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Abstract Recent work in the general recognition theory
(GRT) framework indicates that there are serious problems
with some of the inferential machinery designed to detect
perceptual and decisional interactions in multidimensional
identification and categorization (Mack, Richler, Gauthier, &
Palmeri, 2011). These problems are more extensive than pre-
viously recognized, as we show through new analytic and
simulation-based results indicating that failure of decisional
separability is not identifiable in the Gaussian GRT model
with either of two common response selection models. We
also describe previously unnoticed formal implicational rela-
tionships between seemingly distinct tests of perceptual and
decisional interactions. Augmenting these formal results with
further simulations, we show that tests based on marginal
signal detection parameters produce unacceptably high rates
of incorrect statistical significance.We conclude by discussing
the scope of the implications of these results, and we offer a
brief sketch of a new set of recommendations for testing
relationships between dimensions in perception and response
selection in the full-factorial identification paradigm.

Keywords Math modeling . Perceptual categorization and
identification . Signal detection theory . Decision making

Background

The structure of general recognition theory

General recognition theory, or GRT, is a multidimensional
model of perception and response selection (Ashby &

Townsend, 1986; Kadlec & Townsend, 1992a, 1992b;
Silbert, Townsend, & Lentz, 2009; Thomas, 2001b;
Wenger & Ingvalson, 2003). It was originally developed to
unify a disparate set of concepts in the psychological liter-
ature and provide a rigorous mathematical foundation for
the analysis of interactions between psychological dimen-
sions in perception and response selection. GRT has been
applied extensively to two-choice categorization (often un-
der the name decision bound theory, and with a focus on
various properties of response selection, rather than the
presence or absence of dimensional interactions; see, e.g.,
Ashby & Gott, 1988; Ashby & Maddox, 1990) and has been
related to a variety of other psychological constructs (e.g.,
similarity, Ashby & Perrin, 1988; same–different judg-
ments, Thomas, 1996). As was established in the original
article (Ashby & Townsend, 1986), the power of GRT as a
tool for testing dimensional interactions is most evident in
the so-called feature-complete factorial identification exper-
imental protocol, in which stimuli consist of the factorial
combination of each level on each dimension of interest.

For example, consider one of the stimulus sets used by
Thomas (2001b). Four face stimuli were constructed by com-
bining two levels of distance between the eyes with two levels
of nose length. In the associated identification protocol, a one-
to-one mapping between stimuli and responses is established,
and the data consist of a four-by-four identification–confusion
matrix. Although this approach can be extended to more than
two levels on more than two dimensions (e.g., Ashby & Lee,
1991; see also Kadlec & Townsend, 1992b), the two-by-two
case (two levels on each of two dimensions) is by far the most
frequently used. For the sake of clarity, we restrict our atten-
tion to the two-by-two case here, although much of what we
say applies more generally (e.g., to N-by-M or three-
dimensional factorial identification).

GRT relies on two basic assumptions to account for
factorial identification data: (1) random perceptual effects
and (2) deterministic decision bounds that exhaustively par-
tition perceptual space. Over time, random perceptual
effects produce multivariate perceptual distributions, and
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predicted response probabilities are determined by the pro-
portion of perceptual distributions within each response
region. Although in the theory’s most general form, percep-
tual distributions need not be modeled with any particular
functional form, bivariate Gaussians are often used.

Figure 1 shows an illustrative two-by-two Gaussian GRT
model. The ellipses are equal-likelihood contours of the four
modeled perceptual distributions (i.e., sets of points a con-
stant height above the plane defining the perceptual space,
in which the volumes under each density are equal across
stimuli). The plus signs indicate the means of the perceptual
distribution. The four response regions are given generic
labels, indicating combinations of low (L) and high (H)
levels on each dimension. These could correspond, for ex-
ample, to the narrow/wide eye width and short/long nose
length of the face stimuli used by Thomas (2001b) or the
short-/long-duration and low-/high-frequency ranges of the
broadband noise stimuli used by Silbert et al. (2009).

In this illustrative model, the LL and HL perceptual
distributions exhibit perceptual (i.e., statistical) indepen-
dence, whereas the other two exhibit failures of indepen-
dence (i.e., nonzero correlations), as indicated by their tilted
elliptical shapes. The marginal means and variances on the y
dimension are equal across levels of the x dimension, which
is to say that perceptual separability holds on the y dimen-
sion. On the other hand, the means on the x dimension are
closer together at the first y level than they are at the second
y level, which is to say that perceptual separability fails on
the x dimension.

In this illustration, decisional separability holds by virtue
of the fact that the decision bounds are parallel to the
coordinate axes; there is a single decision criterion on each

dimension. This is, in part, because in order to illustrate
failure of decisional separability, one must make a number
of substantive decisions. To paraphrase Tolstoy: Models
with decisional separability are all alike; every model with
failure of decisional separability fails in its own way.

Recently, Mack, Richler, Gauthier, and Palmeri (2011)
demonstrated serious problems in the inferential procedures
used in the multidimensional signal detection analysis
(MSDA) approach to testing for GRT-defined dimensional
interactions in factorial identification data (Kadlec, 1995,
1999; Kadlec & Townsend, 1992a). In short, Mack et al.,
demonstrated that, when MSDA is used, certain cases of
failure of perceptual separability are incorrectly classified as
failures of decisional separability. We believe that this in-
ferential problem with MSDA is symptomatic of a deeper
problem with model identifiability.

The purpose of the present article is twofold. First, we
will demonstrate the fact that with the most common
GRT-related experimental protocol, the most common
perceptual distribution model, and the two most common
decision models, failure of decisional separability cannot
be identified uniquely. Extending the results of Mack et
al. (2011) with new analytic results and more thorough
simulations, we show that there is always a model with
decisional separability that will mimic failures of deci-
sional separability in models with linear or piecewise
linear decision bounds.

The second purpose of this article is to explore a previously
unreported empirical relationship between seemingly inde-
pendent statistical tests of separability. We will show that,
properly tested, marginal response invariance and marginal
signal detection tests are redundant. Given that contradictory
results have been reported for these two test types in the
literature, we employ simulations to show that the marginal
signal detection comparisons have substantially higher false
alarm rates than do tests of marginal response invariance. On
the basis of our new findings, we briefly sketch a revised set of
recommended GRT testing procedures.

A brief aside on mathematical notation

A number of formally equivalent notational conventions
have been used in describing various aspects of GRT models
and experimental protocols. In the present article, we use
multiple notation schemes, our choice depending on the
notational simplicity licensed by the issues under consider-
ation at any given time. We take a moment here to
describe the relations between these schemes. The sim-
plest notation is that used above, wherein the letters L
and H refer to the two levels on either dimension. The
location of the L or H indicates the dimension, with the
left “slot” indicating the horizontal dimension, or x-axis,
and the right “slot” indicating the vertical dimension, orFig. 1 Gaussian GRT Model
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y-axis. In this scheme, LH indicates the stimulus that is
“low” on the horizontal dimension and “high” on the
vertical dimension, and “LH” (with quotes) indicates the
corresponding response.

A slightly more complex scheme uses Ah and aj to
indicate the horizontal dimension and Bi and bk the vertical
dimensions. In this scheme, capital AhBi indicates the stim-
ulus level at level h on the horizontal dimension and i on
the vertical, while lower case ajbk indicates the response at
levels j and k. Hence, LL 0 A1B1, LH 0 A1B2, HL 0 A2B1,
and HH 0 A2B2. Similarly, “LL” 0 a1b1, “LH” 0 a1b2,
“HL” 0 a2b1, and “HH” 0 a2b2.

The role of decisional separability in GRT

Indirect tests of decisional separability

The original work establishing GRT showed that decisional
separability, perceptual separability, and perceptual indepen-
dence are logically distinct concepts (Ashby & Townsend,
1986). Despite this fact, the complex interplay between
perceptual distributions and decision bounds has always
made the relationships between these constructs difficult to
tease apart empirically. Central to this difficulty is an asym-
metry in analytic results relating theoretical constructs to
measureable statistics.

Suppose that we have a stimulus set consisting of the
factorial combination of two levels on each of two dimen-
sions, denoted A and B. Let uppercase Ah and Bi indicate the
stimulus as the hth level on the A dimension and the ith level
on the B dimension, and let lowercase aj and bk indicate the
responses at the jth level on A and the kth level on B.
Marginal response invariance holds for aj responses to Ah

stimuli if, for j, h 0 1, 2, the probability of giving aj
responses is invariant across levels of B:

Pr aj; b1 Ah;B1j� �þ Pr aj; b2 Ah;B1j� �
¼ Pr aj; b1 Ah;B2j� �þ Pr aj; b2 Ah;B2j� �

:

Analogously, marginal response invariance holds for bk
responses to Bi stimuli if, for i, k 0 1, 2, the probability of
giving bk responses is invariant across levels of A:

Pr a1; bk A1;Bijð Þ þ Pr a2; bk A1;Bijð Þ
¼ Pr a1; bk A2;Bijð Þ þ Pr a2; bk A2;Bijð Þ:

Ashby and Townsend (1986, Theorem 5) show that the
presence of (unobservable) perceptual separability and de-
cisional separability implies (observable) marginal response
invariance. Conversely, if marginal response invariance
fails, we know only that one or the other (or both) of

perceptual or decisional separability has failed, but we don’t
know which.1

Along similar lines of reasoning, Kadlec and Townsend
(1992a, Proposition 1a) point out that perceptual separability
onA implies equal marginal d' values (i.e., it implies that d'A,B1 0
d'A,B2), and similarly for perceptual separability on B (i.e., it
implies that d'A1,B 0 d'A2,B). They also show (Proposition 2) that
if perceptual and decisional separability hold on A, marginal
response criteria will be equal (i.e., βA,B1 0 βA,B2), and similarly
for B (i.e., βA1,B 0 βA2,B).

Note that equal marginal d' values do not imply that
perceptual separability holds; so-called mean-shift integral-
ity is consistent with equal marginal d' values (see Fig. 5
below for an illustration of mean-shift integrality). If per-
ceptual separability fails by virtue of salience changing on
one dimension as a function of the other (as illustrated in
Fig. 1), then unequal marginal d' values provide evidence of
failure of perceptual separability without any need to con-
sider decisional separability. On the other hand, unequal
marginal βs do not imply failure of decisional separability.
Akin to the tests of marginal response invariance, unequal
marginal βs may be due to failure of either perceptual or
decisional separability (or both).

All of which is to say that it has been known for 20+
years that there is no direct test of decisional separability.
We now turn to new results showing that with linear bounds
or piecewise linear bounds (defined below), failure of deci-
sional separability is never identifiable in Gaussian GRT for
the feature-complete factorial identification protocol.

Decisional separability and model identification in Gaussian
GRT

In this section, we show that failures of decisional separa-
bility can be mimicked by appropriate shifts in perceptual
distribution means and covariance matrices in two-by-two
Gaussian GRT models with linear bounds and piecewise
linear bounds. For the linear bound model, we provide a
proof that, via application of straightforward linear trans-
formations, (1) any model with a failure of decisional sep-
arability is empirically equivalent to a model in which
decisional separability holds and (2) a model with decisional

1 Note that the response level (j,k) need not equal the corresponding
stimulus level (h,i) for marginal response invariance to hold, and note
that two tests of marginal response invariance are available on each
dimension. Similar results relate the conjunction of (unobservable)
perceptual independence and decisional separability to (observable)
sampling independence statistics. Our focus here is on the two forms
of separability, so, although perceptual independence will play a role in
some of the results reported below, sampling independence does not.
Hence, we do not define it here or explain its role in GRT in any more
detail. Interested readers are referred to the original publications (e.g.,
Ashby & Townsend, 1986) or more recent applications (Thomas,
2001a, 2001b; Valdez & Amazeen, 2008).
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separability and mean shift integrality is empirically equiv-
alent to a model with perceptual separability and a failure of
decisional separability. Empirical equivalence holds be-
cause, although the transformations shift the means and
change the covariance matrices of the perceptual distribu-
tions, predicted identification confusion probabilities are
unchanged. For the piecewise linear bound model, no ana-
lytic procedure is, to the best of our knowledge, available to
address this issue. However, simulations indicate that fail-
ures of decisional separability can by mimicked very closely
(i.e., to the third decimal place in the predicted response
probabilities) by appropriate changes in perceptual distribu-
tion means and covariance matrices. We also briefly discuss
some conceptual problems with the piecewise linear deci-
sion model.

Linear decision bounds and decisional separability

Much of the problem pointed out by Mack et al. (2011) can
be perceived by the hints and suggestions in prior work that
more carefully scrutinizes the mathematical foundations of
GRT, revealing some previously unnoticed errors in analysis
(Thomas, 1995, 1999, 2003). We offer the following more
direct formal development of the specific issues surrounding
the equivalence between perceptually integral, decisionally
separable GRT representations with those that are perceptu-
ally separable but decisionally integral. This treatment illus-
trates the inability of marginal signal detection parameters to
distinguish between these two mathematically equivalent
representations, particularly in the two-by-two experimental
protocol and model.

Suppose the two-by-two factorial case in which each
stimulus, Sij 0 AiBj is assigned a unique response, Rkh 0
akbh, where i, j, k, h 0 1, 2. As in marginal detection analysis
and common model-fitting approaches, we assume bivariate
Gaussian perceptual distributions. In addition, we assume
that variances along a given component are equal across
levels of that component. Finally, we assume linear decision
bounds with arbitrary orientation and location (for part i) or
satisfying decisional separability (part ii); Let cx be the
decision bound on the A component (x dimension) and cy
the decision bound on the B component (y dimension). The
following two statements are true:

i. Any perceptually separable but decisionally nonsepar-
able configuration can be transformed to a configuration
that is perceptually nonseparable, decisionally separable,
and equivalent with respect to predicted response
probabilities.

A formal proof, which relates the parameters of the
perceptual distributions and the angle between linear bounds
exhibiting failure of decisional separability, is given in the
Appendix. We illustrate the transformation here in a series

of figures. Figure 2 shows a Gaussian GRT model with
linear decision bounds in which decisional separability fails,
perceptual separability holds, and perceptual independence
fails.2 Under rotation3 and shear transformations, probabil-
ities will be preserved due to the change of variable laws of
measure theory (Billingsley, 2012). Without loss of gener-
ality, the model is centered such that the intersection of the
decision bounds coincides with the origin (0, 0) of the
perceptual space.

The first step in transforming this model is to rotate the
configuration counterclockwise through the angle ϕ so that
cy is coextensive with the x-axis. The rotated model is
shown in Fig. 3. Whereas in the initial model, perceptual
separability was assumed to hold, the rotation has induced a
failure of perceptual separability (i.e., the means of the
perceptual distributions no longer form a rectangle with
sides parallel to the coordinate axes). We note, too, that
rotation changes the correlations within each distribution.

The next (and final) step in the transformation is to
“shear” the y-axis counterclockwise relative to the x-axis,
expanding the angle between the decision bounds fromω to
90°. Above the x-axis, this shear transformation shifts the
horizontal coordinates to the left, while below the x-axis, the
transformation shifts horizontal coordinates to the right.
Points that are more distant from the x-axis have their
horizontal coordinates shifted to a greater extent than do
points that are closer to the x-axis. This shear transformation
has no effect on the (postrotation) horizontal decision bound
cy (see the Appendix for details and a formal definition of this
shear transformation, which relies crucially on ω). Figure 4
shows the result of the shear transformation. The failure of
perceptual separability is still more extreme, and the correla-
tions within the perceptual distributions have changed again.

This illustration of the transformation of a model with
perceptual separability and without decisional separability
into a model without perceptual separability and with deci-
sional separability is designed to show, in as clear and
compelling a manner as possible, that these theoretical con-
structs are deeply intertwined. It is worth noting explicitly that
the rotation and shear transformations illustrated above (and
described formally in the Appendix) apply to any linear bound
Gaussian GRTmodel, regardless of the initial configuration of
perceptual distributions. Any arbitrary (and, in general, not
perceptually separable) linear boundmodel without decisional

2 The angle between the cy bound and the x-axis, denoted by ϕ, and the
angle between cy and cx, denoted by ω, are used in the proof provided
in the Appendix.
3 In actuality, this rotation is unnecessary, since it has been widely
stated (Thomas, 1995, 1999; Wickens, 1992) that GRT configurations
are invariant with respect to rigid transformations (rotations, trans-
lations, reflections, scaling). Often, it is assumed that the mean of
one of the stimulus distributions is centered at (0, 0), for example,
taking advantage of this invariance. We provide the rotation anyway to
ensure that the reader is convinced of these relations.
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separability can be rotated and sheared to produce a model
with decisional separability, a systematically different config-
uration of perceptual distributions, and identical identifica-
tion–confusion probability predictions. Hence, failure of
decisional separability is never identifiable in this model.

Because both the rotation and shear transformations are
invertible, any linear bound Gaussian GRT model with deci-
sional separability can be transformed into a model without
decisional separability and with a different configuration of
perceptual distributions. However, while any linear bound
model without decisional separability can be transformed into

a model with decisional separability, not every configuration
of perceptual distributions exhibiting failure of perceptual
separability can be transformed into a configuration exhibiting
perceptual separability. The configuration illustrated in Fig. 4
can be so transformed, of course, as can the configuration
described immediately below. This issue is also addressed
formally in the Appendix.

ii. Any configuration that exhibits decisional separability
and mean shift integrality for all perceptual distributions
is equivalent (in terms of predicted response probabili-
ty) to a configuration that exhibits perceptual separabil-
ity but not decisional separability.

A formal proof, which relates the shifts in the perceptual
distribution means in the initial configuration to the linear
bounds exhibiting failure of decisional separability after an
appropriate transformation, is given in the Appendix.
Figure 5 shows a configuration with mean shift integrality
and decisional separability. Per the definition of mean-shift
integrality, the means of the LH and HH distributions on the
x-axis are shifted rightward by Δx, and the means of the HL
and HH distributions on the y-axis are shifted upward by
Δy. Without loss of generality, the mean of the LL distribu-
tion can be fixed at the origin. The mean-shift integrality
illustrated in Fig. 5 can be produced by applying two
simultaneous shear transformations to a square configu-
ration of perceptual distribution means (see the Appendix
for details). Perceptual separability can be restored in the
mean-shifted model by inverting these transformations.
As in the transformations described above, such trans-
formations also change the correlations within each
distribution.

Fig. 2 Perceptual separability with linear failure of decisional
separability

Fig. 3 Rotated model configuration

Fig. 4 Rotated and sheared model configuration
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Figure 6 shows the mean-shift model after the inverted
shear transformations have been applied. The means of the
distributions describe a square, the decision bounds exhibit
failure of decisional separability, and the correlations have
become more extreme.

Piecewise linear decision bounds and decisional separability

Mack et al. (2011) used a different decision model to dem-
onstrate that the MDSA algorithm for testing perceptual and

decisional interactions is flawed. The failure of decisional
separability investigated by Mack et al. is depicted in the top
left panel of Fig. 7. In this model, decisional separability
holds for the horizontal decision bound. Decisional separa-
bility fails for the vertical bound by virtue of a shift in the
location of the vertical bound above the horizontal bound.
Mack et al. showed that the MSDA (Kadlec, 1995) and
MSDA_2 (Kadlec, 1999) algorithms are unable to distinguish
this failure of decisional separability from a mean-shift failure
of perceptual separability. A simple, unidimensional mean-
shift failure of perceptual separability is illustrated in the top
right panel of Fig. 7 (cf. the more complex mean-shift shown
in Fig. 5). Mack et al. showed that both MSDA algorithms
tend to lead, in both cases, to the conclusion that perceptual
separability holds, while decisional separability fails.

The mean-shift failure of perceptual separability probed
by Mack et al. (2011) differs from that illustrated here,
however; whereas they shifted the x-axis means at the high
y-dimension level to the right, we shift them to the left. This
difference is relevant, since a rightward shift in a decision
bound increases the size of the response region and, thereby,
the proportion of any given perceptual distribution to the left
of the bound; a leftward shift in a perceptual distribution has
an analogous effect, while a rightward shift in a perceptual
distribution does not.

The top panels of Fig. 7 illustrate a failure of decisional
separability (left panel) in which the decision bound above
the x-axis is shifted and an analogous failure of perceptual
separability (right panel) in which the LH and HH distribu-
tions are shifted. The bottom two panels illustrate failures of
decisional and perceptual separability in which the bounds
and distributions are shifted at both levels of the vertical
dimension, in a manner analogous to the failures of separa-
bility illustrated in the linear bound model discussed above.
Careful consideration of the entire array of predicted re-
sponse probabilities (i.e., the proportions of each perceptual
distribution in each response region) could disambiguate the
decisional and perceptual interactions illustrated in the top
two panels. On the other hand, interactions like those illus-
trated in the bottom two panels exhibit empirical equivalen-
ces that do not enable such disambiguation.

There is not, to the best of our knowledge, a readily
available analytic proof of the empirical equivalence be-
tween piecewise failure of decisional separability and
mean-shift failure of perceptual separability with simulta-
neous failures of perceptual independence. Thus, in order to
probe how closely these two models can mimic one another,
we generated predicted response probabilities from each for
a range of decision bound shifts (in the former) and, for each
decision bound shift, for a range of mean and correlation
shifts (in the latter).

More specifically, we generated predicted response prob-
abilities for models with perceptual separability and

Fig. 5 Decisional separability with mean-shift failure of perceptual
separability

Fig. 6 Perceptual separability after inverted mean-shift transformation
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perceptual independence and with the vertical piecewise
decision bound shifting to the right above the horizontal
bound and to the left below the horizontal bound in incre-
ments of 0.01, from shifts of 0 up to a maximum shift of 0.5
(or a difference of 1.0 between the two pieces of the vertical
bound). For each shifted decision bound, we generated
predicted response probabilities for models with decisional
separability and failures of perceptual separability and inde-
pendence. We used baseline mean and correlation values
derived from linear transformations of the bound shifts,
along with a dense grid of additional mean and correlation
shifts ranging from −0.02 to 0.02 above and below the
baseline means and correlations, incremented in steps of
0.002.

Figure 8 shows two of the piecewise failure of decisional
separability models used to generate predicted response
probabilities alongside two mimicking models in which
decisional separability holds while perceptual separability
and independence fail. In both left panels, the perceptual
distributions form a square with sides of length 1.5. In the
top left panel, the vertical decision bound is shifted to the
right by 0.5 above the horizontal bound and to the left by
−0.5 below the horizontal bound. The corresponding mimic
model is shown in the top right panel. In this model, deci-
sional separability holds while the x-axis means in the LH
and HH distributions have been shifted to the left by 0.3 and
the x-axis means in the LL and HL distributions have been

shifted to the right by the same amount. The correlation in
each distribution is −.53. The bottom left panel depicts
bound shifts of magnitude 0.25, while the bottom right
depicts the mimicking model, which has x-axis mean shifts
of magnitude 0.1 and correlations of −.41.

The predicted response probabilities for the failure of
decisional separability models are given in the leftmost
section of Table 1. Predicted response probabilities for the
corresponding mimic models are given in the middle sec-
tion, and the absolute difference of the response probabili-
ties are given in the rightmost section. Within each predicted
confusion matrix, the rows correspond to stimuli and the
columns to responses. The top section of Table 1 gives
simulation results for the large bound shift failure of deci-
sional separability and associated mimic model (top two
panels of Fig. 8), and the bottom section of Table 1 gives
the simulation results for the small bound shift and mimic
model (bottom two panels of Fig. 8).

The models and their mimics produce very similar pre-
dicted response probabilities. Although they are not identi-
cal, they are close enough to make a strong claim of
empirical equivalence. The largest difference has a magni-
tude of only 0.014. This difference corresponds, for exam-
ple, to the predicted probability of giving an “LL” response
to the LH stimulus in the small bound shift simulation. (Due
to the symmetry of the simulated models, this error corre-
sponds to other predicted response probabilities as well.)

Fig. 7 Illustration of piecewise
failure of decisional separability
and mean-shift failure of per-
ceptual separability as investi-
gated by Mack et al. (2011) and
as investigated here
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Now consider the count data we would expect from these
models. The small-shift failure of decisional separability
model predicts, for example, 15 or 16 “LL” responses out
of every 100 LH stimulus trials, while the mimicking mean
and correlation shift model predicts 14 or 15 “LL” responses
out of every 100 LH stimulus trials. It is exceptionally
unlikely that these differences—the largest differences pro-
duced by the simulations—would be statistically discernible
in any actual data set.

In programming and running these simulations, we ini-
tially intended to probe simultaneous decisional interactions
on each dimension, which led us to notice a previously
undocumented problem with the piecewise decision bound
model. Whereas it is easy to model failure of decisional
separability on both dimensions with the linear bound model
by simply tilting each decision bound away from the
corresponding coordinate axis, the piecewise model intro-
duces potentially problematic ambiguities when it is used to

Fig. 8 Model mimicry with
piecewise decision bounds

Table 1 Predicted response probabilities, piecewise bound and mimic models

Failure of decisional separability Failure of perceptual separability and independence Absolute value of the difference

Large bound shift Large mean and corr. shift

LL LH HL HH LL LH HL HH LL LH HL HH

LL 0.463 0.203 0.310 0.024 0.469 0.205 0.305 0.022 0.006 0.002 0.005 0.002

LH 0.136 0.692 0.091 0.082 0.148 0.705 0.078 0.068 0.012 0.013 0.013 0.014

HL 0.082 0.091 0.692 0.136 0.068 0.078 0.705 0.148 0.014 0.013 0.013 0.012

HH 0.024 0.310 0.203 0.463 0.022 0.305 0.205 0.469 0.002 0.005 0.002 0.006

Small bound shift Small mean and corr. shift

LL LH HL HH LL LH HL HH LL LH HL HH

LL 0.535 0.191 0.239 0.036 0.539 0.204 0.235 0.023 0.004 0.013 0.004 0.013

LH 0.157 0.651 0.070 0.123 0.143 0.659 0.084 0.114 0.014 0.008 0.014 0.009

HL 0.123 0.070 0.651 0.157 0.114 0.084 0.659 0.143 0.009 0.014 0.008 0.016

HH 0.036 0.239 0.191 0.535 0.023 0.235 0.204 0.539 0.013 0.004 0.013 0.004

Within each matrix, rows correspond to stimuli, columns to responses

8 Psychon Bull Rev (2013) 20:1–20



model simultaneous failure of decisional separability on
each dimension. Specifically, if the bounds on each dimen-
sion are shifted to either side of the bounds on the other
dimension, one must decide how to partition the region of
the perceptual space that occupies the area between the
bounds on each dimension.

Figure 9 shows a number of options for dealing with this
problem. In the top two panels, decisional separability fails by
virtue of “consistent” shifts in decision bounds on each di-
mension. For example, in the top left, the vertical bound is
shifted to the left (toward the “low” level) below the horizontal
bound and to the right (toward the “high” level) above it,
while the horizontal bound is shifted down (“low”) to the left
of the vertical bound and up (“high”) to the right. The top right
panel shows the opposite pattern. In each case, the central
region of perceptual space is partitioned by a diagonal line
connecting the points at which the shifted bounds meet.

This is not the only possible method for partitioning the
perceptual space, though. The middle row of Fig. 9 depicts
another possibility. In these two models (and the model in

the top left panel), the decision bound shifts are identical, but
the center region is partitioned differently. There is no obvious
a priori reason to prefer themodels in the top panels as opposed
to the middle panels in Fig. 9. Although they undoubtedly
produce distinct patterns of predicted response probabilities, in
all likelihood, shifts in perceptual distribution means and cor-
relations are likely able to mimic these patterns as well.

An analogous problem arises when the decisional inter-
actions are “inconsistent,” two examples of which are
shown in the bottom two panels of Fig. 9. Here, again, the
center region can be partitioned in more than one way for a
given shift in the decision bounds.

To the best of our knowledge, this issue has not previ-
ously been noted. As was noted above, a Gaussian GRT
model with piecewise failure of decisional separability was
found to be the best-fitting model in at least one empirical
study (Ashby & Lee, 1991, Fig. 6, p. 161). While the
regions affected by the problem described here were very
small and, so, unlikely to have large empirical consequences
had a different bound connection method been chosen, it is

Fig. 9 Piecewise bound
interactions
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interesting to note that this ambiguity is not addressed in the
study in question.

In summary, our simulations indicate that models with
piecewise failure of decisional separability on one dimension
and decisional separability on the other can be very closely
mimicked by models in which decisional separability holds
and perceptual separability and independence fail. The con-
figurations of perceptual means and correlations in the piece-
wise model mimicry are verymuch as expected on the basis of
the analysis of the linear bound model presented above.

It is important to keep in mind that, as with the linear
decision model, these results are not restricted to cases in
which failure of decisional separability is accompanied by
the presence of perceptual separability and/or independence,
since piecewise failures of decisional separability serve to
shift predicted response probabilities in much the same way
that linear failures of decisional separability do, regardless
of any particular configuration of perceptual distributions.

In addition to this model mimicry, we have documented a
conceptual difficulty with modeling multiple simultaneous
piecewise decisional interactions. The conjunction of model
mimicry and conceptual ambiguities in the piecewise deci-
sion model make it, in our opinion, a poor model.

Interim discussion

These analyses show that in the linear and piecewise linear
decision bound models, failure of decisional separability is
not empirically testable in the two-by-two factorial identifi-
cation experimental paradigm. With linear decision bounds,
any model with failure of decisional separability may be
transformed into a model in which decisional separability
holds, and the transformation leaves the predicted response
probabilities unchanged. With piecewise linear decision
bounds, simulations indicate that failures of decisional sep-
arability can be mimicked by decisionally separable models
to a degree of accuracy high enough that empirical differ-
ences are not statistically detectable. (The piecewise linear
bound model also suffers from thorny conceptual problems.)
In both cases, the procedure for imposing decisional separa-
bility changes the perceptual distribution means and correla-
tions. If perceptual separability or perceptual independence
holds before the transformation, it will fail after it. If it fails
before the transformation, it will hold after it only if precisely
the right arrangement of pretransformation means and corre-
lations can be ensured. In addition, although regular mean-
shift integrality can be transformed simply into perceptual
separability, there is no general procedure for transforming
an arbitrary arrangement of perceptual distributions into one
in which perceptual separability or perceptual independence
holds.

So, what are the implications of these analyses? Given
that failure of decisional separability is not identifiable in the

factorial identification paradigm and associated GRT model,
and given that the presence of perceptual separability and
independence cannot, in general, be guaranteed a priori,
there is pragmatic value in simply assuming that decisional
separability holds (as in Wickens, 1992). First and foremost,
this assumption enables rigorous tests of perceptual separa-
bility and independence, through tests of marginal response
invariance (Ashby & Townsend, 1986; Silbert, 2010;
Thomas, 2001b; Wenger & Ingvalson, 2003), through com-
parison of marginal signal detection parameters (Kadlec &
Townsend, 1992a; Thomas, 2001b; Wenger & Ingvalson,
2003), or through model fitting and comparison (Olzak &
Wickens, 1997; Silbert et al., 2009; Thomas, 2001b;
Wickens, 1992).

Of course, assuming a priori that decisional separability
holds requires a theoretical commitment that may be incor-
rect. We are not suggesting that decisional interactions are
impossible or even unlikely, and the analysis reported above
does not rule out the possibility that extensions of appropri-
ate experimental methodology and associated models will
eventually enable direct tests of decisional interactions. For
example, identification of the full set and various subsets of
factorially constructed stimuli (e.g., Kadlec & Hicks, 1998)
and the use of (random samples from) predetermined stim-
ulus distributions (e.g., Ashby & Maddox, 1990, 1992) may
constrain the perceptual representations sufficiently to allow
decisional interactions to be (empirically) isolated.
Alternatively, base-rate and/or payoff manipulations (e.g.,
Silbert, 2010) may provide data sufficient to constrain ap-
propriately elaborated models. Similarly, analyzing response
times in addition to identification–confusion rates seems
likely to provide substantially more information about un-
derlying processes, which may also enable rigorous testing
of decisional interactions (see, e.g., Nosofsky & Stanton,
2005; Thomas, 2001b).

Redundancy, power, and false alarms in tests
of separability

An implicational relationship between tests of failure
of separability

Even with the assumption of decisional separability, there
are a number of options for testing perceptual separability
within the factorial identification paradigm. Namely, there
are tests of marginal response invariance (e.g., Ashby &
Townsend, 1986; Thomas, 2001a, 2001b) and marginal
signal detection parameter comparisons (e.g., Kadlec &
Townsend, 1992a; Thomas, 2001b). We turn now to con-
sideration of an apparently thus far undocumented implica-
tional relationship between these tests of separability. For
clarity, we will focus our discussion on the A dimension, but
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everything we describe applies to the B dimension with
appropriate changes in the symbols and their subscripts.
Recall that marginal response invariance holds for aj
responses to the Ah stimuli if, for j, h 0 1, 2,

Pr aj; b1 Ah;B1j� �þ Pr aj; b2 Ah;B1j� �
¼ Pr aj; b1 Ah;B2j� �þ Pr aj; b2 Ah;B2j� �

:

Or, more simply, if

Pr aj Ah;B1j� � ¼ Pr aj Ah;B2j� �
:

With stimuli specified for “low” and “high” levels, there
are two available tests of marginal response invariance on
each dimension. Marginal response invariance may hold or
fail for h 0 1 (i.e., the stimulus A component at the “low”
level), and it may simultaneously hold or fail for h 0 2 (i.e.,
the stimulus A component at the “high” level). It is also true
that, in the two-by-two experiment and model, for a given
value of h, Pr(a1|Ah,B1) 0 1−Pr(a2|Ah,B1), by the law of total
probability. Hence, for a given stimulus level, if marginal
response invariance holds (or fails) for “low” responses, it
also holds (or fails) for “high” responses.

Thus, if marginal response invariance holds for h01, then

Pr a2 A1;B1jð Þ ¼ Pr a2 A1;B2jð Þ:
And if marginal response invariance holds for h02, then

Pr a2 A2;B1jð Þ ¼ Pr a2 A2;B2jð Þ:
Now, d'A,B1 is estimated from the data using a difference

of z transforms (i.e., inverse normal CDFs) of the appropri-
ate “hit” and “false alarm” probabilities:

d0A;B1 ¼ z Pr a2 A2;B1jð Þð Þ � z Pr a2 A1;B1jð Þð Þ:
Similarly, d'A,B2 is estimated from the data as

d0A;B2 ¼ z Pr a2 A2;B2jð Þð Þ � z Pr a2 A1;B2jð Þð Þ:
If marginal response invariance holds for “high”

responses (i.e., for j 0 2), then the z transform terms to the
right in the d'A,B1 and d'A,B2 formulas are equal to one
another:

z Pr a2 A1;B1jð Þð Þ ¼ z Pr a2 A1;B2jð Þð Þ:
And if marginal response invariance holds for “low”

responses (i.e., for j 0 1), then the z transform terms to the
left in the d'A,B1 and d'A,B2 formulas are equal to one another
as well:

z Pr a2 A2;B1jð Þð Þ ¼ z Pr a2 A2;B2jð Þð Þ:

Hence, if marginal response invariance holds for j 0 h 0

1, then it also holds for j 0 2 and h 0 1. Importantly, if
marginal response invariance simultaneously holds for j 0

h 0 1 and j 0 h 0 2, then d'A,B1 0 d'A,B2. Note that the
converse is not true, since d'A,B1 0 d'A,B2 implies that

z Pr a2 A2;B2jð Þð Þ � z Pr a2 A1;B2jð Þð Þ
¼ z Pr a2 A2;B1jð Þð Þ � z Pr a2 A1;B1jð Þð Þ:
Rearranging terms slightly, we see that equal marginal d'

values allow for equivalent failures of marginal response
invariance at each level (i.e., for h 0 1 and h 0 2):

z Pr a2 A2;B2jð Þð Þ � z Pr a2 A2;B1jð Þð Þ
¼ z Pr a2 A1;B2jð Þð Þ � z Pr a2 A1;B1jð Þð Þ:
A parallel line of reasoning shows that the presence of

marginal response invariance for both “low” and “high”
stimulus levels also implies that marginal response criteria
will be equal. This is because marginal response criteria are
estimated in a similar manner, with the same set of response
probabilities involved in the definition of marginal response
invariance. More specifically, marginal β values are estimat-
ed as follows:

bA;B1 ¼
f z Pr a1 A2;B1jð Þð Þð Þ
f z Pr a1 A1;B1jð Þð Þð Þ

and

bA;B2 ¼
f z Pr a1 A2;B2jð Þð Þð Þ
f z Pr a1 A1;B2jð Þð Þð Þ ;

where ϕ(c) indicates the standard Gaussian density function
evaluated at c. If marginal response invariance holds for h 0

1, the denominators in the marginal β are equal, and if it
holds for h 0 2, the numerators are equal. Hence, if marginal
response invariance holds for both h 0 1 and h 0 2, then βA,
B1 0 βA,B2. As with marginal d', though, that marginal β
values are equal does not imply that marginal response
invariance holds at either or both stimulus levels.

Of course, as was noted above, with suitable changes in
notation, this reasoning applies to marginal response invari-
ance, equal marginal d' and β values on the B dimension, as
well.

Empirical discrepancies between tests of failure
of separability

Given this implicational relationship between marginal re-
sponse invariance and marginal signal detection parameter
comparisons, it is perplexing that, for example, Wenger and
Ingvalson (2002, 2003) reported a fairly large number of
cases in which these implicational relationships are violated,
particularly cases in which marginal response invariance
holds, marginal d' values are equal, yet marginal response
criteria are unequal.
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It may be that differences in the statistical power and
propensity for false alarms in the tests of marginal response
invariance and marginal signal detection comparisons ac-
count for these observed discrepancies. In order to investi-
gate this possibility, we simulated GRT models with d'A,B1
fixed at 1.5 and values of d'A,B2 ranging from d'A,B1−1 (0.5)
to d'A,B1+1 (2.5) in increments of 0.2. For one set of simu-
lations, the perceptual distributions at the B2 level were
equidistant from the point halfway between the B1 percep-
tual distributions, so that salience changes across B levels
caused failures of perceptual separability in these simula-
tions (e.g., the top two panels of Fig. 10). For a number of
other simulations, the means of the perceptual distributions
at the B2 level were shifted relative to this midpoint, so that
the effects of mean-shift failure of separability could be
tested in conjunction with salience-induced failures of per-
ceptual separability (e.g., the bottom two panels of Fig. 10).
For each fixed d'A,B1 and each shift of the B2 distributions,
values of d'A,B2 were manipulated as in the symmetric
simulations.

For the symmetric and shifted models, simulations were
run with each of three vertical decision bound locations: at
the midpoint between the B1 perceptual distributions (i.e.,
with no response bias on the A dimension at the B1 level),
halfway between the midpoint and the LL distribution mean
(i.e., with a bias toward a2, or “high,” responses at the B1

level), and halfway between the midpoint and the HL dis-
tribution mean (i.e., with a bias toward a1, or “low,”
responses at the B1 level).

Figure 10 illustrates a range of the models simulated for
the tests of marginal response invariance and marginal d'
comparisons. The top two panels illustrate two cases in
which the B2 perceptual distributions are arranged symmet-
rically about the midpoint between the B1 perceptual distri-
butions. The bottom two illustrate cases in which the B2

distributions are shifted to the right. The three vertical
bounds in each panel illustrate the three response criteria
simulated for each pair of d'A values. Because marginal d'A,
B2 values reflect the (variance-normalized) distance between
the marginal B2 distribution means, not the location of the
B2 distributions relative to the B1 distributions, marginal d'A
values calculated from the simulated data will be
(appropriately) equal across B levels (at the middle d'A,B2
value) even though perceptual separability fails in all of the
shifted models.

For each combination of d'A values, response criterion, and
distribution mean shift, we generated 1,000 data sets, each of
which consisted of response counts for 800 trials (200 per
stimulus) generated as multinomial random variables param-
eterized by the modeled response probabilities. For each data
set, we tested marginal response invariance for “correct rejec-
tions” and “hits” (i.e., for “low” responses to low stimuli and

Fig. 10 Marginal response
invariance vs. d' comparison
simulation illustration
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for “high” responses to high stimuli), equality of marginal d'A,
B1 and d'A,B2, and equality of marginal cA,B1 and cA,B2 (where
cA,Bk 0 log(βA,Bk)/d'A,Bk, which expresses the response criteri-
on as a standardized deviation from the crossover point of the
marginal perceptual distributions; see Silbert, 2012).

Note that in the cases illustrated in the top two panels in
Fig. 10, the symmetry of the B2 perceptual distributions
about the midpoint between the B1 distributions implies
equal marginal cA,Bk values. On the other hand, in the cases
in which the B2 distributions are shifted (as in the bottom
two panels), the marginal cA,Bk values should be (correctly)
found to be unequal. All tests were conducted as described
in Thomas (2001b).

We illustrate a subset of the simulation results for one
value of d'A,B1 (1.5) and one value of shift in the B2 distri-
butions (0.1), since the same general pattern was observed
across different d'A,B1 baselines and B2 mean shifts. For each
set of simulations, we plot the proportion (of 1,000 simula-
tions) of statistically significant tests. In the left panels, we plot
results for d', c, and “d' or c” (indicating statistical significance
for either one or both tests). In the right panels, we plot results
for tests of marginal response invariance for “correct rejec-
tions” (CR, “low” responses), “hits” (H, “high” responses),
and “or” (either one or both tests significant).

Figure 11 shows the results for the no-shift (i.e., symmet-
ric) results (illustrated in the top two panels of Fig. 10). In
all panels, the x-axis indicates the true difference in marginal

d' values. The top panels show results for the leftmost
response criterion shown in Fig. 10, the middle panels show
results for the middle criterion, and the bottom panels show
results for the rightmost criterion. In each left panel, filled
circles indicate the proportion of statistically significant
marginal d' differences, open circles indicate the proportion
of statistically significant marginal c differences, and open
diamonds indicate the proportion of simulations in which
either one of these comparisons was statistically significant.
In the right panels, upward-pointing open triangles indicate
the proportion of statistically significant tests of marginal
response invariance for “correct rejections,” downward-
pointing open triangles indicate the proportion of statistical-
ly significant tests of marginal response invariance for
“hits,” and the upward-pointing filled triangles indicate the
proportion of simulations in which either one of the mar-
ginal response invariance tests was statistically significant.

First, consider the filled circles in the left panels and the
open triangles in the right panels. Both exhibit the expected
general pattern of detecting large failures of perceptual
separability, as indicated by values near 1.0 at the left and
right extremes of the x-axis in each panel and much lower
values near the center of the x-axis. Note, however, that
when the marginal d' values are, in fact, equal (i.e., in the
middle of the x-axis in each panel), the marginal d' compar-
isons produce false alarms (i.e., inappropriately statistically
significant tests) in 30 % of simulations, whereas the

Fig. 11 Marginal response
invariance vs. d' comparison, no
B2 shift
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marginal response invariance tests produce false alarms in
only 5 % of simulations. On the other hand, the marginal
response invariance tests miss more true failures of percep-
tual separability. Only about 50 % of simulations produce
statistically significant tests indicating failure of marginal
response invariance when the true magnitude of the differ-
ence in d' values is 0.5, whereas marginal d' comparisons
produce statistically significant tests in 95 % of these cases.

The marginal c comparisons (open circles, left panels)
also produce false alarms in 25 %−30 % of simulations, and
the union of the d' and c tests (open diamonds, left panels)
produces false alarms in over 50 % of simulations. The
union of “correct rejection” and “hit” marginal response
invariance tests, by way of comparison, produces low false
alarm rates (around 10 %) and exhibits somewhat higher
sensitivity to true failures of perceptual separability than
either test does alone.

Figure 12 shows the results for the simulations with a 0.1
rightward shift in both B2 distributions (illustrated with two
different levels of salience at the B2 level in the bottom two
panels of Fig. 10). The overall pattern is similar to the
simulation results described above, although a number of
differences are worth noting. First, the marginal c compar-
isons produce about twice as many statistically significant
tests. This is, of course, appropriate, since the decisionally
separable vertical bounds and the asymmetry in the arrange-
ment of the perceptual distributions should produce unequal

marginal response criteria. Note, too, that when the marginal
d' values were, in fact, equal (as described above), percep-
tual separability still failed due to shifts in the B2 means.
Taking equal marginal d' values as even weak evidence for
perceptual separability can then lead the careless or unwary
to take (correct) detection of different marginal c values to
erroneous inferences about (failure of) decisional separabil-
ity (e.g., Kadlec & Townsend, 1992a, Fig. 8, p. 352).

Second, the shift in the decision bounds changes the
relative sensitivity of the two marginal response invariance
tests. With the leftmost criterion, the “correct rejection” tests
are more sensitive than the “hit” tests (the upward-pointing
open triangles take more higher values than do the
downward-pointing open triangles in the top right panel),
with the opposite pattern produced by the simulations with
the rightmost criterion (bottom right panel). The two mar-
ginal response invariance tests exhibit roughly equal sensi-
tivity with the middle criterion (middle right panel). The
bound shifts (appropriately) have no effect on the marginal
signal detection comparisons.

Finally, the curves corresponding to the two marginal
response invariance tests are shifted, while the curve indi-
cating the union of the two tests looks roughly the same as
the corresponding curve in the nonshifted simulations. Note
that even when the marginal d' values are, in fact, equal,
there is a failure of perceptual separability due to the shift in
the B2 distributions. Because the marginal d' comparison tests

Fig. 12 Marginal response
invariance vs. d' comparison,
+0.1 B2 shift
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cannot detect mean shift failures of separability, the statisti-
cally significant tests of marginal d' inequality in the middle of
the left panels in Fig. 12 represent false alarms. On the other
hand, with the a priori assumption of decisional separability,
the marginal response invariance tests can detect mean shift
failure of perceptual separability, as the 25 % statistically
significant (conjunction) tests in the right panels indicate.

These simulations indicate that marginal signal detection
tests in GRT have surprisingly high false alarm rates, al-
though it is beyond the scope of this article to investigate
why this is the case. Suffice it say that follow-up work
exploring this issue is called for.

What’s a perceptual and decisional modeler to do?

We have shown that failure of decisional separability is
not identifiable in Gaussian GRT models with either
linear or piecewise linear decision bounds. On the basis
of these results, we argue that the assumption of deci-
sional separability is both practically useful and less
presumptive than assumptions of perceptual separability
and independence.4 We also showed that if marginal
response invariance holds, marginal d' and c values
should be equal. Noting that empirical violations of this
implication have been reported, we ran simulations show-
ing that tests of marginal response invariance, properly
administered, are at least as informative as and far less
prone to erroneous inferences than marginal signal detec-
tion parameter comparisons.

These results seem to bode ill for the concept of deci-
sional interactions in GRT in the factorial identification
paradigm. We conclude by providing a brief description of
revised recommendations for testing perceptual separability
(and perceptual independence, at least incidentally).

Revised recommendations for testing separability

How best to test separability, then? The implicational
relationship between marginal response invariance and
marginal signal detection comparisons and the substan-
tially greater propensity of the latter to produce false
alarms militate against the use of marginal signal detec-
tion tests. We recommend either of two courses of action
(or both) for testing separability in factorial identification
data.

First, full Gaussian GRT model fitting (and comparison)
has long been established as a useful method for investigating

the presence or absence of perceptual interactions. For exam-
ple, the algorithm described by Wickens (1992) has been
profitably employed in a number of visual perception experi-
ments (e.g., Olzak & Wickens, 1997; Thomas, 2001b). This
algorithm assumes that decisional separability holds (as do
others; e.g., the multilevel Bayesian Gaussian GRT model
described in Silbert, 2012). The original motivation for this
was the observation that the full (two-by-two) Gaussian GRT
model that allows failure of decisional separability has more
free parameters than the associated data do degrees of free-
dom. By showing that identifiability of failure of decisional
separability is not simply a matter of free parameters and
degrees of freedom, the analytic results described above give
this assumption a firmer theoretical and pragmatic foundation.
Model fitting (and comparison) have the added benefits of
allowing simultaneous testing of (failure of) perceptual inde-
pendence and separability, as well as producing readily inter-
pretable and intuitive figures (along the lines of most of the
figures used here). Naturally, if evidence for perceptual
separability and/or perceptual independence can be gar-
nered outside of the factorial identification experimental
protocol, this could be reflected by restricting otherwise
free (perceptual) parameters in the model, which would, in
turn, enable explicit modeling of possible failures of deci-
sional separability.

Given that the lion’s share of the free parameters in a
Gaussian GRT model govern the perceptual distributions,
model simplicity may also adjudicate between perceptual
and decisional interactions. Consider, for example, a hypo-
thetical case in which a factorial identification–confusion
matrix could be accounted for equally well by, on the one
hand, a model with perceptual independence, perceptual
separability, and (linear) failure of decisional separability
and, on the other, a model with decisional separability and
failure of both perceptual independence and perceptual sep-
arability. The perceptual distributions in the former require
only two free parameters, and the failure of decisional
separability requires, at most, two additional free parameters
(one for each bound). By way of comparison, allowing
failure of both perceptual independence and perceptual sep-
arability requires three free parameters for each perceptual
distribution.5

Second, tests of marginal response invariance, properly
administered, are very informative. It is crucial to test
marginal response invariance at both levels on each di-
mension, and it is very important to construct the test

4 Other researchers have adapted the feature-complete factorial design
to help encourage the use of decisionally separable strategy, as in
Wickens and Olzak's (1989) use of concurrent feature ratings rather
than a single identification response for each stimulus.

5 In the two-by-two factorial identification task and model, marginal
means and variances are not separately identifiable, since an increase
in, for example, the distance between means may be offset by an
increase in the marginal variances. Hence, each perceptual distribution
has either two free mean parameters and one free correlation parameter
with fixed marginal variances or fixed marginal means and free vari-
ance and covariance parameters.
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statistics carefully, since the signs of the test statistics
provide valuable information about the relative locations
of the underlying perceptual distributions. For j 0 1, 2,
the test statistic for each level on the A dimension is as
follows (Thomas, 2001a):

zaj ¼
Pr ajjAj;B2

� �� Pr ajjAj;B1

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p* 1� p*ð Þ n�1

Aj;B1
þ n�1

Aj;B2

� �r :

Note that the numerator is the proportion of aj responses
to the Aj, B2 stimulus minus the proportion of aj responses to
the Aj, B1 stimulus. As for the terms in the denominator, p*
is the proportion of aj responses to both of these stimuli, and
nAjBk is the number of presentations of the Aj, Bk stimulus.
This statistic is distributed as a standard normal, so values
with magnitude greater than, for example, 1.96 are statisti-
cally significant for α 0 .05.

These terms relate directly to the underlying model (see,
e.g., Fig. 1). If j 0 1, the left term in the numerator is an
estimate of the proportion of the LH perceptual distribution
to the left of the vertical decision bound, and the right term
is an estimate of the proportion of the LL distribution in the
same response region. If j 0 2, the left and right terms are
estimates of the proportions of the HH and HL distributions,
respectively, to the right of the vertical bound. The denom-
inator is the pooled variance of the probability estimates in
the numerator.

The analogous test statistic for testing marginal response
invariance on the B dimension is

zbi ¼
Pr bijA2;Bið Þ � Pr bijA1;Bið Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p* 1� p*ð Þ n�1

A1;Bi
þ n�1

A2;Bi

� �r :

Consider the model depicted in Fig. 1. If the test statistics
for “low” responses to the LL and LH and “high” responses
to the HL and HH stimuli are calculated according to these
formulas, they will both have positive values, since a greater
proportion of the LH distribution is to the left of the vertical
bound, relative to the LL distribution, and a greater propor-
tion of the HH distribution is to the right of the vertical
bound, relative to the HL distribution. By way of contrast, in
a model with mean-shift integrality (e.g., Fig. 5), the statistic
testing marginal “low” responses to the LL and LH stimuli
will be negative, and the statistic testing marginal “high”
responses to the HL and HH stimuli will be positive, since
the LH and HH distributions are both shifted rightward, so a
smaller proportion of each is to the left of the vertical bound
and a greater proportion of each is to the right of the vertical
bound, relative to the LL and HL distributions. With appro-
priate changes in notation, the same line of reasoning
applies to tests of marginal response invariance on the
vertical dimension.

Conclusion

Mack et al. (2011) presented evidence of serious flaws in the
methods for drawing inferences about perceptual and deci-
sional interaction in the GRT framework using MSDA
(Kadlec, 1995, 1999). We present analytic and simulation-
based results showing that the problems discussed by Mack
et al. are just the tip of the iceberg.

With the linear decision model, failure of decisional
separability is never identifiable in the Gaussian GRT mod-
el. We showed that rotation and shear transformations pre-
serve predicted response probabilities while simultaneously
imposing decisional separability on any model with a failure
of decisional separability. If such a model initially exhibits
perceptual separability, after these transformations it will
not. We also showed that simultaneous shear transforma-
tions on the x and y dimensions will transform a model with
decisional separability and mean-shift failure of perceptual
separability into a model with perceptual separability and
failure of decisional separability. On the other hand, models
without perceptual separability (or perceptual indepen-
dence) cannot, in general, be linearly transformed into mod-
els with perceptual separability (or independence).

We then presented simulation-based results for the piece-
wise linear decision model, and we described previously
unnoted ambiguities that arise when piecewise decisional
interactions are modeled simultaneously on each of two
dimensions. Our simulations show that piecewise failure of
decisional separability can be mimicked extremely closely
by appropriate shifts in perceptual distribution means and
changes in perceptual correlations. As with the linear deci-
sion model, failure of decisional separability is not identifi-
able in the piecewise decision model.

These analytic and simulation results lead us to conclude
that the decision bounds in Gaussian GRT function, in part,
to define the modeled perceptual space. For theoretical and
pragmatic reasons, then, in the factorial identification GRT
experimental paradigm and model-based analyses, an a pri-
ori assumption that decisional separability holds is reason-
able and appropriate. The assumption of decisional
separability also has pragmatic value in that, by making this
assumption, we can engage powerful theoretical and statis-
tical machinery to draw strong inferences about perceptual
separability and independence. We hasten to reiterate our
hope that extensions of experimental methodology and an-
alytic machinery will eventually enable the tests of decision-
al interactions that we have shown to be unavailable in
factorial identification data and the associated model.

However, not every tool in the GRT framework is as
theoretically or statistically sound as we might hope. We
also describe a previously unnoted implicational relation-
ship between tests of marginal response invariance and tests
comparing marginal signal detection parameters, showing
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that if marginal response invariance holds (when properly
tested), marginal signal detection parameters should be
equal. Reports contradicting this implication led us to test
the power and propensity of these two sets of tests to
produce false alarms. Simulations of factorial GRT identifi-
cation data for a number of model configurations show that
marginal signal detection tests have unnervingly high rates
of false alarms. These tests produced incorrect statistically
significant differences in 25 %−30 % of simulations. The
corresponding tests of marginal response invariance had
substantially lower rates of false alarms and somewhat low-
er power than the marginal signal detection tests.

On the basis of the full suite of analytic and simulation
results, when GRT is used in the factorial identification
paradigm, we recommend that decisional separability be
assumed a priori and that factorial identification data be
analyzed either by full Gaussian GRT model fitting or by
carrying out tests of marginal response invariance on correct
responses at each stimulus level on each dimension (or
both). Gaussian GRT model fits enable rigorous statistical
tests of perceptual separability and perceptual independence
and provide clear, concise visual representations of modeled
perceptual space and (decisionally separable) response
rules. Carefully and thoroughly conducted tests of marginal
response invariance also provide clear and compelling in-
formation about the configuration of perceptual distributions
in perceptual space, detecting even mean-shift failures of
perceptual separability (by virtue of the assumption of deci-
sional separability). These two approaches to drawing infer-
ences in the GRT framework obviate the need to calculate
and compare marginal signal detection parameters.

Although we provide a sketch of updated recommenda-
tions for carrying out GRT-based analyses, a full tutorial on
the use of GRT is beyond the scope of this article. However,
such a tutorial is called for, given the implications of the
results reported here. We are currently writing an updated
tutorial that takes these results into account.

Appendix

We restate the propositions regarding identifiability in linear
bound models and provide formal proofs below each
restatement.

i. Any perceptually separable but decisionally nonsepar-
able configuration can be transformed to a configuration
that is perceptually nonseparable, decisionally separable,
and equivalent with respect to predicted response
probabilities.

Proof Figure 2 diagrams the antecedent scenario. Without
consequence, we can assume that the angle between the cy

bound and the x-axis, ϕ, is less than π/2 in magnitude. By
virtue of the properties of multivariate normal random var-
iables and elementary linear algebra, it suffices to show that
there exists a linear transformation that is invertible, which,
when applied to the entire configuration (means, covariance
matrices, and decision bounds) produces the desired config-
uration. Probabilities will be preserved under such a trans-
formation due to the change of variable laws of measure
theory (Billingsley, 2012). Such a linear transformation is
the composition of a rotation, L1, and shear6 L2, where

L1 ¼ cos f � sin f
sin f cos f

� �
;

with ϕ 0 angle between the cy bound and the x-axis, and

L2 ¼ 1 � 1
tanw

0 1

� �
;

where ω is the angle between the two decision bounds.
Because the configuration is translation invariant (see

footnote 3), we center it—that is, assign the origin (0, 0)
to coincide with the intersection of the decision bounds, cx
and cy. Perceptual separability implies that the four stimulus

means form a rectangle, μ11 ¼ x1
y1

� �
; μ12 ¼ x1

y2

� �
; μ21

¼ x2
y1

� �
, and μ22 ¼ x2

y2

� �
. In the two-by-two case, means

on one dimension are not separately identifiable from the
(common) variance, since the corresponding dimension can
be rescaled to achieve unit variance. Hence, without loss of
generality, each variance–covariance matrix for stimulus Sij

is
P

ij ¼
1 ρij
ρij 1

� �
, where ρij is the correlation coefficient.

Application of the rotation, L1, produces the new config-
uration of means and covariance matrices (Flury, 1997):

μ
0
11 ¼ L1μ11 ¼ x1 cos f� y1 sin f

x1 sin fþ y1 cos f

� �

μ
0
12 ¼ L1μ12 ¼ x1 cos f� y2 sin f

x1 sin fþ y2 cos f

� �

μ
0
21 ¼ L1μ21 ¼ x2 cos f� y1 sin f

x2 sin fþ y1 cos f

� �

μ
0
22 ¼ L1μ22 ¼ x2 cos f� y2 sin f

x2 sin fþ y2 cos f

� �

6 The matrix in Ashby and Townsend (1986, Theorem 2, and repeated
in Thomas, 1999) is incorrect. The lower right-hand element should be
1, not sin θ.
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andX0

ij
¼ L1ΣijL

T
1 ¼ 1� 2ρij sin f cos f ρij cos

2f� sin2fð Þ
ρij cos

2f� sin2fð Þ 1þ 2ρij sin f cos f

� �
;

with c
0
x ¼ L1 cxð Þ and c0

y ¼ L1 cy
� �

. The rotated configuration
is displayed in Fig. 3.

To render a new criterion c
0 0
x on component A that is

perpendicular to c
0
y , we shear in the (negative) x-direction

through angle, π/2–ω, via L2 ¼ 1 � 1
tanw

0 1

� �
. The new

stimulus distribution mean parameters are

μ
0 0
11 ¼ x1 cos f� y1 sin f� x1

cos f
tanw � y1

sin f
tanw

x1 sin fþ y1 cos f

� �

μ
0 0
12 ¼ x1 cos f� y2 sin f� x1

cos f
tanw � y2

sin f
tanw

x1 sin fþ y2 cos f

� �

μ
0 0
21 ¼ x2 cos f� y1 sin f� x2

cos f
tanw þ y1

sin f
tanw

x1 sin fþ y1 cos f

� �

and

μ
0 0
22 ¼ x2 cos f� y2 sin f� x2

cos f
tanw þ y2

sin f
tanw

x2 sin fþ y2 cos f

� �
;

and the covariance matrix for Sij is

X0 0

ij
¼ 1þ 1

tan2w þ 2ρij
cos2f�sin2fð Þ

tanw þ sin f cos f 1
tan2w � 1
� �� �

ρij cos
2f� sin2fð Þ � 1

tan2w

ρij cos
2f� sin2fð Þ � 1

tan2w 1þ 2ρij sin f cos f

0
@

1
A:

In the special case that perceptual independence holds ini-
tially (i.e., ρij 0 0 for all i, j 0 1, 2), the new correlation
coefficient is determined solely by the angle, ω, between the
original decision criteria. This was intuited in Theorem 2 of
Ashby and Townsend (1986), which related nonorthogonality
of perceptual axes in the Tanner (1956) signal detection model
to the correlation parameter within stimulus distributions in
GRT (see Thomas, 1999, 2003, for further related issues). One
part of the conceptual confusion in that early work arises from
the fact that the “perceptual” axes in the Tanner model are
actually decisional axes in GRT. This is implicit in the compu-
tation of an empirical d’, which is actually a function of
decisional, not perceptual, axes (see especially Thomas,
2003). The effect of the transformation on the means of the
perceptual distributions is also not discussed in Ashby and
Townsend’s Theorem 2. This is clarified here and also (along
with other issues) in Thomas (1999, 2003). Figure 4 shows the
final result.

The proof above shows that any linear-bound Gaussian
GRT model with failure of decisional separability can be
transformed into an empirically equivalent model with de-
cisional separability. However, not every Gaussian GRT
model with failure of perceptual separability (or indepen-
dence) can be transformed into an empirically equivalent
model with perceptual separability (or independence).

In order to prove this, we make use of the fact that if, and
only if, the vector v is parallel to the vector w, then v 0 cw for
some nonzero scalar c. Equivalently, if v is not parallel to w,
then v ≠ cw, or, rearranging terms, v − cw ≠ 0, for all nonzero
c.

Consider the “left” and “right” sides of the quadrilateral
described by the perceptual distribution means (i.e., the
chords connecting, on the one hand, the LH and LL means
and, on the other, the HH and HL means). Let v 0 μLH − μLL
and letw 0 μHH − μHL, with μij ≠ μhk for i ≠ h and/or j ≠ k (i.e.,
the perceptual distribution means are all distinct). As was
stated above, if, and only if, v∥w, then v − cw 0 0. Apply
an arbitrary linear transformation with matrix B (where B is
not the zero matrix), and B(v − cw) 0 0 is also true. Hence, if
the “left” and “right” sides of the quadrilateral are parallel
before the transformation, they will be parallel after the trans-
formation, too. The transformation induced by B may or may
not align these sides with the y-axis, too, but if not, an
additional rotation transformation can do so. If the covariance
matrices are appropriately structured, the marginal variances
will also be equal, and the configuration will exhibit percep-
tual separability on the horizontal dimension. With appropri-
ate changes to the subscripts, the same argument applies to the
“top” and “bottom” sides of the quadrilateral. We leave the
conditions on the covariance matrices unstated, noting simply
that parallel sides are a necessary condition for a configuration
without perceptual separability to be linearly transformable
into a configuration with perceptual separability.

On the other hand, if v is not parallel tow, then v − cw ≠ 0.
Multiply byB to get B(v − cw) ≠ 0; if the sides are not parallel
before a linear transformation, they are not parallel after a
linear transformation either. Parallel sides are a necessary
condition of perceptual separability, so no linear transforma-
tion can induce perceptual separability in a configuration with
means that describe a quadrilateral with nonparallel sides
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(e.g., the configuration illustrated in Fig. 1). Note that, if B is
the zero matrix, then B(v − cw) 0 0, but because we assumed
that the distribution means are distinct, this solution does not
preserve predicted response probabilities, since after transfor-
mation, all the distributions have identical (0,0) means.

Finally, we note that any two perceptual distributions
with distinct covariance matrices will have distinct covari-
ance matrices after applying the same linear transformation
to each. Hence, there are configurations without perceptual
independence that cannot be linearly transformed to config-
urations with perceptual independence.

ii. Any configuration that exhibits decisional separability
and mean shift integrality for all perceptual distributions
is equivalent (in terms of predicted response probabili-
ty) to a configuration that exhibits perceptual separabil-
ity but not decisional separability.

Proof Figure 5 diagrams a configuration with mean shift
integrality and decisionally separable bounds, cx || (0, 1) and
cy || (1, 0) (where || indicates ‘is parallel to’). The four means

are μ11 ¼ leftð0; 0Þ;μ12 ¼ Δx;μy

� �
;μ21 ¼ μx;Δyð Þ; and

μ22 ¼ μx þΔx;μy þΔy
� �

: For the sake of simplicity, and

without loss of generality, we assume a common covariance

matrix—namely,
P

ij ¼
1 ρij
ρij 1

� �
¼ 1 ρ

ρ 1

� �
. Also with-

out loss of generality (see footnote 3), we set the mean of the
S11 distribution equal to the origin. This mean-shift integral
arrangement of the means can be generated by transforming
the unit square with vertices (0,0), (0,1), (1,0), and (1,1) with a
linear transform that simultaneously scales and shears on the
x- and y-axes. This transformation is the matrix

< ¼ μx Δx
Δy μy

� �
;

whose inverse is

<�1 ¼ 1

μxμy �ΔxΔy
μy �Δx

�Δy μx

� �
:

Hence, applying <−1 to the mean-shift integral configura-
tion (and bounds) graphed in Fig. 5 renders the four means
into a unit square—a clearly perceptually separable result. The

new decision bounds are c
0
x

1
μxμy�ΔxΔy

�Δx
μx

� � �Δx
μx

� �				
				

and c
0
y

1
μxμy�ΔxΔy

μy

�Δy

� �
μy

�Δy

� �				
				 , and the new covari-

ance matrix common to all distributions is

1

μxμy �ΔxΔy

 !2
μ2
y � 2ρμyΔxþ Δxð Þ2 �μyΔyþ ρμxμy þ ρΔxΔy� μxΔx

�μyΔyþ ρμxμy þ ρΔxΔy� μxΔx μ2
x � 2ρμxΔyþ Δyð Þ2

 !
:

The post-inverse-transformation model is shown in
Fig. 6. In the special case in which perceptual independence
holds (i.e., ρ 0 0) in the original mean-shift integral config-
uration, the perceptually separable configuration will exhibit
a perceptual dependence within distributions. This new cor-
relation is equal to the cosine of the angle between the

vectors
μx

μy

� �
and

Δx
Δy

� �
.
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