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Additivity of loudness across critical bands:
A critical test

RONALD HUBNER and WOLFGANG ELLERMEIER
Unioersittu Regensburg, Regensburg, Germany

The use of magnitude estimation as well as axiomatic measurement theory has led to the sug
gestion that loudness adds across critical bands. In the present paper, we challenge this postu
late by applying a more sensitive methodology, based on Falmagne's (1976) random conjoint mea
surement procedure. A necessary condition for additivity of loudness was investigated in tone
complexes consisting of 2-kHz and 5-kHz (resp. 3-kHz) components; the results showed system
atic deviations from additivity. We argue that these deviations are due to asymmetric masking
of the higher component by the lower one, and we propose a tentative quantitative model to ac
count for the data. Such a model is in line with results from tone-on-tone masking, which show
masking to be effective over a range of several critical bands.

A problem central to models of loudness and noise
evaluation is to determine how different frequency com
ponents combine to produce what is perceived as the over
all loudness of a sound. In the most elementary situation
conceivable, that of a two-tone complex, classical inves
tigations (Fletcher & Munson, 1933; Scharf, 1961a,
1961b, 1970; Zwicker, Flottorp, & Stevens, 1957)
showed that loudness remained constant as long as two
sinusoidal components (or noise bands) fell within a crit
ical band-a narrow range of frequencies, the width of
which is roughly 1/8 of the center frequency. When the
components were farther apart, however, overall loud
ness increased. On the basis of these results, it was postu
lated that although energy sums within the critical band,
the loudness of the frequency components sums when the
components fall into different critical bands or auditory
filters.

Closer inspection of the relevant literature, however,
reveals that this generally accepted postulate of loudness
summation across critical bands rests on relatively weak
methodological grounds. Most of the data that strongly
suggest additivity were obtained with the use of direct scal
ing methods such as magnitude estimation (see, e.g.,
Marks, 1978, 1979). But this approach does not permit
one to disentangle the effects of the psychophysical func
tions involved or of the way the auditory channels are
combined. If the overall loudness, L, is produced by two
components with intensities a and x-that is,

L(a,x) ::::: F[/I(a),lix»),

with F denoting the combination rule (additive or other),
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and II, 12 denoting psychophysical functions for the two
frequency components-then it must remain indeterminate
whether an outcome suggesting nonadditivity, for exam
ple, is due to a nonadditive combination rule, or to in
adequately chosen psychophysical functions. Marks
(1979), for example, drew the latter conclusion, and, not
taking his subject's numerical responses at face value,
transformed them to produce additivity. The complemen
tary strategy, however, of assuming a specific psycho
physical function (such as the sone scale) and then trying
to determine the combination rule is equally conceivable.
The problem remains that with the use of direct scaling
methods, the combination rule cannot be determined in
dependently of assumptions about the psychophysical
functions, or vice versa.

One way out of this dilemma is formulated in axiomatic
measurement theory, which permits one to test for addi
tivity without having to make assumptions about the
psychophysical functions. All that is required is to test
a number of qualitative conditions implying additivity.
These are formulated in Luce and Tukey's (1964) theory
of conjoint measurement.

In this framework, additivity of loudness across criti
cal bands may be formulated as follows: If a, b, and c
are intensities of a 2-kHz tone, for example, and if x, y,
and z are intensities of a 5-kHz tone, the total loudness
of a two-tone complex may be written as

L(a,x) ::::: 12(a) + Is(x).

Or, in a paired comparison task, a two-tone complex
with intensities a and x at 2 and 5 kHz is judged as equally
loud as one with intensities band y at these frequencies
if and only if the sums of the component loudnesses are
equal:

(a,x) - (b,y) iff 12(a) + Is(x) ::::: 12(b) + Is(Y)· (1)

For additivity to hold, a number of conditions must be
fulfilled, one of which is a cancellation law known as the
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Thomsen condition (Krantz, Luce, Suppes, & Tversky,
1971):

If

It is easy to show that this must hold, by substituting the
component loudnesses according to Equation 1 (see Krantz
et al., 1971).

Schneider (1988) tested the preceding cancellation con
dition for paired comparisons of two-tone complexes con
sisting of 2- and 5-kHz components. He found that these
conditions were violated in less than 5 % of all tests, and
he concluded that loudness is additive across widely sep
arated frequencies. The problem with the original con
joint measurement theory, however, is that it is formu
lated deterministically. Thus, it remains unclear how many
violations are tolerable, since no criterion for the rejec
tion of additivity is given.

This is why Falmagne (1976) proposed random con
joint measurement, a probabilistic version of the original
approach that treats subjects' judgments or adjustments
as random variables, thus permitting statistical tests of
whether violations of additivity are significant. Details of
the theoretical derivations can be found in Falmagne; it
will suffice here to delineate the procedural steps neces
sary for an investigation of loudness summation across
critical bands.

To test the cancellation condition, the equivalence re
lations postulated in Equations 2-4 are tested in a very
straightforward manner. The subject matches a standard
stimulus with fixed intensities at the two frequency com
ponents (left sides of Equations 2-4) to a comparison stim
ulus, for which one of the components (b or c in Equa
tions 2-4) is made variable. Thus, in Step I, the subject
is to find a loudness match between a two-tone complex
with intensities (a,Y) and another complex with the same
component frequencies, but with intensities (b,z). Since
a, y, and z are fixed by the experimenter, and b is under
the subject's control, repeating Step I a number of times
yields a distribution of b (see Equation 2) with median
bmed.

In Step 2, the subject must find a match between (bmed'

x) and (c,y), with c variable and all other intensities fixed
(see Equation 3). This yields a distribution of c with me
dian Cmed-

In Step 3, the subject must find a match between (a,x)
and (c.z) with a, x, and z fixed, and with c variable (see
Equation 4). This yields another distribution of c, with
median C!ned.

If additivity holds, there should be no significant dif
ference between the two distributions of c with medians
Cmed and C!ned.

and

then

(a,y) - (b,z),

(b,x) - (c.y),

(a,x) - (c.z).

(2)

(3)

(4)

Although Falmagne's (1976) approach constitutes a
valuable theoretical and methodological advance, it has
seldom been applied. Falmagne reported largely illustra
tive data on binaural loudness summation obtained from
a single subject, and the only extensive study done with
the approach was reported by Gigerenzer and Strube
(1983), who also investigated binaural additivity of loud
ness. Both studies have in common that a standard method
of adjustment was used to test the crucial equivalence re
lations corresponding to Steps 1-3; this method is known
to be less sensitive, and at greater risk for a number of
biases than are the preferable adaptive procedures (see
Jesteadt, 1980; Levitt, 1971).

Thus, in the present study, we employed an adaptive
procedure to test the cancellation axiom. Furthermore,
this study constitutes the first application of Falmagne's
(1976) random conjoint measurement approach to the is
sue of loudness summation across critical bands.

EXPERIMENT 1

Method
Subjects. Seven normal listeners served as subjects. All had hear

ing sensitivity within 10 dB of the ANSI (1970) standard at the fre
quencies used in the experiment.

Apparatus. The stimuli were generated by means of a 12-bit 0/A
converter (32-kHz sampling rate), which was controlled by a per
sonal computer. The signals were attenuated by a two-channel at
tenuator (two AO 711\), which was also under computer control.
Subsequently, the signals were added, lowpass filtered at 15 kHz,
amplified by a standard amplifier, and presented to the subject's
right ear through headphones (Beyer OT-48A). An artificial ear
(Briiel & Kjaer Type 4153) and a measurement amplifier (Briiel
& Kjaer Type 2607) served for calibration. The subjects were seated
in a double-walled soundproof room. A control panel with two LEOs
indicated which signal corresponded to each of the two buttons.

Stimuli and Procedure. Two-tone complexes consisting of a
2-kHz and a 5-kHz component set at different intensities served
as the stimuli. They had a duration of 400 msec, with IO-msec
rise/fall times. Each trial consisted of the presentation of the stan
dard and the comparison stimulus (containing the adjustable com
ponent) separated by an interstimulus interval of 400 msec. The
order of presentation of the standard and comparison stimuli was
randomized. The subjects had to indicate which of the two com
plexes sounded louder, by pressing one of two buttons. There was
no time limit for the decision. After an intertrial interval of at least
I sec, the next trial began.

A two-interval, adaptive forced-ehoice procedure was used to find
stimuli of equal loudness. The procedure followed a one-up-one
down rule, and the step size was changed according to the acceler
ated decision rule proposed by Falmagne (1985). The starting step
size of 4 dB was reduced after each turning point (a change from
an increase to a decrease in intensity or vice versa) until a mini
mum step size of I dB was reached. The following six turning points
were averaged to obtain an estimate of the point of subjective equality
(PSE). In one block of trials, lasting approximately 5 min, four
such "tracks" providing individual estimates of the PSE were ran
domly interleaved. In one session, subjects usually completed three
trial blocks, which were separated by short rest breaks.

The selection of the fixed intensities followed the steps outlined
in the introduction, with a, b, and c denoting the intensities of the
2-kHz component, and with x, y, and z, the intensities of the 5-kHz
component; a was set at 50 dB; x, at 66 dB; y, at 60 dB; and z ,
at 50 dB (SPL). The order of Steps 1-3 was counterbalanced across
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Medians

DISCUSSION

Note-All values are in decibels (SPL). *p < .01.

The results of the present investigation suggest that ad
ditivity of loudness across critical bands should be re-

-1.37*
-0.53
-1.62
o

-0.88

Step 3 - Step 2
(C:'ed - Cmed)

69.72
62.31
61.77
62.09

Step 3
C:nedCmed

71.09
62.84
63.39
62.09

Step 2

Medians

63.69
57.42
58.43
56.78

Step 1
bmed

W.E.
P.P.
S.K.
C.P.

Step I Step 2 Step 3 Step 3 - Step 2
Subject bmed Cmed C'med (C:'ed - Cmed)

R.H. 58.35 64.28 65.94 + 1.66*
W.E. 57.3 6().48 62.78 +2.3t
P.B. 57.53 63.97 64.28 +0.31
S.K. 61.31 67.69 68.19 +0.50

Mean deviation (C:'ed - Cmed) + 1.19

Note-All values are in decibels (SPL). *p < .01. tp < .(XU.

Table 3
Test of the Cancellation Axiom, Using 2-kHz and 3-kHz

Components With the 3-kHz Component Variable

Method
The apparatus and general procedure were identical to those in

Experiment I. When the 2-kHz component was variable, the stim
ulus levels and all details of the procedure were as described in
Experiment I, except that the frequency of the higher component
was changed from 5 to 3 kHz. In a second set of conditions, the
3-kHz component was made variable simply by exchanging the fre
quencies assigned to the intensity components of the stimuli. Thus,
in these conditions, a, b, and c refer to intensities of the (variable)
3-kHz component, and .r, y, and z denote intensities of the (fixed)
2-kHz component. Other than this, the levels chosen and the steps
of the procedure were identical to those in Experiment I.

Table 2
Test of the Cancellation Axiom, Using 2-kHz and 3-kHz

Components With the 2-kHz Component Variable

Results
The results of the 2-kHz-variable condition are given

in Table 2. They essentially mimic those of the first con
dition. Again, 2 of the 4 subjects show significant devia
tions from additivity, and the direction and magnitude of
the departure are essentially identical to what was ob
served with the 2-kHz and 5-kHz components.

With the 3-kHz component variable, the results given
in Table 3 were obtained. Again, the matches made by
1 of the subjects show evidence of violations of additiv
ity, and the matches made by 2 of the remaining subjects
deviate in the same direction. Note, however, that a sim
ple bias due to the adjustable component should have pro
duced identical patterns of matches in the two stimulus
configurations, whereas the reversal of the difference be
tween Cmed and C:"ed suggests a more substantial effect.

Mean deviation (C:'ed - Cmed)

Subject

Step I Step 2 Step 3 Step 3 - Step 2
Subject bmed Cmed C:Ued (C:'ed - Cmed)

R.H. 54.5 58.59 59.75 + 1.16
W.E. 56 61.47 62.78 + 1.31*
P.B. 53.3 57.37 6().75 +3.38t
P.F. 55.59 59.34 6().03 +0.63
N.N. 57.88 62.78 64.84 +2.06*
R.O. 59.75 66.97 67.09 +0.12

Mean deviation (C'med - Cmed) +1.44

Note-All values are given in decibels (SPL). *p < .05. tp < .001.

EXPERIMENT 2

Medians

Table 1
Test of the Cancellation Axiom, Using 2-kHz and 5-kHz

Components With the 2-kHz Component Variable

subjects as much as possible within the constraints of the proce
dure. Thirty-six estimates of the PSE were obtained from each sub
ject in Step I, and 24 estimates in Steps 2 and 3, requiring a total
of seven sessions per subject to complete a test of the cancellation
axiom.

Results
Table 1 shows the median levels of the variable stimu

lus components producing a match in the adaptive proce
dure in Steps 1-3 of the cancellation condition. The cru
cial information to be gained from this table is a
comparison between the matches produced in Step 2 and
Step 3 (Cmed and C:"ed, respectively). For additivity to hold,
these matches should essentially coincide, as for Subject
R.O. Most subjects, however, show a small, but system
atic difference averaging about 1.44 dB (see the last data
column). To determine whether these differences were
statistically significant, for each individual subject the
matches obtained in Step 2 were compared with those ob
tained in Step 3 by means of a median test, as in Falrnagne
(1976). This test indicated a significant difference, and
thus a violation of additivity, for 4 of the 6 subjects in
the condition involving 2-kHz and 5-kHz components.

Furthermore, the observed departures from additive be
havior appear to be systematic; deviating in the same
direction, they suggest an interaction between the com
ponents due to some perceptual or judgmental process.

Although Experiment 1 produced evidence for system
atic violations of additivity, one might suspect these to
be due to experimental peculiarities. We were particu
larly worried about two sources of bias. First, we sus
pected that subjects might beable to disregard or discount
the very high-pitched 5-kHz component. Furthermore, the
fact that it was always the low-frequency component that
was variable in these tests might conceivably produce
some sort of bias. Thus, in a second experiment, we tested
the cancellation condition for component frequencies of
2 and 3 kHz, and in two sets of conditions made either
the high-frequency or the low-frequency component
variable.
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jected, since a necessary condition for additivity was not
met in a significant number of tests. This outcome dis
agrees with the findings of Schneider (1988), who did not
reject additivity. Note, however, that while Schneider ap
plied the (deterministic) concept of conjoint measurement,
in the present investigation we used Falmagne's (1976)
random conjoint measurement methodology, which fo
cuses on a few crucial tests to be performed. Combined
with the criterion-free adaptive forced-choice procedure
used in the present experiments, this methodology may
be more sensitive than alternative approaches in detect
ing violations of additivity. In this respect, the present
situation is analogous to that encountered in binaural loud
ness summation, which the classical conjoint measurement
approach suggested to be additive (cf. Levelt, Riemersma,
& Bunt, 1972), whereas its probabilistic version found
systematic violations of additivity (Falmagne, 1976;
Gigerenzer & Strube, 1983).

Since the observed deviations are systematic, we can
not merely reject additivity; we are also encouraged to
speculate about processes that might explain the nonad
ditive outcome. A closer look at the literature on mask
ing reveals that there is ample evidence for tone-on-tone
masking to extend across several critical bands (e.g., Egan
& Hake, 1950). Even at the suprathreshold levels with
which we were concerned in the present experiment, there
is partial masking, with one component affecting the com
ponent loudness of the other (cf. Zwicker & Fastl, 1990)
an effect that was taken into account in early attempts to
model the loudness of multicomponent tones (Fletcher &
Munson, 1933; Gamer, 1959). Hence, we suspect that
some sort of masking effect may have caused the nonad
ditivity evident in our data.

To model this effect, several possible interaction models
were considered. The model that accounted for our data
best is given by

L(a,x) = fi(a) + !h(x)fi(a)m,

wherefi(a) = na' and!h(x) = nx', with n, r, s > 0, are
power functions transforming the intensities of the lower
and higher frequency components, respectively. As one
referee pointed out, this model is meaningful only if n
is assumed to be a dimensional constant, the value of
which depends on the exponents r, s, and m.

Our model implies that the lower component masks the
higher, but not vice versa, which is consistent with the
"asymmetry of masking" generally found in the studies
cited above. Since Subject W.E. participated in both con
ditions, he produced data for the 2-/3-kHz configuration
(Experiment 2) with both the lower and the higher com
ponent variable. We therefore fitted the model to his data
and obtained the following parameters: n = 4.49, r =
0.30, S = 0.52, and m = -I. If we use these parameters
to calculate data entries for the tables, we get 57.32,
62.02, and 62.59 dB (SPL) for b, c, and c', respectively,
with a difference of 0.57 (c' -c) dB for the 2-kHz-variable
condition, and 63.21,70.80, and 69.71 dB (SPL), with
a difference of -1.09 dB for the 3-kHz-variable condi-

tion. Although the predicted deviations from perfect ad
ditivity are in the same direction as the empirical ones,
the differences between Step 2 and Step 3 are underesti
mations somewhat, particularly for the 2-kHz-variable
condition, in which the prediction is only 0.57 dB when
in fact a difference of 2.3 dB was obtained. However,
this is mainly due to a large deviation in Step 2.

If asymmetric masking was indeed responsible for the
present outcome, one would expect there to have been
more masking between the 2-kHz and 3-kHz components
than between the 2-kHz and 5-kHz components. This was
the case for 2 of the 3 subjects, who participated in both
Experiments 1 and 2 (cf. Tables 1 and 2). Interestingly,
although they did not permit strict tests of additivity, some
of the early studies ofloudness summation (e.g., Scharf,
1961b, 1970) revealed a possibly related dependence on
the frequency separation, in that the total loudness of two
tones continued to increase as they were separated by more
and more critical bands (see Scharf, 1970, Figure 3), with
not even a tendency to asymptote evident in the data.
Clearly, this behavior is consistent with the across-critical
band masking explanation suggested by the present ex
periment. Furthermore, it suggests that it may simply be
difficult to find conditions of spectral additivity unspoiled
by masking, even if the component sounds are several
thousand hertz apart.

It should be noted that the suggested model is only a
tentative step in constructing a general model of loudness
summation, and that it is obviously only appropriate for
two-tone masking situations, like those realized in the
present experiment. It would be preferable to have a more
general model that would make reasonable predictions for
stimuli comprising one component, or more than two com
ponents, as well. The model suggested here has the un
reasonable characteristic that if the lower component has
no energy, the predicted loudness is not defined.

To conclude, it seems that although the additivity of
loudness across critical bands is an acceptable first ap
proximation, the use of a more sensitive methodology re
veals systematic violations of additivity. These can most
likely be attributed to well-known masking effects, which
should be incorporated into a general model of loudness
summation.
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