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Single judgments of numerosity

LESTER E. KRUEGER
Ohio State University, Columbus, Ohio 43210

In previous studies, subjects generally underestimated the number of elements present in a
display. To eliminate the range and intertrial effects that arise when several displays are judged
in succession and that might have produced the underestimation, subjects in the present study
judged only a single display. The single judgments fitted a power function having an exponent
of .83, which is consistent with previous data. Single judgments of loudness, area, and duration,
by contrast, have produced abnormally low exponents apparently because the built-in scale
unit, or modulus, available on numerosity is lacking for other modalities. The tendency to under
estimate numerosity was much stronger for female than for male subjects.
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S. S. Stevens (1975) said that "given a large enough
number of observers, it might prove possible to ver
ify the power law with each observer assigning only
one number to one stimulus" (p. 29). Numerosity
seems an ideal dimension for just such a test. The
scale unit, or modulus, which nominally is free to
vary if the subject is not told what number to call the
first stimulus (standard), may be fixed by the dimen
sion itself in the case of numerosity, and thus there
would be no need to transform numerosity judg
ments in order to compensate for differences in the
way different observers use numbers. A given degree
of perceived numerosity likely would evoke. nearly
the same number response from various observers,
whereas a given level of perceived loudness, say,
might evoke a large number from some observers,
but a small number from others. Numerosity is seem
ingly unique in that it is scaled in nonarbitrary units.
Ten elements perceived as such cannot be called 5 or
20. With line length, by contrast, a 3-ft extent might
be called 36 (if the modulus was set for inches) or 1
(if the modulus was set for yards). Normally, if the
modulus is not fixed, the subject must provide sev
eral judgments, so that information on the exponent
(slope on a log-log plot) may be dissociated from
that on the modulus (intercept on a log-log plot).

If the modulus varied in a regular manner across
observers, however, and observers were consistent in
matching the subjective value of loudness, say, to the
subjective value of number, as Zwislocki and Goodman
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(1980) claimed, then the average number assigned
would provide an absolute scale of loudness. Accord
ing to Zwislocki and Goodman, there is "an absolute
coupling between numerals and psychological magni
tudes" (p. 28), which originates from the concept of
numerosity in which numbers have absolute mean
ing. Zwislocki and Goodman found a marked ten
dency for observers to match a particular level of
number to a particular level of auditory intensity or
line length, irrespective of context, task (magnitude
estimation, magnitude production), or even age (fIrst
graders, adults). However, they found that experi
ence decreased the assigned numbers on magnitude
estimation, especially at low sensation levels, and that
this effect took place quite rapidly, resulting in a
steepening of the power function.

Miller and Dawson (Note 1; Miller, Note 2) also
found that the power function was flatter early in
practice, and they pinpointed the flattening as occur
ring on the very first judgment of loudness, perceived
duration, or perceived area. They concluded that
their subjects did not map a loudness, say, onto the
number having the same subjective value but, rather,
judged the ratio of successive loudnesses, which the
subjects could begin to do only on the second judg
ment. Thus, they rega,rded their findings as support
for the relational the6ries advanced by Krantz (1972,
1974), Shepard (1978, Note 3), and R. Teghtsoonian
(1973; Teghtsoonian & M. Teghtsoonian, 1978).
However, they did not obtain an absolutely flat,
nonincreasing function on the first judgments, so the
coding was at least partly absolute rather than rela
tive. The failure to obtain the regular power-function
exponent with first judgments might be due simply
to unsystematic variability in the modulus used by
different observers. If so, then single judgments of
numerosity, in which the modulus is assumed to be
fixed and equated across observers, based on prior
experience, ought yet to produce a normal power
function.
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Minimizing Judgmental Bias
Obtaining single judgments of numerosity ought,

in fact, to provide a more accurate and valid scale
of perceived numerosity, because it eliminates the
context and sequential effects present when a person
judges several different magnitudes in immediate
succession (e.g., Cross, 1973; Poulton, 1968, 1975,
1979). Numerosity is so simple to judge that subjects
require no prior training or instruction on magnitude
estimation, which also might bias judgments (poulton,
1968). By obtaining only one judgment per subject,
the present study used a between-subjects rather than
within-subjects experimental design. Poulton (1975)
said that "the results of a within-subjects design
should always be regarded with suspicion" (p. 3).
Poulton (1979) noted that transfer effects might oc
cur between blocks of trials or experimental sessions
if graduate students in a particular laboratory were
tested repeatedly. The present study avoided such ef
fects by obtaining a single judgment from each of
800 undergraduate students, who were enrolled in an
introductory psychology course and had had minimal
exposure, if any, to the concepts and methods of psy
chophysics.

However, even without previous experience in
psychophysical scaling, a person's single judgment
might yet be affected by the range and type of stim
uli to which he or she had been exposed in everyday
life (Greenwald, 1976; Poulton, 1975). People may
constantly make implicit judgments concerning nu
merosity, loudness, brightness, etc. Therefore, the
present experiment could not and did not exclude all
contextual factors that might influence numerosity
judgments. Some individuals, for example, may
normally be exposed to an unusually wide range of
numbers of elements and, as a result, might have a
smaller exponent for perceived numerosity (Poulton,
1968, 1975, 1979). The present procedure ought to
be more ecologically valid, though, in indicating how
people, as conditioned or biased by the normal range
and variety of external stimulation, judge numerosity
in the real world.

The present study thus provided a further, seem
ingly less biased, test of whether people tend to over
estimate or underestimate number. Which tendency
predominates will depend on the scale constant or
unit of measurement, k, and the exponent, 13, in the
formula tp =k+fJ, which depicts sensation magnitude,
tp, growing as a power function of the stimulus mag
nitude, + (S. S. Stevens, 1975, p. 13). The scale con
stant, k, which determines the intercept on a log-log
plot, reflects the size of the modulus, and the effect
of modulus variability is sometimes called intercept
variability (S. S. Stevens, 1975, p. 289). Even though
the modulus is assumed to be built-in and fixed on
the numerosity dimension, the scale constant, k, need
not be fixed at 1.0.

Overestimation is favored to the extent that the

scale constant, k, and the exponent, 13, exceed 1.0,
and underestimation is favored to the extent that they
fall below 1.0. If one value exceeds 1.0, but the other
falls below 1.0, then overestimation may be found
over part of the stimulus range and underestimation
over the rest. In Abbey's (1962) case, k fell far below
1.0, so that, even with an exponent of 1.2, he con
sistently found underestimation for displays that
ranged up to 200 dots in size. The more usual find
ing, however, is that k exceeds 1.0 but 13 does not,
and that numerosity is judged accurately or over
estimated until the number of elements reaches 10
to 20 (Kaufman, Lord, Reese, & Volkmann, 1949;
Minturn & Reese, 1951), beyond which underestima
tion occurs. S. S. Stevens (1957) relied on Taves's
(1941) fractionation data in setting the exponent for
perceived numerosity at 1.34, but on magnitude esti
mation, Taves's subjects underestimated the number
of dots present and "on a log-log plot the slope of
the function is less than unity" (Taves, 1941, p. 32).
Bevan and Turner (1964) found a consistent tendency
to underestimate numerosity, and the data for their
control condition indicate an exponent of about
.90. Krueger (1972) estimated the exponent to be
.85, Indow and Ida (1977) estimated it to be .86,
and Kaufman, Lord, Reese, and Volkmann (1949)
obtained data which indicate that the exponent is
.87.

It is conceivable that the stimulus range used in
the studies that found underestimation was such that
it reduced the power-function exponent. The greater
the stimulus range used, the lower the power-function
exponent tends to be (Poulton, 1968, 1975, 1979;
Teghtsoonian, 1973; Teghtsoonian & Teghtsoonian,
1978). On the other hand, the response range typi
cally does not shrink or expand with the stimulus
range when such familiar physical units as weight or
numerosity are involved (Poulton, 1979). Range -ef
fects ought to be attenuated, too, insofar as subjects
scale numerosity in an absolute fashion and are prone
to assign a particular number to a particular sensory
input regardless of context (Zwislocki & Goodman,
1980).

The power-function exponent may be lowered not
only be increasing the stimulus range, but also by
running a subject on a large number of trials (Baird,
Green, & Luce, 1980) or by allowing concurrent vari
ation on an extraneous dimension (Zwislocki &
Goodman, 1980). The present study, by presenting
only one stimulus to each subject, eliminated these
factors as well as that of stimulus range. As long as
the severe flattening found by Miller and Dawson
on the functions for other modalities does not occur
here, single judgments of numerosity ought to pro
duce a higher exponent. The present findings thus
may help to dispel the uncertainty concerning what
the true exponent is for perceived numerosity, as well
as to verify whether the general tendency to under-
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log-log plot, and thus verified Stevens's power law for
single judgments. As the vertical bars in Figure 1
show, variability also produced a linear function on
the log-log plot, and it will be discussed further be
low. Miller and Dawson (Note 1; Miller, Note 2)
found that single judgments produced power func
tions having only 25070 to 75% of the normal slope
(exponent). In the present case, however, no flatten
ing at all of the power function was evident. The
present exponent of .83 was even slightly higher than
the .76 magnitude-estimation exponent obtained by
Krueger (1972). Thus, numerosity provides a surer
means to obtain a reasonable facsimile of the normal
power function with single judgments than does
loudness, perceived duration, or perceived area,
which Miller and Dawson used.

Why did numerosity produce different results?
Probably because it has a fixed, built-in modulus.
Or it may be because numerosity has been shaped by
experience to a greater degree than the other dimen
sions, making it more natural to assign a particular
number to a particular numerosity. The relational
theory may hold to a greater extent for the other
dimensions, as Miller and Dawson claimed. Rela
tively objective instructions were used in the present
study (see Procedure section), which may have
prompted some subjects to judge numerosity in an
absolute rather than relative manner (Dawson, Note 4).
On a set of regular, two-dimensional figures, M.
Teghtsoonian (1965) found a larger exponent when
subjects were asked to judge objective area (1.03)
rather than apparent size (.76), a difference that,
she argued, depended on the subject's estimating, then
squaring, a linear dimension under the former in
struction. In the present case, the Xs were scattered
irregularly over a 35 x 25 matrix, but the subjects
still may have been able to estimate objective numer
osity by multiplying the approximate number of rows
by the approximate number of Xs per row. However,
in spite of this and other factors, such as experience,
which also ought to make numerosity a more objec
tive dimension, the subjects underestimated the num
ber of Xs present to/a considerable extent. As Fig
ure 1 shows, when 300 Xs were presented, the aver
age (geometric mean) judgment was just under 200
Xs. The geometric mean attenuates the effect of the
higher numbers assigned, but even when arithmetic
means were used instead (Baird, Green, & Luce,
1980), the exponent was only .92.

That people can change their personal power
function exponent for numerosity is shown by the
findings of Minturn and Reese (1951), who had sub
jects judge numerosity first without feedback as to
the correct number of dots presented, then with feed
back, and finally, 8 months later, without feedback.
Providing feedback reduced the tendency to deviate
from the correct function, either by overestimating
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estimate numerosity holds when range and intertrial
effects are eliminated.

Exponent of Power Function
As the filled circles in Figure 1 show, the (geo

metric) mean responses formed a straight line on a

RESULTS AND DISCUSSION

Subjects
All 800 subjects were volunteers serving in various other ex

periments in order to receive credit in an introductory psychology
course. Each subject was shown a single sheet for the numerosity
judgment, either before or after participating in the other experi
ment. There were 100 subjects at each of the eight stimulus levels.
Gender was not recorded for 57 subjects; of the rest, 339 were
males and 404 were females.

Test Stimuli
A computer generated the printout sheets containing Xs. The

lightly ruled (16 grey lines) sheet (37.94 cm wide x 21.59 cm high)
contained a 35 column x 25 row matrix (26.19 cm wide x 15.56 cm
high) of possible X positions, which were randomly sampled to
fill the number of X positions specified: 25, 35, 50, 75, 100, 150,
200, and 300. A separate display was generated for each subject,
or 800 sheets in all. (For further details, see Krueger, 1972.)

METHOD

procedure
The task involved modulus-free magnitude estimation. The

subject was asked to look at the sheet for a few seconds, and to
report how many Xs appeared to be present on it. The subject was
told not to count the Xs, but just estimate how many there were.
The sheet then was laid in front of the subject, who was permitted
to view the sheet for no more than about 5 sec.

Figure 1. Geometric mean number of Xs reported «('died circles),
by number of Xs presented, on log-log coordinates. The solid
diagonal line has a slope of 1.0 (veridical function) until the num
ber of Xs presented is 19.7, and then has a slope of .83 Oeast
squares fit to the geometric means). Each dotted diagonal line
represents the least-squares fit to the standard deviation of the
logarithmically transformed responses (solid vertical lines).
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or underestimating numerosity. A general tendency
favoring underestimation was virtually eliminated
when feedback was provided, and it did not return
when subjects were tested without feedback eight
months later.

Elimination of Regression Effects
The .83 exponent obtained here is quite close to

the .85 composite exponent on numerosity obtained
by Krueger (1972), using magnitude estimation (.76)
and magnitude production (.94). Magnitude produc
tion typically produces a smaller exponent than does
magnitude estimation, presumably because an op
posing bias is involved (S. S. Stevens, 1975). The
present study did not use magnitude production, be
cause it would have required exposing the subject to
a range of stimuli even on the first judgment, but
fortunately there was no bias or regression effect for
it to eliminate, since obtaining only a single judgment
from each subject increased the exponent on magni
tude estimation to nearly the .85 level.

The disparity in exponent between the two tasks
may reflect sequential effects (Cross, 1973). The
judgment on one trial typically is assimilated towards
that on the preceding trial (Lockhead, 1973; Ward,
1979), which tends to be located towards or beyond
the center of the series, relative to the current stim
ulus. The judgment thus is pulled towards the center
of the response range, which reduces the exponent
for magnitude estimation but increases it for magni
tude production. If the regression effect depends
largely on sequential effects, however, then in the
present study, which used stimulus materials very
similar to those used by Krueger (1972) but elimi
nated sequential effects, the rnagnitude-estimation ex
ponent ought to be about .85, which is just what
was found. Thus, when the subject cannot reflect on
how the present stimulus relates to other stimuli
and thus any effects involving assimilation (Cross,
1973) or the avoidance of extreme response ratios
(Teghtsoonian, 1973; Teghtsoonian & Teghtsoonian,
1978) are eliminated, the power-function exponent
for magnitude estimation increases somewhat, but
only enough to eliminate the regression effect.

If the regression effect is based on a contraction
bias (i.e., a tendency to select a response that is closer
to the middle of the response range; Poulton, 1979),
rather than assimilation or the avoidance of extreme
response ratios, then it will be present even when only
a single judgment is obtained. Poulton (1979) cited
cases in which the contraction bias was evident on
the very first judgment. The contraction bias, if pres
ent, could not have been very large, however, be
cause when the direction of bias was reversed, that
is, by using magnitude production, the exponent ob
tained was no higher than.94 (Krueger, 1972). Further
more, the increase in the magnitude-estimation expo
nent from. 76 to .83 suggests that sequential effects

had a more important role and that little, if any, con
traction bias was present.

However, other aspects of the present data are
consistent with the presence of a contraction bias.
As shown in Figure 1, the empirical function inter
sected the veridical function at about a numerosity
of 20, but the (predicted) variability was still sizable
at this point, so perhaps the function should be pro
jected to indicate overestimation below 20. In this
case, 20 would be the fulcrum or centering point to
wards which responses contract. Minturn and Reese
(1951) found that numerosity tended to be underesti
mated when more than 20 elements were presented
and overestimated when less than 20 elements (but
more than 5 elements) were presented. Kaufman,
Lord, Reese, and Volkmann (1949) also found over
estimation in the lower region, but the crossover
point in their case was at 11, not 20.

Variability of Judgments
The vertical bars in Figure 1 indicate the standard

deviation of the (log) number of Xs reported for each
of the eight stimulus magnitudes. As Kaufman et al.
(1949) and others have found, variability increased as
the number of Xs presented increased. In fact, the
variability itself formed a power function. The stan
dard deviation of the (logarithmically transformed)
responses increased as the .20 power of the number
of Xs presented. This power function is shown by
the two dotted lines in Figure 1, which, if extended
to the left, would converge at a (linear) value of 8.85
Xs presented. This is close to the value of 6, which
Kaufman et al. (1949) reported to be the largest num
ber that can be subitized, that is, apprehended in a
very rapid, confident, and nearly errorless manner.

The upper and lower vertical bars at each point in
Figure 1 encompassed approximately the same pro
portion of judgments, because the (logarithmically
transformed) responses at each stimulus level gener
ally formed a symmetrical distribution. In fact, as
Figure 2 shows, several of them closely approximated
a normal distribution, as J. C. Stevens (1957) found.
These log-normal distributions provided one justifi
cation for using geometric means rather than arith
metic means in plotting the power function shown in
Figure 1 (cf. S. S. Stevens, 1971).

Some distributions in Figure 2 did not approxi
mate the normal as well as others, though, owing to
a more pronounced round-number tendency. Arrows
in Figure 2 indicate the location on the abscissa of
round-number responses given by 14 or more of the
100 subjects tested at the particular stimulus level.
Only 11070 (86) of the 800 responses were not round
numbers, that is, did not end in 0 or 5. In fact, the
four most popular responses (25, 30, 50, 1(0) con
stituted 32% (258) of the reports. Other investigators
also have found that subjects prefer certain numbers
(Baird & Noma, 1978). When z scores were combined
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Figure 2. Distributions of z scores of logarithmically transformed responses at each stimulus level. Arrows indicate loca
tions on the abscissa of responses made by 14 or more of the 100 subjects at that stimulus level. The dotted lines depict nor
mal distributions of z scores.

across stimulus level, however, the resulting distri
bution, shown in Figure 3, was little perturbed by the
round-number tendency. A Kolmogorov-Smirnov
one-sample test (Siegel, 1956) indicated that the 800
z scores plotted in Figure 3 did not deviate signif
icantly from the normal distribution (shown as a
dotted line) (D = .025, p> .20).

The log-normal distribution of responses shown in
Figure 3 may reflect random variation at the stimulus
or response stage. Each subject received the Xs in a
different random arrangement, and some arrange
ments might have favored a larger numerical response
than others. It is not clear, though, how this varia
tion could produce a log-normal distribution of re
sponses. There also may have been variation in the
way numbers were assigned to particular sensory im
pressions. The absolute coupling of number to sen
sory impression, as postulated by Zwislocki and
Goodman (1980), may be merely a central tendency.
A log-normal distribution would be produced if vari
ation in the coupling occurred on a logarithmically
transformed number scale. Poulton (1979) and others

have referred to such a logarithmic bias in the way
in which numbers are used.

Variation in the Exponent
A third way to account for the log-normal distri

bution is to posit variation in the size of the exponent.
If the exponents for tht;SOO subjects were distributed
normally, with a m~an value of .83 and a standard
deviation of .20, and if the variability in judgment
reflected solely variability in exponent, then the data
predicted would match those observed. Thus, it might
be more appropriate to report the exponent obtained
here as .83 ± .20.

Baird and Noma (1978, Figure 6.1) presented dis
tributions of exponents that were symmetrical and,
at least for line length, approximately normal. To
determine whether the distribution would be normal
on numerosity, the exponents obtained for each of
Krueger's (1972) 94 magnitude-estimation subjects
were plotted, as shown in Figure 4. On a Kolmogorov
Smirnov one-sample test (Siegel, 1956), the deviation
of the observed distribution of exponents from the
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ditions, ranged from r(28) = + .58 (p < .005) to r(28)
= + .68 (p < .005). In Experiment 2, the correlations
between pairs of the three sets of trials, representing
different density conditions, ranged from r(30) = + .33
(p < .05) to r(30) = + .67 (P < .005). Minturn and
Reese (1951) likewise found that 4 of their 10 subjects
tended to overestimate numerosity and 6 tended to
underestimate it. Rule (1966) found a correlation co
efficient of .75 between the numerousness exponent
obtained in his first two sets of trials and the last
two sets of trials. He studied circle size and line length,
as well as numerousness, and the correlations be
tween continua on the size of the exponent ranged
from.45 to .63.

The Gaussian distribution of the exponent (Fig
ure 4) indicates that its value for a particular person
and/or occasion depends on many random, indepen
dent events. However, there also may be major sys
tematic influences, reflecting the effects of sex dif
ferences (discussed below), training, feedback (Minturn
& Reese, 1951), and motivational factors. Children
in Nelson and Lechelt's (1970) less-favored socio
economic group had a higher exponent on perceived
numerosity when coins were shown (1.11) than when
slugs were shown (.92).

An alternative possibility is that a lower exponent
for a particular person reflects not an increased ten
dency to underestimate numerosity, but an increased
contraction bias. There may be individual differences
with respect to the regression effect (Stevens, 1971),
that is, the tendency to center judgments around the
average value of the response ~nd to avoid extreme
responses. A large centering tendency would lead to a
relatively low exponent on magnitude estimation but
a high exponent on magnitude production; a small
centering tendency would produce the reverse pat
tern. Thus, there would be a negative correlation be
tween the magnitude-estimation exponent and the
magnitude-production exponent, and balancing for
regression effects would eliminate individual differ
ences in the size of the exponent. On the other hand,
if variation in the size of the exponent reflects vari
ation in the underestimation tendency, then the cor
relation ought to be positive rather than negative.

Wanschura and Dawson (1974) found that con
sistent individual differences did not disappear when
they balanced for regression effects. They found an
overall positive correlation (r = + .30) between expo
nents based on matching loudness to apparent dura
tion and those based on matching apparent duration
to loudness. The correlation was always positive, and
was significant in one session, though not for the
combined data. A reanalysis of the data from Krueger's
(1972) Experiments 3 and 4 likewise revealed a pos
itive correlation of r(30) = + .30 (P < .05) between
magnitude estimation and magnitude production.
The correlation within the magnitude-production
task, that is, between trials in which numerosity was
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theoretical (normal) distribution (dotted line in Fig
ure 4) was not significant (0=.0319, p> .20). The
exponents had a mean value of .75 and a standard
deviation of .20. Thus, the variability was the same
as in the present study, though the mean value was
lower.

Variation in the size of the exponent could be due
in part to individual differences. Some people might
tend to underestimate numerosity more than others.
Such consistency within subjects was evident in a re
analysis of Krueger's (1972) data. In Experiment 1,
the correlations of the exponent between pairs of the
four sets of trials, representing different density con-

~ ~ ~ 0 ~ ~ ~

Log number of X's reported (z scores l
Figure 3. Distribution of z scores of logarithmieally trans

formed respolllleS, summed across the eight stimulus levels as
sbown in Figure 2. The dotted line depicts a normal distribntion
of z scores.



adjusted upward and trials in which it was adjusted
downward, was only slightly larger [r(30) = + .34,
p < .05]. Thus, the downward dip in the magnitude
estimation exponent for some subjects in the present
study more likely reflects an increased tendency to
underestimate numerosity than an increased contrac
tion bias.

Sex Differences
The tendency to underestimate numerosity was

much stronger for female than for male subjects. At
seven of the eight stimulus levels, the geometric-mean
response was lower for females than for males, as
Figure 5 shows. To equalize cell size for an analysis
of variance, the subject population for each display
size was pared to 39 males and 39 females by ran
domly removing subjects. In this test, males had sig
nificantly larger reports than did females [F(l,608)
=6.51, p < .025]. The sex effect was significantly
greater [F(l,608) =5.21, p < .025] on larger displays
(100, 150, 200, 300 Xs) than on smaller displays (25,
35, 50, 75 Xs). The sex difference was mainly in the
exponent (slope effect), which was .87 for males and
.78 for females; the (common log) intercept was .16
for males and .29 for females. With the scores log
arithmically transformed, the mean (common log)
variance across the eight stimulus levels was virtually
identical for males (.04254) and females (.04277).
Thus, the variability of the exponent was the same
for males and females.

Many factors might account for the sex differ
ences shown in Figure 5. Males generally appear to
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Figure 5. Geometric mean number of Xs reported by 339 male
subjects (open circles) and 404 female subjects (filled circles), by
number of Xs presented, on log-log coordinates. The solid di
agonal line (veridical function) has a slope of 1.0.
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have much better visual acuity under photopic con
ditions (Burg, 1966; Roberts, 1964), and they may
have given larger numerosity responses simply be
cause they saw the Xs more clearly and distinctly.
Males may have been more accurate because they
generally do better on visual-spatial tasks, such as the
embedded or hidden figures test (Maccoby & Jacklin,
1974). A smaller exponent would be predicted for fe
males if they were normally exposed to a wider range
of number of elements than were males (cf. Poulton,
1968, 1975, 1979). The present effect may be task
specific, reflecting sex differences in the use of num
bers or in susceptibility to regression effects and the
like. Given the male advantage on arithmetical
reasoning and quantitative tasks (Maccoby & Jacklin,
1974), males and females might differ in general on
how they do magnitude estimation and magnitude
production.
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