same limiting distribution
as where converges to in probability. Now set

and let be its limit. Then is
precisely   provided (i) we replace C by min (Q, ) in com-
puting and (ii) if, in any arm R, the largest value of  has
= 0, we set that subject’s to one in computing

Thus, under (A4.15), is more efficient than
K). It is for this improvement that we introduced the function initially.
Similar remarks hold under model (b) if except in computing

we replace C by min (Q, C). These remarks justify the results
in Section 3.5 of the text. As in Robins and Rotnitzky (1992), a small mod-
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ification in the notation allows us to obtain analogous results for the Cox
proportional hazards model. As a consequence, we obtain an estimator of the
proportional hazards that will always be more efficient than the Cox partial
likelihood estimator under an independent censoring assumption.

A4.4. Adjustment for Dependent Censoring and Recovery of Information
with Independent Censoring

Throughout this section, we shall assume that the only form of censoring
is by end of follow-up so and does not depend on
the potential censoring time C. (A4.7a) plus the condition (iv.a), Eq. (A4.8a),
imply

(A4.16a) implies

(A4.16b) implies

Note (A4.7a) can be written

Further, (A4.16d) is implied by (A4.16a). Also, given (A4.16c), (A4.16d) is
implied by the identifiable restriction

Often, from a substantive point of view, one would not believe (A4.7a) held
unless one believed (A4.16c) were true. But, given (A4.16c), we can test
whether (A4.7a) holds by testing whether (A4.17) holds.

Suppose that we assume

(A4.7a) plus (A4.18) imply which, in turn, implies
(A1.10) and (A4.7b).
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Let the semiparametric model (cj) for be characterized
by the data (A4.1), restrictions (A4.16c) and (A4.18), and a model j for

with and We then have by a straightforward
examination of the likelihood functions that

Theorem A4.6. The semiparametric efficiency bound for in model (c j )
does not depend on j and is the same as that in the more restrictive models
that impose one or more of the restrictions (A4.17) [so (A4.7a), (A4.7b),
and (A1.10) hold], (A4.16b), and (A4.16a).

Remark A4.8. It follows that when both model (c3) and (A4.17) are given
a priori so that model (b3) holds [ since (A4.7b) and (A1.10) hold ], the SIB
for model (c3) is greater than or equal to that for model (b3) since model
(c3) and (A4.17) imply model (b3).

To estimate under model (cj) , recode censoring time by end of follow-
up as Q, recode as C, and then use the methods of Section A4.2 to
estimate

Remark A4.9. Also note that in a semiparametric model characterized by (i)
(A1.10) and (ii) the SIB of that model is equal to that of model
(a3) and, furthermore, (A4.18) holds. Thus, if we are willing to impose the
additional restriction (iii) (A4.16c), model (c3) will hold, the SIB of the
model characterized by (i), (ii), and (iii) equals that of model (c3) and is

A4.5. Estimation under Observational Study Assumptions in the
Presence of Censoring

In this section we suppose (A1.23) and (A1.24) are true and the available
data are given by (A4.1). If data (A4.2) were available, by Lemma A1.3, the
model would be defined by the likelihood function (A 1.28).

Now define
as in Theorem A4.1 but with (i) replacing

and (ii) replacing R. The parameter vectors in the
parametric models for are assumed variation independent.

For any variable let so, for example, is now
Then, under a semiparametric model characterized by (A1.23),

(A1.24), and models indexed by for solving
will be asymptotically normal with mean 0 and

asymptotic variance where
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This result follows from the proof of Theorem A4.1 and the nested mar-
tingale structure with increasing m. The optimal estimator is based on
using defined as above with R and replaced by

and respectively. is an improvement (in terms of effi-
ciency) on the estimator of Section (A2.8) of Robins et al. (1992).
Further, in the presence of censoring by competing risks satisfying (A4.10)
and (A4.11), Theorem A4.5 remains true with

This is relevant to the results stated in Section A2.11 of Robins
et al. (1992).
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