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Abstract The most prominent models of numerical represen-
tation posit that numerical symbols are converted into a single
internal, abstract representation prior to estimation and com-
parison processing. Here, we (1) provide a mathematical
analysis of the predictions of the abstract-representation hy-
pothesis, assuming the validity of the analog-representation
hypothesis, (2) run a simulation to assess the patterns of data
that result from our mathematical analysis, and (3) conduct
two experiments to test the predictions of our model, using
relative frequencies as inputs. We assess relative frequencies
in a typical numerical distance task, whereby participants are
presented with two relative frequencies and asked to identify
the one that represents the larger quantity. Our data reveal that
relative frequencies’ numerical representations (1) are analog
and (2) are scale-specific (i.e., nonabstract).
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Current research has suggested that numerical symbols are
associated with a psychological representation of quantity that
is independent of the format of the numerical symbol (i.e.,
abstract) and that has features similar to physical quantities
(i.e., is analog; e.g., Carey, 2001; Dehaene, 1992). The former
is often referred to as the abstract-representation hypothesis,
and the latter is referred to as the analog-representation hy-
pothesis. Here, we (1) provide a mathematical analysis of the
predictions of the abstract-representation hypothesis, assum-
ing the validity of the analog-representation hypothesis, (2)
run a simulation to assess the pattern of data that will result

from our mathematical analysis, and (3) conduct two experi-
ments to test the predictions of that model using relative
frequencies as inputs.

In a classic experiment, Moyer and Landauer (1967) pre-
sented participants with two numbers side by side and asked
them to determine which number was larger. The authors
found that participants’ response times (RTs) were an inverse
function of the numerical distance between the two numbers
presented. Moyer and Landauer determined that this effect,
now known as the distance effect, is well described by the
Welford (1960) function:

RT ¼ aþ k � log L L� Sð Þ=½ �;
where a and k are constants, L is the larger number being
compared, and S is the smaller number being compared.
Because the time that it takes observers to distinguish between
two stimuli in which quantity is inherent, like line length, also
exhibits the Welford function, the authors concluded that
numerical stimuli are represented analogously to physical
quantities. The distance effect is robust and has been found
when comparing dots (Buckley & Gillman, 1974), single
Arabic digits (Buckley & Gillman, 1974; Dehaene, 1995;
Moyer & Landauer, 1967), verbal notations of numbers
(Dehaene & Akhavein, 1995), multidigit comparisons
(Dehaene, Dupoux, & Mehler, 1990; Hinrichs, Yurko, &
Hu, 1981; Zhang&Wang, 2005), and Japanese number words
(Takahashi & Green, 1983), among other stimuli.

Analogue representation

The proposition that the distance effect is a marker for
analog representation is widely accepted in the numerical
cognition literature (e.g., Dehaene, 1995; Dehaene et al.,
1990; Hinrichs et al., 1981; Zhang & Wang, 2005). This
proposition is based on the premise that a numerical symbol
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activates a psychological representation of quantity. It is
generally assumed that every time one views a symbol, its
associated quantity fluctuates a bit. So, when we view a
“15,” sometimes we understand it as slightly greater than
15, and sometimes slightly less. The psychological distribu-
tion of quantities that we associate with the numerical sym-
bol “15” describes our understanding of that numerical
symbol. This distribution can be summarized by its place-
ment on a psychological number line and its variance. The
time that it takes one to distinguish between two numbers is
hypothesized to be related to the amount of overlap between
the two associated psychological distributions. If the amount
of overlap is large, the RT will be long; if the overlap is
small, the RT should be short. The numerical distance effect
is hypothesized to emerge because numerically close numb-
ers have large overlaps of their distributions, and numeri-
cally distant numbers have small overlaps of their
distributions. This interpretation has been the foundation
of much of the numerical cognition literature to date.

One can express this description more precisely mathe-
matically. Let Θ represent the symbol for of a given number,
and let fT represent the transcoding operator that maps the
numerical symbol onto a psychological representation (y).
Here, the transformation from a numerical symbol to a
psychological representation can be expressed mathemati-
cally with the following equation:

y ¼ fT Θið Þ þ eT; ð1Þ

where the subscript i identifies the specific numerical sym-
bol represented, and eT represents perceptual variability
associated with the transcoding process. When comparing
two numerical symbols of the same stimulus class (e.g., two
integers Θi and Θi + n), both symbols are first transcoded
into psychological representations (y i and y i + n) before a
comparison occurs on those representations. Let fc represent
the comparison function that operates on the psychological
representations. The comparison process can be described
with the following equation:

yn ¼ fc fT Θið Þ þ eT; fT Θð Þi þ n þ eT
� �þ ec; ð2Þ

where ec represents the perceptual variability associated
with the transcoding process. Finally, the participant must
convert the psychological representation of the difference
(yn) into a response. The response is some function (r) of
the output. Here, the response is a physical reaction that is
timed (RT),

RT ¼ r ynð Þ: ð3Þ
RT will be monotonically related to that overlap of the per-
ceptual distributions ofΘi andΘi+n if (as is often assumed) r is
a monotone transformation function. Therefore, the numerical
distance effect is a predicted result of an analog psychological

representation of quantity. Simulations based on these
assumptions have successfully modeled the numerical dis-
tance effect in a number comparison task (e.g., Birnbaum &
Jou, 1990; Link, 1990).

It should be noted that, although the distance effect is
predicted by an analog representation, its presence is not
conclusive evidence of an analog representation. Verguts,
Fias, and Stevens (2005) presented a network model in
which the distance effect manifests from the response selec-
tion stage, rather than from the comparison stage described
above (but see Cohen Kadosh, Tzelgov, & Henik, 2008). To
make conclusions about the nature of the underlying repre-
sentations of quantity, as we attempt to do here, we must
accept one or the other model from which to base our
assumptions. In the present article, we work from the prem-
ise that the numerical distance effect arises from perceptual
distributions of quantity, as described above. If these
assumptions are falsified, the conclusions of the present
work will have to be reevaluated. We will return to address
the Verguts et al. model in the General Discussion.

Abstract representation

The most widely accepted architectures of numerical cogni-
tion have posited that all numerical symbols link to a single,
abstract representation of quantity (see Cohen Kadosh &
Walsh, 2009, for a review). The majority of experiments
examining the abstract-representation hypothesis have used
the various symbolic expressions of integers as the test
stimuli. Integers, however, are unique, because all symbolic
expressions of the same quantity share a number name (e.g.,
“five” and “5” share the name |faiv|) and are highly familiar.
Here, we tested the abstract-representation hypothesis using
relative frequencies. Relative frequencies (i.e., X in Y, where
X represents a position on a scale, and Y represents the scale)
are also a unique numerical format, because a single quan-
tity can be expressed on multiple scales. For example, the
same quantity could be presented as “2 in 4” or “1 in 2.” The
first example is presented as two parts on a scale of 4, and
the second example is presented as one part on a scale of 2.
By assessing relative frequencies, one can determine wheth-
er numerical representations are scale-specific.

We note here that although much of the data supporting
the abstract-representation and analog-representation hy-
potheses have been conducted on integers, the foundation
of the abstract-representation hypothesis is that the sources
of the distance effect are identical, regardless of the numer-
ical symbol used to express a quantity. As such, the abstract-
representation hypothesis assumes that there should be no
difference between the sources of the distance effect for real
numbers and integers (i.e., the comparison of an analog
representation of quantity). Below, we describe the
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predictions of the abstract-representation hypothesis in the
number comparison task.

One can assess the abstract-representation hypothesis by
asking an observer to compare the quantities of two numerical
symbols, wherein each symbol belongs to a different stimulus
class. For example, an observer may be asked to compare the
two following relative frequencies: “4 in 10,” “2 in 8.”

Here, we define a stimulus class as a relative frequency
with a specific scale. Therefore, the two presented relative
frequencies belong to two different stimulus classes (A and
B). Those positing an abstract representation system assume
that, when comparisons occur, both physical stimuli (e.g.,
ΘA and ΘB) are transcoded into abstract psychological
representations (yA and yB), a comparison process occurs
on the abstract representations (fc), and some output is
produced (yAB). This process may be described with the
following equation, which is a generalization of Eq. 2:

yAB ¼ fc fTA ΘAÞ þ eTA; fTB ΘBð Þ þ eTBð Þ þ ec:ð ð4Þ
Here, the transcoding process (fT) may be different for every
stimulus class, but the comparison process (fc) is constant,
because it operates on an abstract representation. So, although
the transcoding processes are linked to the stimulus class, and
therefore can vary with the stimulus class, the comparison
process is independent of stimulus class because it has no
direct access to that class. The comparison process only has
access to the abstract representations on which it operates.
Assuming Eq. 4, one can predict the output of the comparison
of two different stimulus classes from the outputs of each
individual stimulus class. That is, one can assess the specific
outputs in a relative-quantity task for Stimulus Class A
yA12 ¼ fc fTA ΘA1ð Þ þ eTA1; fTA ΘA2ð Þ þ eTA2½ � þ ecgf a n d

Stimulus Class B yB12 ¼ fc fTB ΘB1ð Þ þ eTB1; fTB ΘB2ð Þ½f þ
eTB2� þ ecg. If we assume that fc is a subtraction (the specific
form of the function is not important here), we get yA12 ¼ b�
fTA ΘA1ð Þ � fTA ΘA2ð Þ½ � þ eTA1 þ eTA2 þ e� , where β− is the
bias associated with the subtraction comparison process, and
e− is the error associated with the comparison process.
Stimulus Class B would be similar: yB12 ¼ b� fTB ΘB1ð Þ �½
fTB ΘB2ð Þ� þ eTB1 þ eTB2 þ e� . When one compares an ele-
ment in Stimulus Class A to an element in Stimulus Class
B, one gets yA1B2 ¼ b� fTA ΘA1ð Þ � fTB½ ðΘB2Þ� þ eTA1 þ
eTB2 þ e� and yA2B1 ¼ b� fTB ΘB1ð Þ � fTB ΘA2ð Þ½ � þ eTB1 þ
eTA2 þ e� . It is straightforward to demonstrate1 that the
sum of error variances eA1B2 + eA2B1 (i.e., eTA1 + eTB2 +
eTA2 + eTB1 + 2e−) should equal the sum of error variances
eA12 + eB12 (i.e., eTA1 + eTA2 + eTB1 + eTB2 + 2e−). That is, no
extra error should arise in the system. The presence of extra
error suggests that the abstract-representation hypothesis may
not be valid.

Relative frequencies

Here, we assess relative frequencies in a typical numerical
distance task, wherein the participants are presented with
two relative frequencies, one above the other, and asked to
identify whether the bottom quantity is larger or smaller
than the top quantity. Although several researchers have
assessed whether the numerical distance effect is exhibited
when numerical symbols expressing quantities between zero
and one are compared, no researcher has assessed the effect
of scale on relative frequencies. It may appear that relative
frequencies and fractions are identical, and therefore should
produce identical results. These two formats, however, dif-
fer in important ways. First, the word “in,” as in “X in Y,”
may create a different understanding of a quantity than does
X/Y (“X over Y”). This subtle change in format could alter
the way that individuals process or understand the quantity.
Furthermore, convincing evidence exists that relative fre-
quencies are processed differently than other numerical for-
mats that express values between zero and one (e.g.,
Gigerenzer & Hoffrage, 1995). Thus, it is not at all clear
that observers will process fractions and relative frequencies
identically. Below, we briefly review the data regarding
participants’ performance in a relative-quantity task using
real numbers that denote quantities between zero and one.

Perhaps the most well-studied numerical format for sym-
bolizing quantities between zero and one is the fraction.
Some data suggest that the numerator and denominator of
fractions are processed separately. For example, Bonato,
Fabbri, Umiltà and Zorzi (2007) assessed fractions and
found a “reversed” distance effect. Bonato et al.’s experi-
ment involved comparing fractions in which the numerator
remained constant (e.g., 1) and the denominator varied
between 1 and 9, excluding 5. The fractions were all com-
pared to a standard of 1/5. The researchers found that the
distance effect was related to the numerical distance be-
tween the denominators, rather than the value of the frac-
tions. The authors concluded that the understanding of
fractions is based on the integer components, rather than
on a true quantity representation of the fraction (see also
Kallai & Tzelgov, 2009).

Critical of Bonato et al.’s (2007) conclusions because of
the task that had been presented to the participants,
Schneider and Siegler (2010) completed related experi-
ments, but ones in which the participants might be more
apt to view the stimuli holistically. In Experiment 1, the
participants were asked to compare fractions in which the
values of the numerator and the denominator varied, and the
authors found results contrary to those of Bonato et al.
These data suggest that the participants made comparisons
using the holistic magnitude of the fraction, rather than
relying on the values of the numerator and denominator
separately. Schneider and Siegler also found that the data

1 For independent random variables, the variance of their sum or
difference is the sum of their variances.
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demonstrated a logarithmic distance, providing further evi-
dence that the magnitude representation was activated. The
authors expanded these findings in their Experiment 2, in
which they had participants compare fractions that consisted
of two-digit numerator and denominator values. The results
of Experiment 2 were parallel to that of Experiment 1:
Participants compared the magnitudes of the fractions, rath-
er than relying solely on the numerator and denominator
values, and a logarithmic distance effect emerged. To exam-
ine whether the fraction magnitude estimations were based
on educational training, the authors completed a third ex-
periment involving students from a local community col-
lege, with procedures that paralleled those of Experiment 2.
Though Schneider and Siegler found a much a higher
error rate with the participants’ responses, the same
pattern of behavioral responses emerged. The overall
conclusion was that adults can compare and represent
the magnitudes of fractions.

Congruent with Schneider and Siegler’s (2010) behavior-
al findings, fMRI data seem to suggest that fractions are
processed holistically (Ischebeck, Schocke, & Delazer,
2009; Jacob & Nieder, 2009). Ischebeck et al. examined
whether the modulation of brain activation in the intrapar-
ietal sulcus correlated with the total or partial distance
between two fractions presented in a numerical comparison
task. Participants were presented with four conditions: a
same-denominator (SD) condition, a same-numerator (SN)
condition, a congruent (CO) condition, and an incongruent
(IC) condition. In the CO condition, the larger fraction had
both a larger numerator and denominator. In this condition,
the participants could examine either the numerator or the
denominator and respond correctly. In the IC condition, the
larger fraction could have either a larger or smaller numer-
ator or denominator. This condition was constructed to
discourage segmental processing. The findings of the be-
havioral data suggested that both the partial distance and
total distance between the fractions predicted RTs in the SD,
SN, and CO conditions. However, only total distance pre-
dicted the RTs in the IC condition. Interestingly, however,
only the total distance between the fractions modulated
activation in the intraparietal sulcus. The authors concluded,
as did Jacob and Nieder, that fractions are processed via
their holistic numerical value (see also Ganor-Stern,
Karasik-Rivkin, & Tzelgov, 2011).

Cohen (2010) assessed decimals in a typical numerical
distance task and showed that decimals rounded to a con-
sistent digit (e.g., the third decimal place) will elicit the
numerical distance effect in a typical numerical distance
task. Cohen also found, however, that when decimals are
rounded to different decimal places, participants will com-
plete the numerical distance task solely on the basis of the
physical similarity of the numbers to the standard. Cohen
explained this difference by proposing that when the

decimals are rounded to a consistent place, the ordinal
relation between successive decimals follows the same rules
as the ordinal relation between successive integers. As such,
participants’ knowledge of the ordinal relation between
integers can inform them with respect to the ordinal relation
between decimals. When the decimals are rounded to incon-
sistent places, this is no longer true. Here, a one-digit dec-
imal (e.g., .5) may be larger or smaller than a two-digit
decimal (e.g., .32 vs. .82). Thus, participants can no longer
rely on their knowledge of the ordinal relation of integers.

The previous research on fractions and decimals provided
a mixed review of whether quantities less than one are
processed and represented as their component parts or as
their total quantity. In the present experiment, we extended
these findings by exploring the association between relative
frequencies and their quantities. To assess whether a single,
scale-independent abstract representation exists, we asked
participants to compare relative frequencies (1) on the same
scale and (2) on different scales, using a traditional relative-
quantity task (e.g., Moyer & Landauer, 1967). To specify
the predictions of the traditional model of numerical
distance based on an analog, abstract representation
(described above), we first simulated the model using
a random-walk model.

Simulation

We simulated the abstract-representation model described
above by assuming the RT–distance hypothesis, whereby
RT is a monotonically decreasing function of the Euclidean
distance between the percept and the criterion, described by
signal detection theory (e.g., Balakrishnan & Ratcliff, 1996;
Ratcliff, 1978; Thomas & Myers, 1972; Zakay & Tuvia,
1998). When comparing two analog representations, the
representations may both be ordinally correct, yet vary in
the degrees of distributed noise around each quantity. To
assess the effects of these different underlying representa-
tions, we varied the relative variances of the representations.
We created two different sets of representations: a “more
noisy” and a “less noisy” representation. The different pat-
terns of results from the comparison of numbers in the two
variance conditions provided a template with which to in-
terpret our results. Here, the relations between the more and
less noisy conditions provided information about how the
pattern of data would look if extra error arose in the system.
Extra noise would suggest a nonabstract representation,
because the abstract-representation hypothesis predicts that
the noise will remain constant across conditions.

We simulated several forms of the underlying represen-
tation, consistent with the most prevalent theories in the
literature: logarithmic constant variance (LogC; e.g.,
Dehaene, 1992), the linear scalar-variance theory (LinS;
e.g., Gallistel & Gelman, 1992), and the linear constant-
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variance theory (LinC; e.g., Verguts et al., 2005). All three
models assume that quantities have a place value represen-
tation. That is, quantity is represented along a continuum,
such as a number line (e.g., Dehaene, 1992). Similarly, all
models assume perceptual variability, so there exists a psy-
chological distribution of perceptual effects for any single
quantity. The three models are specified as follows:

LogC : y i ¼ log Θið Þ þ ei; ei � N 0; sð Þ; ð5Þ

LinS : y i ¼ Θi þ ei; ei � N 0; sð Þ; ð6Þ

LinS : y i ¼ Θi þ ei; ei � N 0;Θi � sð Þ: ð7Þ
We simulated each of the three theories described above in a
standard numerical distance task using a simple random-
walk model. Perceptual distributions were generated for
each proportion between .1 and .9 in steps of .1, consistent
with each of the three theories (i.e., using Eqs. 5–7). To
assess the influence of noise on the data, for each theory, we
generated a set of “less noisy” and “more noisy” perceptual
distributions (i.e., larger average SDs). In the present simu-
lations, the standard proportion was .5, and the probes were
.1–.9 (in steps of .1), excluding .5. The task was to identify
whether the standard was larger than the probe. To do this, a
sample value was drawn from the perceptual distribution of
the standard, and one sample from the distribution of the
probe. A running total of the difference between the two
samples was logged (i.e., toti = toti–1 + SQi – PQi), where
toti is the running total for sample i, SQi is the standard
quantity drawn on sample i, and PQi is the probe quantity
drawn on sample i. A response occurred when toti crossed a
prespecified decision threshold (DT). If toti crossed positive
DT, the standard was identified as larger, and if toti crossed
negative DT, the probe was identified as larger. The model
also incorporated a decision bias (bias), by adding a con-
stant to toti prior to the start of the run (toti = bias, where i =
0). For example, if bias > 0, the decision is facilitated toward
identifying the probe as smaller. To ensure a realistic thresh-
old, the simulation was optimized to identify a threshold that
resulted in an overall error rate between .01 and .15. This
simulation was run 2,000 times per probe for each condi-
tion. RTs were simulated by transforming the number of
runs prior to response as follows: RT = 150 + 350 *
ARN0.2, where ARN is the average number of runs across
the 10,000 simulations per probe.2 To assess how accurately
the models matched human data, we compared the simulat-
ed data to the Welford function (Welford, 1960). The

Welford function has been shown to approximate human
data well in the numerical distance task. Figure 1 shows the
simulated RTs and the fit of the Welford function for all
three models by condition.

Results

LogC To assess whether the LogC can simulate data similar
to the Welford function, we ran a regression with the mean
simulated RTs for each probe as the criterion variable and
the Welford-transformed inputs (e.g., log[larger/(larger –
smaller)]) as the predictor variable. Perceptual distributions
were simulated consistent with Eq. 5. We present results for
the “less noisy” and “more noisy” simulations below.

In the “less noisy” simulation, we set s = log(2) and bias =
0. The Welford function fit the simulated data extremely well,
F(1, 6) = 551, p < .001, R2 = .99 (slope = 140, intercept = 600).
The overall error rate was 14%. Similar to the RT data, the
errors were asymmetrically distributed around the standard,
with more errors above than below the standard (see Table 1).

In the “more noisy” simulation, we set s = 2*log(2) and
bias = 0. The Welford function again fit the simulated data
extremely well, F(1, 6) = 253, p < .001, R2 = .97 (slope =
177, intercept = 739). The overall error rate was 13%.
Similar to the RT data, the errors were asymmetrically
distributed around the standard, with more errors above than
below the standard (see Table 1).

LinC To assess whether the LinC can simulate data
similar to the Welford function, we ran a regression
with the mean simulated RTs for each probe as the
criterion variable and the Welford function as the pre-
dictor variable. Perceptual distributions were simulated
consistent with Eq. 6. We present the “less noisy” and
“more noisy” simulations below.

In the “less noisy” simulation, we set s = 0.1 and bias = 0.
The Welford function fit the simulated data well, but did not
mimic the asymmetrical feature of the Welford function, F
(1, 6) = 27, p = .001, R2 = .79 (slope = 51, intercept = 482).
The overall error rate was 14%. Similar to the RT data, the
errors were symmetrically distributed around the standard
(see Table 1). To improve the fit, we added a positive bias
that equaled 20% of the decision threshold. The addition of
the bias greatly improved the fit, F(1, 6) = 59, p < .001, R2 =
.9 (slope = 55, intercept = 478). The overall error rate was
14%. Similar to the RT data, the errors were asymmetrically
distributed around the standard, with more errors above than
below the standard (see Table 1).

In the “more noisy” simulation, we set s = 2*0.1 and
bias = .2 (similar to the “less noisy” condition). The Welford
function fit the simulated data extremely well, F(1, 6) = 142,
p < .001, R2 = .95 (slope = 88, intercept = 546). The overall
error rate was 13%. Similar to the RT data, the errors were

2 This formula was taken from Ashby and Maddox (1994).
Nevertheless, the pattern of data remained the same with different
values.
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asymmetrically distributed around the standard, with more
errors above than below the standard (see Table 1).

LinS To assess whether the LinS can simulate data similar to
the Welford function, we ran a regression with the mean

Fig. 1 Simulated data for the
logarithmic constant-variance
(LogC), linear constant-
variance (LinC), and linear
scalar-variance (LinS) models,
as fit to the Welford function

Atten Percept Psychophys (2013) 75:614–629 619



simulated RTs for each probe as the criterion variable and
the Welford function as the predictor variable. Perceptual
distributions were simulated consistent with Eq. 7. We pres-
ent the “less noisy” and “more noisy” simulations below.

In the “less noisy” simulation, we set s = 0.2 and bias = 0.
The Welford function fit the simulated data well but did
not mimic the asymmetrical feature of the Welford
function, F(1, 6) = 53, p = .001, R2 = .88 (slope =
54, intercept = 481). The overall error rate was 15%.
Unlike the RT data, the errors were asymmetrically
distributed around the standard, with more errors above
than below the standard (see Table 1). To improve the
fit, we added a positive bias that equaled 20% of the
decision threshold. The addition of the bias greatly
improved the fit, F(1, 6) = 190, p < .001, R2 = .96
(slope = 67, intercept = 477). The overall error rate was
12%. Similar to the RT data, the errors were asymmet-
rically distributed around the standard, with more errors
above than below the standard (see Table 1).

In the “more noisy” simulation, we set s = 2*0.5 and bias =
.2 (similar to the “less noisy” condition). TheWelford function
fit the simulated data extremely well, F(1, 6) = 205, p < .001,
R2 = .97 (slope = 102, intercept = 554). The overall error rate
was 13%. Similar to the RT data, the errors were asymmetri-
cally distributed around the standard, with more errors above
than below the standard (see Table 1).

Discussion

The purpose of the present simulation was to determine the
performance characteristics of the traditional abstract-
representation model under the different variance condi-
tions. It was not an attempt to fully explore the validity of
the three different quantity representations. Indeed, all three
representations performed well, in as much as all three
manifested the Welford function.3

The simulation shows that increased variance of the
underlying representations will increase both the slope and
the intercept associated with the comparison process. When
the variability between the two quantities is small, the
results are both an efficient comparison (i.e., small slope
values) and a short precomparison process (i.e., small inter-
cept). In contrast, as the representations become increasing-
ly “noisy,” the RT values increase, as demonstrated by the
larger slopes and intercepts. The increase in the intercept
results from the general slowing of the comparison process
for all stimuli.

Experiment 1

In Experiment 1, we ran a numerical distance task with
relative frequencies of different scales. If a single, scale-
independent abstract representation exists, the slopes of
conditions in which different scales were compared would
be predictable (i.e., no extra noise will arise) from the same-
scale conditions. This would occur because the two pre-
sented relative frequencies would be converted into the
same abstract representation prior to comparison. If repre-
sentations are scale-dependent, there would be no expecta-
tion that the slopes of the same-scale or different-scale
conditions would be equivalent. Indeed, one signature of
different representations is that extra noise will be intro-
duced in the multiple-scale comparison conditions that will
reduce the efficiency of the comparison; therefore, the
slopes and intercepts of the different-scale conditions should
be greater than those of the same-scale conditions.

Method

Participants A group of 51 students volunteered to partici-
pate and received course credit for their participation. The
participants were unaware of the purpose of the experiment.

Apparatus and stimuli All stimuli were presented on a 15-
in. color monitor with a 60-Hz refresh rate, controlled by a

Table 1 Error rates by probe for each model by condition

Model Condition Probe

.1 .2 .3 .4 .6 .7 .8 .9

LogC Less noisy unbiased 0 0 <.01 0.06 0.07 0.01 0 <.01

More noisy unbiased 0 0 0 0.06 0.05 0.01 <.01 0

LinC Less noisy unbiased 0 0 <.01 0.07 0.06 <.01 0 0

Less noisy biased 0 <.01 <.01 0.04 0.09 0.01 0 0

More noisy biased 0 0 <.01 0.03 0.08 0.01 <.01 <.01

LinS Less noisy unbiased 0 0 <.01 0.03 0.1 0.02 <.01 <.01

Less noisy biased 0 0 0 0.01 0.09 0.01 <.01 <.01

More noisy biased 0 0 <.01 0.01 0.09 0.02 <.01 <.01

3 The pattern of results remained the same when the models were
simulated with integers rather than proportions.
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Pentium microcomputer running a Windows-based operat-
ing system. The resolution of the monitor was 1,024 × 768.

A trial consisted of two relative frequencies, each in the
format “X in Y,” presented one above the other4 and centered
on the computer monitor. Each integer subtended 1.33 deg
of vertical visual angle. In every condition and for each
participant, the quantity represented by each relative fre-
quency was randomly selected from a uniform distribution
ranging from .25 to .75.

The scale, Y, of the relative frequency was manipulated in
five different conditions: two single-scale conditions, two
dual-scale conditions, and one multiple-scale condition. In
the single-scale conditions, participants were asked to com-
pare pairs of relative frequencies that were on the same
scale. The two conditions differed in the scales in which
the relative frequencies were presented. In the 1,000–1,000
condition, both relative frequencies were presented in the
format “X in 1,000.” In the 736–736 condition, both relative
frequencies were presented in the format “X in 736.” In the
dual-scale conditions, participants were asked to compare
pairs of relative frequencies that were on two different
scales. The two scales that we presented were always
1,000 and 736,5 but the conditions differed in the physical
positions of the scales on the computer screen. In the 1,000–
736 condition, the relative frequency on top was always
presented in the format “X in 1,000,” and the relative fre-
quency on the bottom was always presented in the format “X
in 736.” In the 736–1,000 condition, the presentation order
was reversed. In the multiple-scale condition (termed the
“multiscale condition”), participants were asked to compare
pairs of relative frequencies that were on unpredictable
scales. The values for each relative frequency in the pre-
sented pairs of this condition were created by generating a
relative frequency of the form “X in 1,000” and then reduc-
ing the position and scale values to the lowest common
denominator. For example, the initial generation might cre-
ate the quantity “540 in 1,000.” This quantity would then be
reduced by the greatest divisor to produce the lowest com-
mon denominator, which, in this example, would be “27 in
50.” The multiscale condition was included to assess wheth-
er the presence of unpredictable scales would influence
participants’ representations (or strategies).

Procedure Participants were tested in a small dark room that
contained a single computer. They were instructed that they
would be presented with two relative frequencies represent-
ing different quantities. These two relative frequencies

would be presented one above the other. The participants
were asked to indicate whether the bottom relative frequen-
cy represented a larger or smaller quantity than the top
relative frequency by pressing one of two keys on the
keyboard, either the “L” button for a “larger” response or
the “S” button for a “smaller” response. They were
instructed that speed was important but that accuracy was
essential.

Each trial consisted of the two relative frequencies
being presented, one above the other, on a single
screen. The stimulus remained visible until a response
was made. Then a blank screen appeared between trials,
lasting 2,000 ms.

Each condition consisted of ten practice and 100 exper-
imental trials. The order of the five conditions was random-
ized between participants, and RTs were recorded in
milliseconds. Each participant completed all five conditions
during one 90-min session.

Results

Of the 51 participants who completed the experiment, the
data of 45 participants were examined. Six of the partici-
pants were removed because their error rates in the two
single-scale conditions, 1,000–1,000 and 736–736, were
higher than 10% (mean error rate = 74.0%). The high error
rates demonstrated that the participants either did not under-
stand the task or simply did not take the task seriously, and
thus were not included in the statistical analysis.

Prior to analyzing the data, we trimmed the high and low
values from the RT data. The top 2% of the data, per
condition, were excluded from our analysis (Ratcliff,
1993; see Table 2). The lower RT cutoff threshold was
determined, by condition, to be the RT below which partic-
ipants responded with an accuracy of 51% correct or less
(Ratcliff, 1993). For this analysis, we examined RTs in bins
of 50-ms increments6 (see Table 2). The final RT data were
normalized by taking the log(RT).

To assess the numerical distance effect, we calculated both
the Welford and the symmetrical log D function (= log |
stimulus – probe|) on the RT data by participants and condi-
tions. Although both functions fit the data about equally well,
the symmetrical log D function fit slightly better, as measured
by R2 (see Table 3).7 To examine the effects of our manipu-
lations, the slopes and intercepts for each Participant ×
Condition of the symmetrical log D regressions were analyzed

4 We have found that presenting our relatively long stimuli (e.g., “323
in 1,000”) in a one-above-the-other format increases readability.
5 We chose 1,000 as a scaling factor because it is relatively commonly
used. We chose 736 as a scaling factor because it is not a simple factor
of 1,000; thus, participants could not easily calculate a conversion
between 1,000 and 736.

6 We statistically explored why the multiscale condition had a lower
cutoff than the other conditions, but we could not find a consistent
pattern.
7 The R2 values appear small because the regressions were run on each
participant’s raw data, and the average R2s are presented. When the x-
values were binned and the data were averaged over participants, the
R2 values fell between .8 and .95.
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via a series of mixed-model analyses of variance (ANOVAs).
Figure 2 plots the average best-fit functions for each condition.

A mixed-model ANOVA with participant as the random
effect and condition as the within-subjects variable revealed
a significant main effect of condition on slope, F(4, 220) =
9.13, MSE = .008, p < .001. A Tukey’s HSD post-hoc test
(p < .05) revealed that the 736–1,000 condition and the
1,000–736 condition produced significantly steeper slopes
than did the 1,000–1,000, 736–736, and multiscale condi-
tions. The analysis also revealed that the 736–1,000 and
1,000–736 conditions were not significantly different from
each other and that the 1,000–1,000, 736–736, and multi-
scale conditions were not significantly different from each
other. In addition, a one-sample t test, t(134) = −16.45,
p < .01, demonstrated that the three shallowest slope con-
ditions (1,000–1,000, 736–736, and multiscale) were signif-
icantly different from zero (see Table 2).

In the dual-scale and multiscale conditions, neither the
position nor the scale elements alone would provide the infor-
mation necessary to produce the monotone decreasing func-
tions that our data displayed. Only through integrating the
position and scale elements into a single quantity could the
numerical distance effect in our data be present in the dual-
and multiscale conditions. In the single-scale conditions, the
participants could have produced the monotone decreasing
functions by attending only to the position element. If partic-
ipants attended only to the position element of the relative
frequencies, then the values for both the 1,000–1,000 and
736–736 conditions would be identical when analyzed as a
function of the integer in the position element.When analyzed
as a function of the quantities represented by the relative
frequencies (e.g., 500/1,000 = .5, whereas 500/736 = .679),
the slopes of the 736–736 condition should be about three-
quarters as steep as those in the 1,000–1,000 condition (i.e.,
736/1,000 = .736). If, however, participants attended to the
relative frequencies holistically, then the values for both the
1,000–1,000 and 736–736 conditions would be identical
when analyzed as a function of the quantities represented by
the relative frequencies (e.g., 500/1,000 = .5 and 368/736 =

.5). Our data show that, when analyzed as a function of the
quantities represented by the relative frequencies, the slope in
the 736–736 condition is virtually identical to that in the
1,000–1,000 condition (only 3% less steep). In addition, a t
test revealed that the slope of the 736–736 condition was
significantly steeper than the slope that would be predicted if
participants attended only to the position element of the rela-
tive frequencies, t(44) = 23.12, p < .01. Thus, the data support
the hypothesis that participants were attending to the informa-
tion in the combined position and scale elements of the rela-
tive frequencies in the single-scale conditions.

A mixed-model ANOVA with participant as the random
effect and condition as the within-subjects variable revealed a
significant main effect of condition on intercept, F(4, 220) =
67.31,MSE = .034, p < .001. Tukey’s HSD post-hoc test (p <
.05) revealed that the 1,000–1,000 condition and the 736–736
condition were not significantly different from each other;
however, both conditions had a significantly lower intercept
than did the 736–1,000 and 1,000–736 conditions. The 736–
1,000 and 1,000–736 conditions were found to not be signif-
icantly different from each other. In addition, the multiscale
condition had a significantly higher intercept than did the
other four conditions (see Table 2).

A one-way ANOVA revealed a significant main effect of
condition on performance errors, F(4, 220) = 21.18, p <
.0001. Tukey’s HSD post-hoc test (p < .05) revealed that the
1,000–1,000 condition was not significantly different from
the 736–736 condition. The 736–1,000 condition was not
significantly different from the 1,000–736 condition, and
neither of these conditions was significantly different from
the multiscale condition. However, errors were significantly
lower in both the 1,000–1,000 and 736–736 conditions than
in the 736–1,000, the 1,000–736, and the multiscale con-
ditions (see Table 2).

Discussion

The data from Experiment 1 suggested that relative frequen-
cies’ numerical representations (1) are analog, (2) describe

Table 2 Slope, intercept, and overall percentage of errors (with SDs in
parentheses), along with the upper and lower trim thresholds in milli-
seconds, percentage of responses below the lower trim threshold, and

overall mean RT in milliseconds (with SD), for each condition in
Experiment 1

1,000–1,000 736–736 736–1,000 1,000–736 Multiscale

Slope (SD) −0.09 (0.04) −0.09 (0.04) −0.16 (0.12) −0.15 (0.12) −0.08 (0.09)

Intercept (SD) 2.95 (0.12) 2.97 (0.13) 3.25 (0.22) 3.27 (0.24) 3.50 (0.18)

Overall error (SD) 4.69 (3.81) 4.73 (3.85) 23.11 (16.58) 21.04 (18.58) 19.96 (15.77)

Upper trim threshold 3,872 5,084 17,303 18,439 21,008

Lower trim threshold 450 500 550 550 300

% below lower trim threshold 0.87 1.38 12.24 13.04 0.76

Overall mean (SD) 1,190 (564) 1,339 (743) 3,305 (2,763) 3,290 (2,814) 4,598 (3,366)
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the integrated position and scale information, and (3) are
nonabstract. We briefly discuss these findings here, and will
expand on them in the General Discussion.

The presented data are the first to demonstrate a numerical
distance effect with quantities being represented as relative
frequencies. The participants’ RTs in all conditions were a
monotone decreasing function of numerical distance, reveal-
ing the traditional numerical distance effect. Only through
integrating the position and the scale elements of the relative
frequency into a single quantity could the numerical distance
effect in our data be present in the dual-scale and multiscale
conditions. The relatively long RTs in the dual- and multiscale
conditions are consistent with the times reported by other
researchers who have identified the numerical distance effect
with fractions (e.g., Ischebeck et al., 2009). In addition, our
data support the hypothesis that participants were integrating
the position and the scale elements into a single quantity in the
single-scale conditions. The presence of the numerical dis-
tance effect has traditionally been interpreted as supporting the
hypothesis that the underlying numerical representations are
analog (Dehaene, 1995; Dehaene et al., 1990; Hinrichs et al.,
1981; Zhang & Wang, 2005).

Because the abstract-representation model hypothesizes
that all comparisons are completed in the same, abstract
representation, a critical feature of this model is that the
speed with which two quantities would be compared would
be equivalent, regardless of their numerical format or scale.

Our finding that the slopes in the dual-scale conditions
slowed significantly from those in the single-scale condi-
tions, along with the higher intercepts, support the idea that
noise was added in the system when two scales had to be
compared. This finding calls the abstract-representation hy-
pothesis into question.

The slopes for the two single-scale conditions (i.e., the
1,000–1,000 and 736–736 conditions) were statistically
equivalent and shallow. In addition, their intercepts were
relatively small. The shallow slopes of the 1,000–1,000
and 736–736 conditions indicate an efficient comparison
process. Theoretically, the most efficient comparisons
should be made within a shared numerical representation.
Given that one would logically suspect that relative frequen-
cies with the same scale and numerical format would share a
quantity representation, and given that the data demonstrate
a very efficient comparison process, we conclude that rela-
tive frequencies with a common scale share a representation.

The slopes for the dual-scale conditions (i.e., the 736–
1,000 and 1,000–736 conditions) were equivalent (i.e., there
was no effect of presentation order). The data revealed that the
quantity comparisons in the dual-scale conditions were slow,
highly affected by the numerical distance between the relative
frequencies, and statistically steeper than those in the other
conditions. At least two possible conclusions can be inferred
from the dual-scale data: (1) Each scale of the dual-scale
comparison has its own scale-specific representation, and the
inefficient comparison is thus a feature of between-
representation comparisons, or (2) when dual-scale compar-
isons are required, a unique representation is generated that
accommodates both scales, but this representation is vague
and indistinct, relative to a single-scale representation. Both of
these conclusions reveal that scale is a critical factor in nu-
merical representation. Although the present data cannot ad-
judicate between these two conclusions, the difference
between the slopes relating RT to numerical distance in the
single- and dual-scale conditions refutes the prediction of
those models that espouse a single, abstract representation in
which comparisons between quantities occur. We will discuss
this further in the General Discussion.

The multiscale condition, in which the scale consistently
varied, produced a slope equivalent to that of the single-
scale conditions. The equivalent slope suggests that when
relative frequencies with varying denominators were com-
pared, the comparisons did occur within a single numerical

Table 3 Averages of participants’ R2 values from regressions predicting their raw log(RTs) according to the log D and Welford functions for each
condition in Experiment 1

1,000–1,000 736–736 736–1,000 1,000–736 Multiscale

Log D .051 .042 .054 .038 .019

Welford .050 .039 .048 .035 .019
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Fig. 2 Graphical representation of the average slopes and intercepts of
the single-, dual-, and multiple-scale conditions of Experiment 1
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representation. However, the results from the dual-scale
conditions suggest that multiple-scale comparisons should
be inefficient. The very high intercept value in the multi-
scale condition may explain this inconsistency. Specifically,
the high intercept in combination with the shallow slope
suggests that the participants applied a mathematical strate-
gy to convert the numerical stimuli into a common scale
prior to comparison. Once the relative frequencies were
converted into a common scale, the participants could effi-
ciently compare the two quantities within a single numerical
representation (see Fig. 2). This finding is consistent with
the results of Siegler, Thompson and Schneider (2011), who
also found the application of “numerical transformation
strategies” when 6th and 8th graders estimated the magni-
tudes of fractions involved in a number-line estimation task.

To assess whether the numerical representations were
scale- or format-specific, in Experiment 2, we asked our
participants to compare relative frequencies and decimals
in a numerical distance task. We examined decimals because
they allowed us to separate format and scale. Specifically,
decimals are a numerical format that is different from rela-
tive frequencies, but when decimals are rounded to three
decimal places, they share the same scale as relative fre-
quencies with a scale element of 1,000. Therefore, if numer-
ical representations are format-specific, we should see steep
slopes in a numerical distance task in which participants are
asked to compare decimals to relative frequencies, regard-
less of scale. However, if numerical representations are
scale-specific, we should see shallow slopes in a numerical
distance task in which participants are asked to compare
decimals to relative frequencies with a scale of 1,000, and
steep slopes when participants are asked to compare deci-
mals to relative frequencies with a scale other than 1,000.

Experiment 2

Experiment 2 was similar to Experiment 1, in that partic-
ipants were once again asked to compare two quantities in a
numerical distance task. Now, however, one of the quanti-
ties was presented as a decimal, and the other was presented
as a relative frequency. The participants’ RTs were recorded.

Method

Participants The participants consisted of 54 volunteer col-
lege students who received course credit for their participa-
tion. They were naive with regard to the task.

Apparatus and stimuli The apparatus used in Experiment 2
was the same as that in Experiment 1.

The stimuli in Experiment 2 were identical to those from
Experiment 1, with the exception of the addition of a dec-
imal stimulus and the composition of the conditions. The

values of the decimal stimuli were chosen randomly from a
uniform distribution ranging from .25 to .75 and were
rounded to the third decimal place. The decimals were
consistently rounded because Cohen (2010) demonstrated
that participants comparing rounded decimals will manifest
the numerical distance effect.

In six conditions, participants were asked to compare a
relative frequency to a decimal. In the 1,000–decimal con-
dition, a relative frequency with a scale of 1,000 was pre-
sented over a decimal. In the decimal–1,000 condition, a
decimal was presented over a relative frequency with a scale
of 1,000. In the 736–decimal condition, a relative frequency
with a scale of 736 was presented over a decimal. In the
decimal–736 condition, a decimal was presented over a
relative frequency with a scale of 736. In the multiscale–
decimal condition, a relative frequency with an unpredict-
able scale was presented over a decimal. And in the deci-
mal–multiscale condition, a decimal was presented over a
relative frequency with an unpredictable scale. Similar to
Experiment 1, the values for the multiscale condition were
created by generating a relative frequency of the form “X in
1,000,” and then the position and scale were reduced to the
lowest common denominator.

Procedure The procedure in Experiment 2 was identical to
that of Experiment 1, with the exception that participants
completed six sessions rather than five.

Results

Of the 54 participants who completed the experiment, the
data of only 41 were examined. One participant was re-
moved for not completing all six conditions, and a further
12 were removed from the data set because their error rates
in the two easiest conditions, 1,000–decimal and decimal–
1,000, were higher than 10% (mean error rate = 51.9%). The
high error rates demonstrated that the participants either did
not understand the task or simply did not take the task
seriously, and thus they were not included in the statistical
analysis.

Similar to Experiment 1, the first ten trials of each con-
dition were practice trials and were not statistically exam-
ined. The slowest and quickest RTs were removed from the
data set according to the same criteria used in Experiment 1.
The slowest 2% of the RT data were removed per condition
(Ratcliff, 1993). As in Experiment 1, the faster RTs were
eliminated until the responses consistently demonstrated a
51% or better accuracy threshold per condition (Ratcliff,
1993). Again, this analysis occurred with 50-ms increments.
In the 1,000–decimal and decimal–1,000 conditions, the
participants always responded above 51% correct, and thus
all of the data below the upper threshold were included (see
Table 4).
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As in Experiment 1, the initial distribution of the data
was positively skewed. To normalize this distribution, the
RT data were again transformed by using the logarithm
(base 10) of the RT. To assess the numerical distance effect,
we calculated both the Welford and the symmetrical log D
functions on the RT data, by participants and conditions.
Although both functions fit the data about equally well, the
symmetrical log D function fit slightly better, as measured
by R2 (see Table 5). Therefore, to assess the effects of our
manipulation, the slopes and intercepts for each participant
by condition of the symmetrical log D regressions were
analyzed via a series of 2 × 3 mixed-model ANOVAs.

A 2 (decimal on top vs. bottom) × 3 (1,000 vs. 736 vs.
multiscale) mixed-model ANOVAwith participant as the ran-
dom effect and condition and order as the within-subjects
variables revealed a significant main effect of condition on
slope, F(2, 240) = 14.86,MSE = .009, p < .001. The analysis
also revealed that the order of presentation (decimal on top or
bottom) was not significant, F(1, 240) = 2.886, p = .091, and
that there was no significant interaction between condition and
order, F(2, 240) = 0.404, p = .668. Hence, all reported data are
henceforth collapsed across order conditions. Tukey’s HSD
post-hoc test (p < .05) revealed that the 736 condition
(M = −.15, SD = .13) had a significantly steeper slope than
either the 1,000 condition (M = −.09, SD = .04) or the multi-
scale condition (M = −.07, SD = .10). We found no significant
difference between the 1,000 and multiscale conditions. In
addition, a one-sample t test, t(163) = −13.49, p < .01, dem-
onstrated that the two conditions with the most shallow slopes
(the 1,000 and multiscale conditions) had slopes significantly
different from zero (see Table 4).

A 2 (decimal on top vs. bottom) × 3 (1,000 vs. 736 vs.
multiscale) mixed-model ANOVAwith participant as the ran-
dom effect and condition and order as the within-subjects
variables revealed a significant main effect of condition on
intercept, F(2, 240) = 66.56,MSE = .030, p < .001. There was
no significant effect of order, F(1, 240) = 0.212, p = .646, and
no significant interaction between condition and order, F(2,
240) = 0.144, p = .866 (see Table 4). Hence, results are again
reported collapsed across orders. Tukey’s HSD post-hoc test

(p < .05) demonstrated that all three conditions were signifi-
cantly different from each other. The 1,000 condition (M =
3.05, SD = 0.13) had the lowest intercept, the 736 condition
(M = 3.27, SD = 0.19) had the next lowest intercept, and the
multiscale condition (M = 3.35, SD = 0.19) produced the
highest intercept.

A one-way ANOVA revealed a significant main effect of
condition on performance errors, F(5, 240) = 19.87, p <
.0001. Tukey’s HSD post-hoc tests (p < .05) revealed that
the 1,000–decimal condition was not significantly different
from the decimal–1,000 condition; the 736–decimal was not
significant from the decimal–736 condition; and the multi-
scale–decimal was not significantly different from the dec-
imal–multiscale condition. In addition, the decimal–736
condition was not significantly different from either the
multiscale–decimal or the decimal–multiscale condition.
However, the 736–decimal condition was found to be sig-
nificantly different from the decimal–multiscale condition.
The primary finding, however, was that both the 1,000–
decimal and decimal–1,000 conditions were significantly
different from the other four conditions (see Table 4).

Discussion

The pattern of data in Experiment 2 paralleled that of
Experiment 1. Specifically, numerical representations that
shared the same scale (i.e., decimal–1,000 and 1,000–deci-
mal) allowed for efficient comparisons, despite the fact that
the quantities were presented in different numerical for-
mats.8 In addition, the dual-scale conditions led to the most
inefficient comparisons. These findings confirm that numer-
ical representations are scale-specific.

8 Although scale is relevant for relative frequencies, theoretically dec-
imals are scale-independent. However, one can read decimals as the
position element in a relative frequency, whereby the scale element is
implied. In a two-digit decimal, the implied scale element is 100. In a
three-digit decimal, the implied scale element is 1,000. In Experiment
2, in which participants were asked to compare a decimal to a relative
frequency, it is not unlikely that the participants conceptualized the
decimal as a relative frequency on a scale of 1,000.

Table 4 Slope, intercept, and overall percentage of errors (with SDs in parentheses), along with upper and lower trim thresholds in milliseconds,
percentage of responses below the lower trim threshold, and overall mean RT in milliseconds (with SD), for each condition in Experiment 2

1,000–Deci Deci–1,000 736–Deci Deci–736 Multiscale–Deci Deci–Multiscale

Slope (SD) −0.09 (0.04) −0.08 (0.04) −0.16 (0.14) −0.14 (0.12) −0.09 (0.12) −0.06 (0.07)

Intercept (SD) 3.04 (0.14) 3.06 (0.13) 3.26 (0.16) 3.27 (0.21) 3.36 (0.16) 3.35 (0.22)

Overall error (SD) 2.46 (2.3) 2.37 (1.9) 20.63 (15.8) 19.61 (17.2) 13.63 (11.1) 13.46 (11.3)

Upper trim threshold 6,378 6,467 16,168 15,254 16,978 15,868

Lower trim threshold N/A N/A 600 650 750 850

% below lower trim threshold N/A N/A 4.17 6.46 3.44 3.68

Overall mean (SD) 1,487 (890) 1,530 (832) 3,405 (2,601) 3,296 (2,452) 3,425 (2,530) 3,481 (2,588)
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As in Experiment 1, the multiscale condition led to high
intercepts and shallow slopes, which suggests a mathemat-
ical conversion strategy. However, the intercept of the multi-
scale condition appeared to be lower in Experiment 2 than in
Experiment 1. The gain in efficiency in the Experiment 2
multiscale condition relative to the same condition in the
Experiment 1 was likely the result of the reduced calculation
requirements of the task. Recall that in Experiment 1 the
scale of both stimuli changed on every trial, whereas in
Experiment 2 one of the presented stimuli was always in
the same scale (decimals). As such, in the Experiment 2
multiscale condition, the participants could create and main-
tain a representation associated with decimals.

The mathematical conversion strategy used in the
Experiment 2 multiscale condition was more efficient for
very small numerical distances (those less than .1) than the
direct analog comparison strategy used in the Experiment 2
dual-scale condition (see Fig. 3). Given this efficiency gain,
we must address the question, “Why do participants choose
not to adopt the mathematical conversion strategy in the
dual-scale task?” Although our data do not directly address
this question, there is a likely explanation. Optimally, the
participant should adopt the most efficient strategy on a
trial-by-trial basis (e.g., Faulkenberry & Pierce, 2011).
However, to select the most efficient strategy on a trial-by-
trial basis, the participant must know the numerical distance
between the stimuli (i.e., a direct analog comparison on

most trials, and a mathematical conversion strategy for very
small numerical distances). Because the participant requires
the strategy to extract the numerical distance, the participant
cannot adopt a strategy on a trial-by-trial basis. Given this
fact, the strategy that is on average the most efficient is the
next most optimal strategy to adopt. The data suggest that,
in both Experiments 1 and 2, a direct analog comparison
was the most efficient strategy, on average, to adopt in the
dual-scale condition (i.e., it was the most efficient, most of
the time). Thus, the participants were in fact choosing their
strategy optimally, given the task requirements.

General discussion

The results of Experiments 1 and 2 are consistent with the
hypothesis that numerical representations of relative fre-
quencies are (1) analog and (2) scale-specific. First, the
numerical distance effect was present in all conditions.
Second, the slope describing the relation between RT and
numerical distance varied as a function of scale. Proportions
presented as relative frequencies and/or decimals were com-
pared equally efficiently, as long as they shared a scale,
regardless of the numerical format. Likewise, proportions
presented as relative frequencies and/or decimals were com-
pared equally inefficiently when their scales differed, re-
gardless of the numerical format. The simulation of the
logarithmic model produced similar results. The multiscale
condition was the exception, yet was consistent with the
rule. Here, multiple unpredictable scale conditions produced
efficient comparisons after a likely mathematical conversion
of the presented numbers into a common scale, again re-
gardless of the numerical format.

Numerical distance effect in proportions

Although few numerical judgment tasks have used numer-
ical stimuli between zero and one, those that have (e.g.,
Bonato et al., 2007; Cohen, 2010) have found mixed results
concerning the numerical distance effect. Some have found
the numerical distance effect to be linked to the component
integers rather than to the proportions presented (e.g.,
Bonato et al., 2007). Others have found the effect to be
linked to the proportion represented by the integration of
both components of a fraction (e.g., Ischebeck et al., 2009;
Jacob & Nieder, 2009). It appears that the numerical

Table 5 Averages of participants’ R2 values from regressions predicting their raw log(RTs) according to the log D and Welford functions, for each
condition in Experiment 2

1,000–Deci Deci–1,000 736–Deci Deci–736 Multiscale–Deci Deci–Multiscale

Log D .041 .039 .032 .026 .015 .005

Welford .040 .037 .028 .024 .014 .004
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Fig. 3 Graphical representation of the average slopes and intercepts of
the single-, dual-, and multiple-scale conditions of Experiment 2
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distance effect emerges for holistic perception of fractions
when the perception of a fraction’s components is discour-
aged experimentally (e.g., Meert, Grégoire & Noël, 2009).
The perception of the fraction components is discouraged
experimentally by asking participants to compare fractions
with varying numerators and denominators (which are
equivalent, respectively, to the position and scale elements
in a relative frequency).

The present experiment was the first to assess the numer-
ical distance effect in relative frequencies. The pattern of
data in Experiments 1 and 2 revealed that participants
responded to the quantity represented by the integrated
position and scale elements of the presented relative fre-
quencies. Our data showed the holistic perception of relative
frequencies when the scale position was held constant and
when the scale position varied. This suggests that observers
understand how to integrate the components of relative
frequencies more easily than fractions.

One reason why observers may be better able to interpret
relative frequencies than fractions is the structures of the two
numerical formats. The structure of the fractions (i.e., one
integer above a horizontal line above a second integer)
provides little direct information to the viewer about how
to integrate the two integers that compose the fraction.
Indeed, even if the participant were to read the fraction as
a mathematical formula (numerator divided by denomina-
tor), the complexity of the calculation might dissuade him or
her from calculating it. The structure of relative frequencies
(i.e., “X in Y”), on the other hand, provides in a concrete
manner a cue as to how to interpret the two integers that
compose it. That is, the word “in” cues the viewer that the
position element is part of the scale element. In fact, the
relative frequency can be read as a sentence involving
abstract elements: five things in ten things, where the word
things is implied. Alternatively, the relative frequency can
be read as a sentence involving concrete elements: five
apples in ten apples, where the participant substitutes apples
for the implied things. Thus, the structure of relative fre-
quencies can aid in their interpretation.

The hypothesis that observers understand how to inte-
grate the elements of relative frequencies better than the
elements of fractions is supported by the work of
Gigerenzer and Hoffrage (1995). These authors claimed that
humans have a natural understanding for frequencies, as
opposed to fractions. Natural frequencies are the likelihood
of an event occurring in or during an organism’s life. The
researchers hypothesized that through experience, humans
become natural statisticians in their ability to determine
whether an event is likely or unlikely to occur (Gigerenzer
& Hoffrage, 1995).

The presence of the numerical distance effect has tradi-
tionally been interpreted as supporting the hypothesis that
the underlying numerical representation is analog (Dehaene,

1995; Dehaene et al., 1990; Hinrichs et al., 1981; Zhang &
Wang, 2005). The results of Experiments 1 and 2 suggest
that the numerical representation of relative frequencies
contains information about the quantity represented by the
integration of the components of the relative frequency,
rather than the individual components themselves. The pres-
ent data reveal that participants’ understanding and use of
relative frequencies is different from their use of either
fractions or inconsistently rounded decimals.

Nonabstract representations

Experiments 1 and 2 revealed a robust relation between the
slope of the numerical distance effect and the number of
scales to be compared. The integration of the behavioral
data and the computer simulation lends insight into the
structure of the underlying analog representation(s). The
pattern of data from the computer simulation of two quan-
tities with low variance is similar to the single-scale behav-
ioral data. The pattern of data from the computer simulation
of two quantities with high variance, on the other hand, is
similar to the dual-scale behavioral data. One must address
the issue of from where the extra variance in the system
arises. The source of the increase in variance can arise either
(1) from the comparison process or (2) in the representations
themselves. According to the abstract-representation model,
the comparison process acts on abstract representations and
is constant across conditions. Therefore, if the extra variance
arises in the comparison process, the abstract-representation
model is called into question. Similarly, the variance of an
abstract representation for Scale A should not change as a
function of what it is being compared to. That is, the trans-
coding of Scale A should be constant across conditions.
Therefore, if the extra variance arises in the representations
themselves, the abstract-representation model is again called
into question.

We hypothesize that the extra variance suggests that the
representations of proportions are tied closely to the scale of
the presented proportion. This can occur in at least two
possible ways: (1) Each scale of the dual-scale comparison
has its own scale-specific representation, and the inefficient
comparison is a feature of between-representation compar-
isons, or (2) when dual-scale comparisons are required, a
unique representation is generated that accommodates both
scales, but this representation is vague and indistinct relative
to a single-scale representation. Although our data cannot
distinguish between these two conclusions, both rest on the
foundation of multiple numeric representations. Thus, our
findings strongly suggest that the representations of numb-
ers between zero and one are not abstract.

The scale-dependent slopes revealed in the present
experiments are inconsistent with both McCloskey’s single,
abstract model (McCloskey, Sokol, & Goodman, 1986) and
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Dehaene’s (1992) triple-code model. Both of these models
hypothesize that numerical comparisons occur in a single,
abstract representation, regardless of numerical format,
scale, and so forth. These models therefore predict that the
comparison process should be independent of the number of
scales to be compared.

Our present data are more consistent with multiple-
representation models such as that of González and Kolers
(1982), who hypothesized that representations are linked to
numerical format. Our data reveal, however, that representa-
tions for numbers between zero and one are linkedmore closely
to scale than to format (although we do not dispute that numer-
ical format is relevant, as well). Although relative frequencies
are a single numerical format, our data show that relative
frequencies are associated with multiple representations.
Furthermore, when two numerical formats share a scale—such
as decimals and relative frequencies with a scale of 1,000—it
appears that they share a single representation. The present data
build on the conclusions of Cohen, Ferrell and Johnson (2002),
who concluded that the numerical representations of decimals
and relative frequencies are separate. Here, we have shown that
this separation exists when the relative frequencies are on a
different scale than the decimals.

Our data are also consistent with Cohen Kadosh and
Walsh’s (2009) hypothesized dual-process theory of numeri-
cal representation. Cohen Kadosh and Walsh hypothesized
that dual codes are present during numerical representation:
An initial, automatic code is tied to the numeric format, and
later, a refinement of the automatic code is influenced by
intentionality, resources, task demands, and so forth. The latter
code is the one with the potential to take on abstract qualities.
Because relative frequencies can take on any scale, it is
unparsimonious to assume that the cognitive systems that
process relative frequencies contain prestored representations
of every possible scale. It is, therefore, likely that the numer-
ical representations of relative frequencies are generated, by
the participant, “on the fly” during the second stage of Cohen
Kadosh and Walsh’s dual-code theory. That is, participants
generate appropriate (or inappropriate) representations on the
basis of their understanding of the numerical system, the task
demands, available resources, and so forth. If the proposed
dual-code hypothesis is accurate, our data suggest that the
second-stage representations may require substantial cogni-
tive resources to generate and maintain over time. A high
cognitive load might explain why our participants were able
to perform a direct analog comparison in the dual-scale con-
ditions but had to perform a mathematical conversion prior to
comparisons in the multiscale condition.

Limitations

One of the primary limitations of numerical cognition re-
search is the ability to extract the exact source of conditional

RT variances. For example, in the dual-scale conditions,
additional variability arises, as compared to the single-
scale conditions. The present research is unable to specify
whether the variability arises because of the comparison of
two distinct and noisy abstract representations, the compar-
ison of the quantities on the basis of a single, noisy repre-
sentation that is task-specific, or some third, unspecified
source. Similarly, in the multiscale condition, we infer that
the high intercept values, relative to the single- and dual-
scale conditions, suggest that a mathematical strategy is
being applied in order to more efficiently compare the
presented stimuli. However, more research needs to be
completed in this area, to clarify the specific strategies being
used. Finally, as in all research that relates to the numerical
distance task, we assumed a singular comparison process. It
is possible, though, that the participants were using unspec-
ified strategies that mimicked the numerical distance effect.

It should also be understood that the present model
assumes that the numerical distance effect arises from a
comparison rather than a decision process. This is the tradi-
tional understanding of the numerical distance effect (e.g.,
Dehaene, 1995; Dehaene et al., 1990; Hinrichs et al., 1981;
Zhang & Wang, 2005). Nevertheless, Verguts et al. (2005)
proposed that the numerical distance effect arises from the
decision process. It is important to note, however, that the
Verguts model is more similar to the signal detection models
described here than is generally acknowledged. That is,
although Verguts et al. claimed that the response stage is
distinct from a quantity representation, the response weights
linking the place coding and comparison response codes are
magnitudes that fall on a continuum. These magnitudes are
highly correlated with the magnitude of the quantity denoted
by the integer with which they are associated. Furthermore,
more than one response weight is activated on every com-
parison trial, creating activation variance. As such, the re-
sponse weights themselves carry the properties of the analog
quantity representation. Therefore, it is difficult to distin-
guish between the inherent nature of the response weights,
as implemented in the Verguts model, and those of the
analog quantity representation that the Verguts model is
often contrasted with. Finally, it is unclear how the
decision model described by Verguts et al. could ac-
commodate the slope and intercept variability data pre-
sented in Experiments 1 and 2 by means of a decision
mechanism.

In sum, we conducted two numerical distance experi-
ments to explore how numbers between zero and one
are represented, as well as three simulations to explore
the abstract-representation model of RTs and the
Welford function. Our data suggest that numerical rep-
resentations of numbers between zero and one as rela-
tive frequencies are (1) analog, (2) nonabstract, and (3)
scale-dependent.
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