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Abstract:    Considering the great importance of the elastic shear modulus G0 of unsaturated soils to the serviceability of many 
geo-structures in geo-energy and geo-environmental engineering, some semi-empirical models have been reported for the G0 of 
unsaturated soils. Existing models require at least three parameters and the calibration of the model parameters requires extensive 
time-consuming unsaturated soil tests. In this study, a simple semi-empirical model is proposed for the hysteretic G0 of unsaturated 
soils, requiring only two parameters. The constitutive variables of the mean Bishop’s stress and a bonding variable are adopted for 
considering the average stress between soil particles and the additional normal forces between soil particles provided by water 
menisci. The derived equation is applied to simulate the G0 of unsaturated silts and sands. Comparisons between the measured and 
calculated results demonstrate that the proposed equation is able to describe the influences of various factors on G0, including 
mean net stress, suction, wetting-drying, and void ratio.  
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1  Introduction 

 
The elastic shear modulus G0 (also referred as 

very small strain (less than 0.001%) shear modulus) 
of soil is an important parameter to predict the ser-
viceability of many earth structures in geo-energy and 
geo-environmental engineering, such as landfill co-
vers and energy foundations (Atkinson and Sallfors, 
1991). Furthermore, soils are often unsaturated and 

subjected to wetting-drying cycles in the field in 
geo-energy and geo-environmental engineering. An 
investigation of G0 of unsaturated soils is therefore of 
great significance.  

G0 of soils can be measured by bender element 
or resonant column tests (Zhou et al., 2008; Jardine, 
2011). By performing suction-controlled resonant 
column and bender element tests, it was found that the 
G0 of unsaturated soils increases with an increase of 
suction (Mancuso et al., 2002; Ng and Yung, 2008; 
Dong et al., 2016). At a given suction, the G0 along 
the wetting path is consistently larger than that along 
the drying path (Ng et al., 2009; Khosravi and 
McCartney, 2012).  

To describe the G0 of unsaturated soils, Mancuso 
et al. (2002) and Ng and Yung (2008) proposed two 
semi-empirical models. It was assumed that G0 is a 
function of net stress, suction, and void ratio. The 
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influences of the wetting-drying history (hydraulic 
hysteresis) were not considered. To consider the 
influences of the hydraulic hysteresis, some recent 
studies incorporated the degree of saturation (Sr) in 
their semi-empirical models (Sawangsuriya et al., 
2009; Biglari et al., 2011; Khosravi and McCartney, 
2012; Oh and Vanapalli, 2014; Wong et al., 2014). 
Wong et al. (2014) found that by incorporating Sr, the 
models are able to simulate the variation of G0 during 
compression, drying, and wetting. It should be pointed 
out that the existing models require at least three 
parameters. Extensive time-consuming unsaturated 
soil tests are needed for parameter calibration. 
Recently, Dong et al. (2016) and Dong and Lu (2016) 
developed a new G0 model with three model 
parameters by using the suction stress-based effective 
stress principle. Based on the experimental data from 
about 30 types of soils, the relationship between two 
model parameters and the soil water retention curve 
was proposed. 

The principal objective of this study is to de-
velop a simple model to capture the hysteretic G0 of 
unsaturated soils. To meet this objective, a simple 
semi-empirical model with only two parameters is 
newly proposed by adopting the mean Bishop’s stress 
and a bonding variable. Then, the derived model is 
applied to simulate the hysteretic G0 of various soils. 
The calculated and measured results are compared 
and analyzed. 
 
 
2  Mathematical formulations 

 
Based on the results of suction-controlled bender 

element tests, Ng and Yung (2008) proposed a 
semi-empirical equation to describe the G0 of un-
saturated soils using two independent stress state 
variables (i.e., net stress and matric suction): 
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where Cij is a constant reflecting the inherent soil 
structure in the ij plane (i.e., plane of shear), f(e) is a 
void ratio function relating shear modulus to void 
ratio, p and s are the mean net stress and matric suc-
tion, respectively, pref is a reference pressure for 
normalizing p, and n and k are regression parameters. 

The net stress and matric suction are defined as (σ−ua) 
and (ua−uw), where σ, ua, and uw are the total stress, 
pore air pressure, and pore water pressure, respec-
tively. By comparing measured and calculated results, 
Ng and Yung (2008) found that Eq. (1) is able to 
capture the influences of p and s on G0.  

On the other hand, Ng et al. (2009) measured the 
G0 of compacted clayey silt specimens along a drying 
and wetting cycle. They found that at a given suction, 
measured G0 was consistently larger along the wetting 
path than that along the drying path. Similar findings 
were reported by some other researchers, such as 
Khosravi and McCartney (2012). The observed hys-
teretic effects are due to at least two reasons. First, an 
increase in suction induces the shrinkage and densi-
fication of the soil specimen. Therefore, the soil 
specimen along the wetting path has a higher density 
and hence a larger G0 than that subjected to drying. 
Second, at a given suction, the Sr of the soil specimen 
along the wetting path is lower than that along the 
drying path. At a lower Sr, the number of water me-
nisci per unit soil volume would be larger while the 
amount of bulk water would be smaller. As a result, 
the additional inter-particle normal forces provided 
by more water menisci tend to stiffen the soil skele-
ton. Both mechanisms are taken into account in this 
study to make the proposed model theoretically and 
physically sound. It should be pointed out that the 
volumetric strain of the soil specimen induced by the 
drying and wetting cycle is not significant (less than 
±0.3%) according to the experimental data of Ng et 
al. (2009). This suggests that the effects of the soil 
density on hysteretic G0 behavior are very minor for 
the soil tested. Therefore, the effects of drying and 
wetting on G0 reported by Ng et al. (2009) cannot be 
captured well by Eq. (1), which assumes that G0 is 
affected by net stress, suction, and void ratio only. 

The limitation of Eq. (1) is primarily due to the 
fact that the net stress and suction are not sufficient to 
satisfactorily describe the complicated water distri-
bution within unsaturated soils. Wheeler and Karube 
(1996) postulated that the soil water in unsaturated 
soils may be classified into two different types: 
namely bulk water and meniscus water. Bulk water 
affects the tangent and normal forces between soil 
particles, whereas a change of meniscus water alters 
the normal force only. The presence of meniscus 
water would stabilize the soil skeleton by reducing the 
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mobilized ratio of the tangent force and normal force. 
Considering the different roles of bulk water and 
meniscus water, the degree of saturation of the soil 
specimen is expected to impose a significant influ-
ence on pore water distribution and hence the G0 of 
the unsaturated soil. To fully capture the hysteretic G0 
behavior of unsaturated soil, not only soil suction but 
also the degree of saturation should be incorporated. 

Due to the different effects of these two types of 
water, suction affects the mechanical behavior of the 
unsaturated soil via at least two different ways, 
namely modifying the average skeleton force and 
providing additional bonding forces at particle con-
tacts by water menisci (stabilization effects on soil 
skeleton). To describe these two mechanisms explic-
itly, Gallipoli et al. (2003) proposed the following two 
constitutive variables: 

 
*

r ,p p S s                               (2) 

r( )(1 ),f s S                              (3) 
 

where p* is the mean Bishop’s stress, and  is the 
bonding variable. These two constitutive variables 
have clear physical meanings. The first one (p*) de-
notes the average stress between soil particles, while 
the bonding variable  was proposed by Gallipoli et 
al. (2003) as a scalar constitutive variable for un-
saturated soils. The bonding variable is related to the 
inter-particle normal forces exerted by water menisci, 
and it is a function of the soil suction and the degree 
of saturation.  

The first term f(s) on the right hand side of 
Eq. (3) describes the inter-particle normal forces ex-
erted by a single water meniscus at a given suction, 
normalized by that at zero suction. The relationship 
between f(s) and suction was derived by Fisher (1926) 
and is shown in Fig. 1. This relationship can be de-
scribed by the following equation (Gallipoli et al., 
2003; Zhou et al., 2015): 
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where Ts is the surface tension coefficient of water 
which is equal to 72.8 mN/m at 20 °C, and r is the 
radius of the spherical particles. It can be seen from 
Fig. 1 that the value of f(s) is higher with a larger r at a 

given suction. For simplicity, a constant r value of 
1×10−6 m is assumed for soil specimens to calculate 
f(s) in this study. This simplification should not sig-
nificantly affect model prediction with proper model 
parameters. This is because according to Eq. (4) and 
Fig. 1, for all values of r, the value of f(s) is limited to 
a range of 1 to 1.5 over a full suction range. The 
percentage difference should be therefore smaller 
than 50%. It should be pointed out that Eq. (4) de-
scribes the suction effects on the value of the inter- 
particle normal force exerted by a single water me-
niscus. It was first derived by Fisher (1926) based on 
the air-water interface between two identical spheres. 
Although this equation is derived based on granular 
material, it also works well for fine-grained soils, as 
reported by Gallipoli et al. (2003). Therefore, this 
variable is considered and used to model hysteretic G0 
behavior in this study. 
 

 
 
 
 
 
 
 
 
 

 
 

 
 
The second term (1−Sr) is adopted to account for 

the number of water menisci per unit volume in un-
saturated soil through a simplified approach. At the 
fully saturated state (an ideal case with Sr=100%), 
there should be no meniscus water within a soil 
specimen. Stabilization effects arising from meniscus 
water would be absent, and therefore (1−Sr) and  are 
equal to zero. At unsaturated states, the values of 
(1−Sr) and  increase as the soil specimen desaturates. 
This increase of  with increasing suction is con-
sistent with experimental observations that stabiliza-
tion effects are more significant at a lower degree of 
saturation. 

By applying these two constitutive variables 
(Eqs. (2) and (3)), a new formulation for the G0 of 
unsaturated soil is proposed as follows: 

Fig. 1  Relationship between f(s) and suction with different 
values of r 
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where C0, Cs, np, and ns are the soil parameters, and 
pref is assumed to be the atmospheric pressure 
(101 kPa) in the following calculations. Compared 
with Eq. (1), Eq. (5) explicitly incorporates Sr and 
considers two different suction effects. At the satu-
rated state, the mean Bishop’s stress reduces to the 
mean effective stress p′, and  equals zero. Eq. (5) can 
be simplified as  
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Note that Eq. (6) was first proposed by Hardin 
and Black (1966). It has been widely used to estimate 
the G0 of different saturated soils, including sand, silt, 
and clay. This suggests that Eq. (5) allows for a 
smooth translation between unsaturated and saturated 
states. Furthermore, some soil parameters (C0 and np) 
and f(e) in Eq. (5) can be calibrated by fitting meas-
ured G0 at the saturated state. This is an effective and 
convenient approach, considering that unsaturated 
soil testing is much more time-consuming and that 
there is relatively less experimental data of unsatu-
rated soil behavior in literature. 

Based on extensive experimental results of sat-
urated clay and sand, McDowell and Bolton (2001) 
found that G0 varies with p′ as p′0.5 following the 
Hertz contact theory. This observation suggests that  

 

p 0.5.n                                 (7) 

 

For the void ratio function, various formulations 
have been proposed in literature. Shibuya et al. (1997) 
introduced a simplified void ratio function f(e)= 
(1+e)α, where the coefficient α is equal to −2.4 for 
clay based on the in-situ seismic survey and labora-
tory bender element tests. Oztoprak and Bolton 
(2013) used the void ratio function f(e)=(1+e)−3 for 
sands based on extensive laboratory data. When the 
soil void ratio increases from 0.5 to 1.0, for example, 
the value of f(e) decreases by 50% and 58% with 
α=−2.4 and α=−3, respectively. It is clear that with 
such a huge change in the soil void ratio, the model 
prediction difference is less than 10% with (1+e)−2.4 

and (1+e)−3. Therefore, a single void ratio function 
(1+e)−3 is used for both clay and sand in the proposed 
model for simplicity, i.e., 
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On the other hand, two parameters (Cs and ns) 
are used in Eq. (5) to describe the effects of  on G0. 
For simplicity, it is assumed that 

 

s p .n n                                   (9) 

 

It is expected that this simplification does not 
greatly affect the capability of Eq. (5), since the ef-
fects of   on G0 can be considered through the other 
soil parameter (i.e., Cs).  

Substituting Eqs. (7)–(9) into Eq. (5), the fol-
lowing equation can be obtained: 
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Eq. (10) is developed to describe the hysteretic 

G0 of unsaturated soils, requiring only two parameters 
(Cs and C0). C0 is a constant reflecting the effect of the 
inherent soil structure on G0. Cs describes the effect of 
additional normal forces between soil particles pro-
vided by water menisci () on G0. 

 
 
3  Verification of the newly proposed simple 
model 

 
Ng and Yung (2008) and Ng et al. (2009) carried 

out two series of suction-controlled bender element 
tests on compacted clayey silt specimens. G0 was 
measured along two stress paths: namely isotropic 
compression at constant suction and drying and wet-
ting at constant stress. Apart from G0, e and Sr at each 
stress and suction condition were also monitored. 
Fig. 2a shows the variation of G0 with mean net stress 
at different suctions, obtained from the isotropic 
compression tests. As expected, G0 increases with the 
increasing mean net stress. At the same mean net 
stress, G0 is significantly larger at a higher suction. 
Based on the results, the two parameters in Eq. (10) 
are determined by the least square method: C0= 
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330 MPa and Cs=1.2. Soil properties and model pa-
rameters are summarized in Table 1. With the fitted 
parameters, G0 along the two stress paths are calcu-
lated. The calculated G0 in the compression tests is 
also shown in Fig. 2a for comparison. It is clearly 
revealed that Eq. (10) is able to capture the influences 
of the stress and suction on G0.  

Fig. 2b compares the measured and calculated 
G0 during the drying and wetting cycle at two iso-
tropic net stresses (110 and 300 kPa). It can be seen 
that G0 increases consistently with an increase of 
suction along the drying process. After drying to the 
maximum suction of 250 kPa, the soil suction is  
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
 
 
 
 
 

 

reduced by wetting the soil specimen. Measured G0 
decreases continuously during the wetting process. 
Similar to the water retention curve, there is a hyste-
resis between the drying and wetting stiffness curves 
showing variations of G0 with suction. At the same 
suction, G0 measured during wetting is consistently 
higher than that obtained during drying. On the other 
hand, the effects of drying and wetting on G0 are 
generally captured by Eq. (10). Since the axial and 
radial strains of each soil specimen during drying and 
wetting are relatively small (less than ±0.3%), the 
changes of the void ratio and hence f(e) are not sig-
nificant (Ng et al., 2009). According to the newly 
proposed simple model, shear modulus hysteresis 
occurs because Sr on the adsorption curve is lower 
than that on the desorption curve at the same suction. 
Eq. (2) suggests that at a given suction, the value of  
is larger when Sr is lower. It is therefore concluded 
that G0 predicted by Eq. (10) is larger along the wet-
ting path than that along the drying path. 

Similarly, Eq. (10) is used to fit the G0 of another 
clayey silt (Khosravi and McCartney, 2012). Soil 
properties and model parameters are summarized in 
Table 1. Comparisons between measured and calcu-
lated results are shown in Fig. 3. It is well illustrated  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

Table 1  Summary of soil properties and regression coefficients in the newly proposed simple equation for G0 

References Soil type 
Percentage 
of clay (%)

Liquid 
limit (%)

Plastic 
limit (%)

Plastic 
index 

C0 
(MPa) 

Cs 

Ng and Yung (2008); Ng et al. (2009) Clayey silt 4 43 29 14 330 1.20

Khosravi and McCartney (2012) Clayey silt 14 25 21 4 160 0.06

Nyunt et al. (2011) Sand 0 NA NA NA 230 0.60

Note: compacted specimens are used in these four studies; NA means “not available”  

Fig. 3  Comparisons between measured and calculated G0 
of a compacted clayey silt tested by Khosravi and 
McCartney (2012) 

Fig. 2  Comparisons between measured and calculated G0 
of a compacted clayey silt tested by Ng and Yung (2008) 
(a) and Ng et al. (2009) (b) 
M: measured; C: calculated 
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that the newly proposed simple equation is able to 
describe the dependency of G0 on stress and suction 
for this type of soil.  

Eq. (10) is then used to fit the G0 of sand (Nyunt 
et al., 2011). Soil properties and model parameters are 
summarized in Table 1. Comparisons between meas-
ured and calculated results are shown in Fig. 4. At the 
mean net stress of 50 and 100 kPa, the measured and 
calculated G0 are quite consistent. However, at the 
mean net stress of 200 kPa, the measured G0 is un-
derestimated by the proposed model by about 25%. 
The discrepancies between the measured and calcu-
lated results suggest that the stress effects on the G0 of 
sand are underestimated by the proposed model. The 
prediction errors may be reduced by adopting a larger 
np in Eq. (7). In this study, no modification is made to 
Eq. (7) to minimize the number of model parameters 
and the proposed model should be used with caution 
for a wide range of stresses. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figs. 2–4 reveal that Eq. (10) is able to describe 
the influences of various factors on G0, including 
mean net stress, suction, drying-wetting, and void 
ratio. It should be pointed out that some existing 
semi-empirical equations for G0 are reported to be 
able to simulate the G0 of unsaturated soil along var-
ious stress paths, including drying, wetting, and iso-
tropic compression, as reviewed by Wong et al. 
(2014). However, these existing equations require at 
least three parameters. Extensive data from time- 
consuming unsaturated soil tests is also required to 
calibrate them. On the other hand, the proposed model 
for the hysteretic G0 of unsaturated soils only requires 

two parameters (i.e., C0 and Cs). As illustrated in 
Section 2, C0 is a constant reflecting the effect of the 
inherent soil structure on G0, while Cs describes the 
effect of additional normal forces between soil parti-
cles provided by water menisci () on G0. Compared 
with most existing models in literature, much fewer 
test results are required for the calibration of the 
model parameters. To use the proposed model, la-
boratory or filed tests should be carried out to deter-
mine the G0 of unsaturated soil at two different suc-
tions. Without such experimental measurements, an 
alternative approach is to deduce the values of C0 and 
Cs from soil water retention curve, as proposed by 
Dong et al. (2016). It should be pointed out that the 
scope of this study is to propose a new idea for mod-
eling the hysteretic G0 behavior of unsaturated soil 
with fewer parameters. Future studies should be car-
ried out to predict the two parameters from basic soil 
properties, such as the water retention curve.  
 

 
4  Conclusions 

 
A simple semi-empirical model is newly pro-

posed for the hysteretic elastic shear modulus G0 of 
unsaturated soils, requiring only two parameters. The 
derived equations are applied to simulate the G0 of 
various soils. Comparisons between measured and 
calculated results demonstrate that the proposed 
equation is able to capture the influences of various 
factors on G0, including mean net stress, suction, 
wetting-drying, and void ratio.  

It should be pointed out that the proposed simple 
model is intended for unsaturated sands, silts, and 
low-plasticity clays. For high-plasticity clays, such as 
expansive soils, however, it may require some modi-
fications, such as a consideration of significant  
wetting-induced volume changes. On the other hand, 
some parameters in the model are given specified 
values for simplicity, which may result in slight pre-
diction errors, particularly for sands. In addition, 
comparisons between measured and calculated G0 are 
all limited within a low suction range (less than 
500 kPa) in this study. More experimental and theo-
retical studies should be carried out to reveal the G0 
behavior of unsaturated soil over a wide range of 
stresses and suctions. Based on new evidences, the 

Fig. 4  Comparisons between measured and calculated G0 
of a compacted sand tested by Nyunt et al. (2011) 



Xu et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng)   2016 17(7):589-596 595

proposed model could be verified and improved if 
necessary in future studies. 
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中文概要 
 

题 目：考虑滞回效应的非饱和土弹性剪切模量简化模型 

目 的：非饱和土的弹性剪切模量是预测土体变形和土工



Xu et al. / J Zhejiang Univ-Sci A (Appl Phys & Eng)   2016 17(7):589-596 596

建筑物正常使用服役性能的重要参数之一。本文

旨在提出一个描述非饱和土弹性剪切模量的简

化模型，减少标定模型参数所需要的耗时非饱和

土试验，并考虑吸力、应力、干湿循环及孔隙比

对弹性剪切模量特性的影响。 

创新点：1. 提出考虑滞回效应的非饱和土弹性剪切模量简

化模型；2. 减少标定模型参数所需要的试验。 

方 法：1. 基于前人非饱和土弹性剪切模量试验结果，考

虑非饱和土中土颗粒间的平均骨架应力及毛细

水提供的法向应力作用，通过理论推导建立非饱

和土弹性剪切模量的半经验简化模型；2. 通过文

献中不同非饱和粉土及砂土的弹性剪切模量试

验结果验证简化模型的适用性。 

结 论：1. 得到一个描述非饱和土弹性剪切模量的简化模

型，该模型仅需两个模型参数，减少了标定模型

参数所需要的耗时非饱和土试验；2. 通过四组不

同非饱和土弹性剪切模量试验数据验证了简化

模型的适用性，表明该模型能考虑吸力、应力、

干湿循环以及孔隙比对弹性剪切模量特性的影

响；3. 由于进行了简化，该模型可能存在少量预

测误差，在宽应力和吸力范围内运用该模型时需

要谨慎。 

关键词：非饱和土；理论模型；弹性剪切模量；小应变；

吸力；饱和度 

 
 


