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Introduction
In the seismic design and/or assessment of many critical structures, like nuclear power 
plants (NPPs), the seismic input is defined from a probabilistic seismic hazard analysis 
(PSHA) as a uniform hazard response spectrum (UHRS) at the rock outcrop. A seis-
mic wave transmission analysis (i.e., site response analysis) is then performed to obtain 
the UHRS at the free-field ground surface (or at any elevation required). The dynamic 
site response analysis is usually implemented using an equivalent-linear (EQL) approach 
through methodologies based either on time-histories or, more recently, random vibra-
tion theory (RVT). Both approaches are currently accepted by the US Nuclear Regula-
tory Commission (US-NRC [1].
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In the time-histories based method, a suitable set of ground motions should be 
selected and scaled or modified to obtain records that match the design spectrum. Due 
to the variability of the properties within the input motions, a relatively large number of 
simulations needs to be performed to obtain a consistent estimate of the site response 
[2]. Alternately, the RVT approach can be used to avoid the selection, scaling and match-
ing of time-histories input motions. This approach uses a single input motion defined in 
the frequency domain as either a Fourier Amplitude Spectrum (FAS) or a Power Spectral 
Density (PSD) compatible with the design spectrum. However, past studies have found 
that, in some cases, prediction of the site amplification at the site natural frequency by 
RVT analysis can be 20–50% larger than with time-histories approach. Moreover, it has 
been noticed that sites with low fundamental frequency and settled on hard rock pro-
duce the largest over-predictions [3, 4].

This work is aimed to further understand the potential differences in the results from 
RVT and time-histories based approaches by performing a comprehensive numerical 
evaluation that takes into account the effect of the input intensity level, input spectral 
shape, site conditions, and the methodology used to produce the input FAS. It should be 
noticed that different implementations of the RVT based approach have been proposed 
[5]. In this work the RVT methodology used is the one proposed by Ozbey and Rathje 
[4] and implemented in the software Strata [6]. This methodology employs a FAS as 
input and the peak factor formulation from Cartwright and Longuet-Higgins [7]. Other 
methodologies that use a PSD as input and/or a different peak factor formulation (e.g. 
Deng and Ostadan [8) are not evaluated.

The analyses performed can be seen as an extension of the work presented by Kottke 
and Rathje [3], in fact, the two sites analyzed were extracted from there. Important dif-
ferences worth mention are:

1. The seismic input for the time-histories based analyses were developed in compli-
ance with NRC requirements [1]. That is, spectrum compatible records were devel-
oped based on the modification of recorded accelerograms. In Kottke and Rathje [3], 
the analyses were performed using stochastically simulated time-series motions with 
a specified strong motion duration. As a result, it is expected that the seismic input 
used in this work would have a larger variability in terms of frequency content and 
duration.

2. Different methodologies to generate the spectrum compatible FAS used as input in 
the RVT based approach are evaluated.

3. Different design spectra and levels of intensity are used to develop the seismic input, 
so that the influence of the spectral shape and soil inelastic demand can be investi-
gated.

Time‑histories and RVT based equivalent‑linear site response
Incorporation of soil non-linearity in seismic site response analyses is fundamental since 
soil deposits exhibit non-linear hysteretic behavior even at low levels of strain demand. 
The more rigorous approach to capture the nonlinear soil behavior is to perform time 
domain nonlinear (NL) site response analyses. When performing NL analyses special 
care is required in the development of the model: selection of soil constitutive model 
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and its parameters, damping model and profile discretization. While this type of anal-
yses has gain popularity over the last years, in practice most site response studies are 
performed using one dimensional frequency domain equivalent linear (EQL) procedures 
due to their robustness, simplicity, flexibility and low computational requirements [9]. In 
EQL site-response analyses, the propagation of the wave through the soil layers is mod-
eled using transfer functions and the soil nonlinearity is incorporated through the use of 
strain-compatible soil properties (shear modulus and damping). Therefore, an iterative 
scheme needs to be implemented where the soil properties are updated based on the 
strain level until the maximum strain for all layers converge. The conditions for which 
one-dimensional EQL and NL site response analyses results are large enough to be of 
practical significance have been recently studied in Kim et  al. [10] and are out of the 
scope of this work.

Time-histories and RVT approaches are both grounded on the EQL method, the main 
difference is in the fashion the seismic input is defined. In the first method, the input 
consists of time histories while for the RVT based approach, the input is represented by 
a FAS or PSD. In both cases to comply with most design codes requirements the inputs 
need to be compatible with a design response spectrum. In the time-histories approach, 
the variability of ground motions may generate significant different responses and levels 
of nonlinearity [3], thus, a number of inputs to perform the analysis several times are 
required to obtain a steady average site response. Since the input is defined in the time 
domain, Fast Fourier Transforms (FFT) are used to convert it to the frequency domain, 
where all the calculations are performed. The resulting time history at the ground sur-
face is obtained applying the inverse FFT to the Fourier coefficients estimated after the 
application of the transfer functions.

In the RVT approach, a single analysis is performed using a compatible FAS or PSD 
as input. As the input is already in the frequency domain, the EQL analysis can be per-
formed without having to use the FFT. However, the use of the inverse FFT to get the 
ground surface time history is not possible because although the amplitude of the Fou-
rier Spectrum is available, the phase angle is not. Instead, random vibration theory is 
applied to estimate other response values, such as peak ground and spectral accelera-
tions. Moreover, Parseval’s theorem is used to compute the root-mean-square accelera-
tion, arms, Eq. (1):

where a(t) is the signal in the time domain, GMDrms is the root mean square of the 
ground motion duration [e.g. Liu and Pezeshk [11], A(f) is the Fourier amplitude at fre-
quency f and mo is the zero-order spectral moment of the FAS, Eq. (2):

the time domain peak values are then estimated by multiplying the arms by a peak factor 
(pf). The computer code Strata implements the formulation by Cartwright and Longuet-
Higgins [7]:
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where ξ is a bandwidth factor, Ne is the number of extrema, and mi is the ith order spec-
tral moment of the FAS. It shall be noticed that many models of the statistical distribu-
tion of the peak factor have been proposed. More recently, Wang and Rathje [12], found 
that the use of the Vanmarcke [13] peak factor model provides RVT estimates of site 
amplification closer to those from the time-histories approach. Nevertheless, significant 
over-prediction was still noticed for specific combinations of site dynamic properties 
and seismic input frequency content. A detailed description of the RVT procedure can 
be found somewhere else [4].

Generation of the seismic input
Selection and development of spectrally matched records

Three sets of 100 spectrum compatible acceleration time series were developed from 
historic earthquake records, each set aiming to match a different target spectrum. The 
seed records were obtained from the Next Generation Attenuation of Ground Motions 
(NGA-West2) database [14] and its selection was based on the overall spectral shape 
resemblance between the records response spectra and the target design spectrum [15]. 
The initial level of matching of the seed records was estimated using the root mean 
square deviation (Drms) between the spectral amplitudes, Eq.  (6). The scale factor a, 
Eq. (7), is applied to the record spectral accelerations (SαR) to reduce the spectral ampli-
tude misfit with the target (SαT) and N is the number of periods where the spectra are 
evaluated.

Once the seed records are selected, they are modified to make them compatible with 
the design spectrum while complying with Appendix F of R.G. 1.208 [1]. A Continuous 
Wavelet Transform (CWT) based algorithm was used to generate the spectrum compat-
ible records [16]. This algorithm decomposes the original record into detail functions 
(functions with a very dominant frequency and modulated amplitude) and reconstruct 
the signal through an iterative procedure that independently scale these detail functions 
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to obtain an average match with the target spectrum [17]. This methodology has been 
shown to preserve the main characteristics of the seed records (e.g. Perez-Rivera and 
Montejo [18]).

The target design spectrum to which the input motions are made compatible is varied 
to evaluate the influence of the input spectral shape on the results from time-histories 
and RVT analyses. Three spectral shapes with different dominant frequencies and band-
widths are used. The first target spectrum is extracted from section “Conclusion” of RG 
1.208 [1] and represents a typical UHRS at the outcrop rock, it is denominated NRC 
spectrum for further identification. The second target is a deterministic spectrum for a 
magnitude 6.5 earthquake in a strike slip fault with a distance to rupture of 50 km for a 
site with  Vs30 = 370 m/s developed using the tools available at the PEER NGA Ground 
Motion Database [14], it will be identified as NGA spectrum. Finally, the third spec-
trum is characterized by high levels of energy at high frequencies and it will be identi-
fied as NUC spectrum (to denote it is representative of the Nuclear industry practice). 
This spectrum was developed for a representative Central/Eastern U.S. site as part of the 
response initiatives taken by the U.S. nuclear industry after the Fukushima earthquake 
[19]. An example of the resulting compatible records and response spectra is presented 
in Fig. 1. The results shown corresponds to a record from the 1994 Northridge earth-
quake (NGA# 1008) made compatible to the NRC spectrum. Figure 2 shows each of the 
target spectra scaled to a peak ground acceleration (PGA) of 0.3 g, the pseudo accelera-
tion spectra (PSA) for the records generated are also presented in this figure along with 
each set median PSA. The FAS and significant durations (D5–75) from all the records are 
also presented in this figure. The D5–75 is calculated as the time interval at which 5 and 
75% of the Arias intensity is reached. It is noticed that although each set of 100 records 
shares approximately the same response spectrum, the variability in the FAS and dura-
tions is quite significant within each set.

Development of the spectrum compatible FAS

A critical first step in RVT site response analyses is the development of an appropriate 
input FAS, which often need to be defined consistent with a uniform hazard spectrum 

Fig. 1 Example of a compatible record (left) and its response spectrum (right)
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(UHS) to comply with code requirements. Four different approaches to generate the 
compatible FAS were evaluated in this work:

1. Inverse RVT (IRVT): The IRVT procedure proposed by Rathje et  al. [20] uses 
extreme value statistics, the characteristics of single-degree-of-freedom oscillator 
transfer functions, and a spectral ratio correction to develop the Fourier amplitude 
spectra. This procedure is implemented in the computer program Strata [6] and 
requires of empirical approximations and an iterative scheme to converge. In addi-
tion to the target spectrum, a consistent strong motion duration is required as input 
to the inversion process. Since the sets of compatible records used for the time his-
tory approach exhibited a wide range of strong motion durations, settling on a single 
duration value to use in the IRVT methodology is not obvious. An optimal duration 
is estimated by generating a number of FAS for different strong motion durations. 
Each FAS is compared via Drms with the average FAS from the 100 spectrum compat-
ible records previously developed, the optimal duration is set as the one that gener-
ated the FAS with the minimum Drms. The results obtained are presented in Fig. 3 
and compared with the average significant duration from the 100 records. It is seen 
that the optimal durations are very close to the average D5–75.

2. Damping modification factors (DMF): DMF are commonly used to adjust elastic 
response spectral values corresponding to 5% of viscous damping to other damping 
levels. Based on the observation that the FAS of a ground motion is very similar to 
the undamped velocity spectrum, DMF were used to convert the average 5% pseudo 
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velocity spectrum (PSV) of the 100 records to an undamped velocity spectrum which 
is used as the input FAS. The DMF where calculated using the expression proposed 
by Hatzigeorgiou [21], Eq. (8), with the coefficient values ci suggested for spectrum 
compatible records. Although this expression was developed for damping ratios (ζ) 
between 0.5 and 50%, following an analysis similar to the one performed to obtain 
the optimal duration for the IRVT procedure, it was found that using the coefficients 
for 0.2% provided the closest match to the average FAS from the 100 spectrum com-
patible records in each set (Fig. 4).

 

3. Using an empirical relationship: the conversion is performed directly through a dura-
tion dependent empirical relationship between FAS and 5% PSA intended mainly for 
spectrum compatible records, Montejo and Vidot-Vega [23, 24], Eq. (9):
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where a1 =  0.0512, a2 =  0.4920, a3 =  0.1123, b1 = −  0.5869, b2 = −  0.2650 and 
b3 = − 0.4580.

4. Average FAS from a set of spectrum compatible records: The fourth approach to esti-
mate the input FAS was to simply take the average FAS from the 100 compatible 
records in each set. It is clear that this approach goes against the essence of the RVT 
procedure, however, it was implemented to investigate the influence of the speci-
fied FAS in the results and whether the differences with the time-histories approach 
could be partially attributed to the specification of the FAS. Figure 5 summarizes the 
results from all four approaches used to develop the spectrum compatible input FAS.

Numerical comparison of the site response procedures
In order to investigate the significance of site conditions on the site response, two dif-
ferent sites used in [2, 3] for the same purpose, were selected. The first site is the Sylmar 
County Hospital parking lot (SCH) which is located in San Fernando Valley of Southern 
California and consists of 90 m of alluvium over rock, with shear wave velocity varying 
from 250 to 760 m/s in the bedrock (no significant impedance contrast). The second site 
is Calvert Cliffs (CC) located on the coast of Chesapeake Bay in Maryland. This site has 
over 750 m of alternating layers of sand and clay/silt, with the shear wave velocity vary-
ing form 241–2804 m/s in the bedrock for a large impedance contrast at the soil/rock 
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interface. The detailed characteristics of both sites can be found in [2]. The shear veloc-
ity profiles and linear-elastic transfer functions (TF) for each site are shown in Fig. 6. A 
first-mode natural frequency of 1.7 Hz for the SCH site and 0.25 Hz for the CC site are 
identified.

Site response analyses using both time-history and RVT based methods are performed 
using the software Strata [6]. Several analyses are conducted by varying the input inten-
sity level, input spectral shape and site conditions to calculate the amplification function 
for each case, defined as the ratio between spectral accelerations (AF = Sa_out/Sa_in). To 
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evaluate the differences in the results from the time-histories and RVT approaches, the 
median AF predicted from the 100 time histories  (AFTH) and the AF predicted using 
RVT  (AFRVT) is compared by using the ratio between them (αAF = AFRVT/AFTH).

The median AFs obtained by the time-histories approach for each site, target spectrum 
and level of intensity are presented in Fig. 7. These can be seen as the “target” AFs that 
would be used to calculate the ratios αAF used to evaluate the RVT results. Three lev-
els of seismic intensity are evaluated that correspond to average PGAs of 0.01, 0.3 and 
0.6 g—which are aimed to study 3 different performance levels of the soil deposit: mostly 
elastic, moderate nonlinearity and highly nonlinear. It is seen that the augment in the 
soil inelastic demand caused by the increasing intensity in the seismic input is reflected 
in the AFs by a shift in the site fundamental frequency (softening of the soil deposit) and 
a response mostly dominated by the first mode (higher modes are attenuated). There 
is also a slight reduction on the fundamental frequency magnitude of amplification at 
increasing levels of inelastic demand. Nevertheless, it shall be noticed that as nonlinear 
effects become more significant (e.g. the 0.6 g case), the response obtained from the EQL 
method may deviate significantly from the expected one and a full nonlinear analysis in 
the time domain is more appropriate (e.g. Hashash et al. [9]; Rosario et al. [22]). Moreo-
ver, the nonlinear effects were less noticeable in the CC site, presumably due to the large 
depth of the site controlling its behavior [3]. Finally, it is also noticed that the shape of 
the spectra used as target did not influence the AFs obtained.

A sample of the RVT site response results are presented in Fig. 8. The results are pre-
sented in the form of AFs for both sites, the three intensity levels and the four different 
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methodologies used to generate the input FAS. The median AFs from the time-histories 
approach are also presented for comparison purposes as well as the αAF. Due to space 
constrains only the results obtained when using the NGA spectrum are presented, how-
ever, the results obtained for the other two spectra were very similar and lead to the 
same conclusions. Key remarks from Fig. 8 can be summarized as follows:
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  • Regarding the site influence: As depicted by Kottke and Rathje [3], the largest over-
predictions are obtained at the fundamental frequencies of the soft soil with signifi-
cant impedance contrast (CC site). The over-prediction at this site reached values of 
24% compared to a maximum value of 11.30% in the SCH site.

  • Regarding the methodology used to generate the input FAS: The magnitude of the 
over-prediction at the sites fundamental frequency was practically the same inde-
pendent of the methodology used to generate the input FAS. At higher frequen-
cies the AFs obtained from the different input FAS start to differ, especially for the 
DMF methodology that consistently over-predict the AFs at frequencies larger 
than ~ 5 Hz.

  • Regarding the level of inelastic demand: For the stiffer site (SCH), the over-pre-
dictions at the site natural frequencies are seen to slightly increase as the inelastic 
demand in the soil increases (Table 1). However, in the deep-soft site evaluated (CC), 
the level of over-prediction at the fundamental frequency was rather insensitive to 
the level of inelastic demand. It is also noticed that for larger frequencies (> 1 Hz), 
there is a tendency to under predict the response as the level of inelastic demand 
increases.

It shall be noticed that the term “over-prediction” is used to compare how larger the 
amplifications predicted by the RVT approach are with respect to the predicted by the 
time series-based approach. While the estimates from the time series-based approach 
are not the “exact solution”, this is a well stablished and widely used methodology that 
comprises less approximations than the RVT approach, and therefore it is used as target 
for comparison purposes.

Evaluation of previously proposed correction factors
Kottke and Rathje [3], have suggested that one of the potential reasons for the over-pre-
dictions is the site-response induced increase in significant duration of the motion at the 
surface. When using the RVT method, this increase in duration is not taken into account, 
only the input ground motion duration is used. A review of the RVT formulation shows 
that duration is inversely proportional to the spectral acceleration (Eq. 1). That is, if the 
increase in duration is ignored, the resulting accelerations will tend to be larger than 
the ones calculated using the time-histories based approach. To account for this issue, 
Kottke and Rathje [3] proposed a rather simple fix: modify the AF computed using RVT 

Table 1 Maximum over‑predictions for the SCH and CC sites at different levels of intensity

Site Input spectrum Over-prediction at fundamental frequency

PGA = 0.01 g (%) PGA = 0.3 g (%) PGA = 0.6 g (%)

SCH NRC 3.1 10.2 11.3

NGA 5.5 6.8 8.3

NUC 5.8 7.6 10.7

CC NRC 18 24 14.1

NGA 12.5 13.7 12.2

NUC 17.6 16.5 17.8
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by dividing by the square root of the observed duration ratio (Dsurf5–75/Din5–75). Where 
the D5–75 values are the [5–75]% significant durations of the responses (to the surface 
and input motions) of SDOF oscillators with a natural frequency set at the same fre-
quency values used to calculate the AFs. In the work by Kottke and Rathje [3], these 
ratios were used to correct the predictions based on elastic analyses but their applica-
bility to EQL analyses were no explored. In this work, the same concept was applied to 
EQL analyses, Fig. 9 summarizes all of the duration ratios obtained for both sites and all 
input spectra and intensity levels evaluated. The linear elastic case at an input intensity 
of 0.01 g was also evaluated and is denoted as LE in Fig. 9.

The duration ratios fluctuated between 0.6 and 2, verifying that there is mostly an 
increase in the duration. Nevertheless, the duration remained mainly constant in the 
lower frequency range (<  1  Hz) where most of the sites fundamental frequencies are 
located. The increment in duration is more evident at frequencies larger than 1 Hz, hav-
ing its peak value close to 10 Hz. Moreover, as the level of inelastic demand increases 
in the soil deposit, larger duration ratios are found. It is also noticed that the softer site 
(CC) exhibits larger variability in the duration ratios. As expected, the ratios obtained 
at 0.01 g from EQL and LE approaches are quite similar and remain very close to 1 over 
the whole range of frequencies evaluated. In general, the shape of the duration ratios 
obtained largely differ from those presented in Kottke and Rathje [3], which follows the 
same shape of the over-prediction ratios (αAF, Fig. 8). Figures 10 and 11 shows the result 
of applying the calculated correction factors for both sites, in the sake brevity only the 
results obtained using the NGA spectrum as input are presented, but similar results 
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were obtained for the other spectral shapes. As expected the use of the correction fac-
tors was not successful. Since the correction factors were  ~  1 at the frequency range 
where most of the sites fundamental frequencies were located, the over-prediction mag-
nitudes remained basically the same. Moreover, at larger frequencies (> 1 Hz) correcting 
by duration ratios induced an undesirable reduction of αAF, causing now large underpre-
dictions specially at high levels of seismic demand.

Conclusions
Over the last years, the nuclear industry has been switching to the RVT-based approach 
to EQL site response analysis as an alternative to the time-histories method. In theory, 
RVT would require of only one analysis to obtain the mean amplification function for 
a site and input spectrum. This may represent substantial computational savings when 
compared to the traditional time-histories approach, where a relatively large set of input 
motions needs to be constructed in order to run the several analyses required to obtain 
a stable mean response. The savings increase dramatically when the studies require that 
site-property variability be taken into account via Monte Carlo simulation [1]. This work 
extended the study by Kottke and Rathje [3] by using different design spectra and lev-
els of intensity, so that the influence of the spectral shape and degree of soil inelastic 
demand can be investigated. Moreover, the development of the input data-set for the 
time-history base analyses is significantly different, in the study by Kottke and Rathje 
[3] the input motions were developed using stochastically simulated time-series motions 
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with a specified strong motion duration. In this work, spectrum compatible records were 
developed based on the modification of recorded accelerograms to comply with current 
NRC requirements. Therefore, the input motions used in this work would have a larger 
variability in terms of frequency content and duration. From the results obtained it can 
be concluded that:

  • As previous studies suggested, over-predictions in the AFs occur mainly at the site 
fundamental frequencies and the magnitude of the over-prediction is larger for rela-
tively soft soil deposits with significant impedance contrast at the soil/rock interface.

  • The shape of the design spectrum does not seem to influence in the differences 
between the results from the RVT and time-histories approach.

  • The magnitude of the over-prediction was found to be insensitive to the methodol-
ogy used to develop the input FAS.

  • In soft sites the magnitude of the over-prediction could be rather insensitive to incre-
ments in the inelastic demand, conversely, in stiffer sites the over-prediction may 
increase as the site softens due to the rising inelastic demand.

  • The correction procedure proposed in [3] for LE analyses was found not to work 
properly when the seismic input exhibit larger variability independent of the type of 
analysis performed (EL or EQL).
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