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Abstract

In this paper, we prove common coupled fixed point theorems under

a Geraghty-type condition using monotone instead of the often used mixed
monotone property. Also we give some sufficient conditions for the uniqueness of
a common coupled fixed point. An example illustrating our results is provided.
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1 Introduction

As the Banach contraction principle (BCP) is a power tool for solving many problems in
applied mathematics and sciences, it has been improved and extended in many ways. In
particular, Geraghty proved in 1973 [1] an interesting generalization of BCP which has had
a lot of applications.

The notion of a coupled fixed point was firstly introduced and studied by Opoitsev [2,
3] and then by Guo and Lakshmikantham in [4]. In 2006, Bhaskar and Lakshmikantham
[5] were the first to introduce the notion of mixed monotone property. They also studied
and proved the following classical coupled fixed point theorems for mappings by using
this property under contractive type conditions.

Theorem 1.1 ([5]) Let (X,d, <X) be a partially ordered complete metric space and let F :
X x X — X be a continuous mapping having the mixed monotone property, i.e., for any
x,y€X,

X1,%0 € X,

% =% = F(x,y) < Fx,Y)

and

yuy2€X, yn=xy2 = Fl,n)=Fxy)

hold. Assume that there exists k € [0,1) such that

d(F(x,y),F(u, v)) < ]%[d(x, u) +d(y, v)] (1.1)
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holds for all x,y,u,v € X with x = u and y < v. If there exist xo,y0 € X such that

xo < F(x0,0), Yo > F(yo,%o0),
then there exist x,y € X such that x = F(x,y) and y = F(y,x), i.e., F has a coupled fixed point.

Theorem 1.2 ([5]) If the continuity assumption for the mapping F is replaced by the as-
sumption that the space (X, d, <) has the following properties:

1. if{x,} is a non-decreasing sequence with {x,} — x, then x, < x foralln > 1,

2. if{yn} is a non-increasing sequence with {y,} — y, then y, >y for all n > 1.
Then the same conclusion as in the previous theorem holds.

Due to the important role of Theorems 1.1 and 1.2 for the investigation of solutions of
nonlinear differential and integral equations, several authors have studied various gener-
alizations of these results (see, e.g., papers [6—18] and the references cited therein). Al-
most all of them used the mixed monotone property or, in the case of additional mapping
g:X — X, the so-called g-mixed monotone property.

Recently, in [19-21], the author established common coupled fixed point theorems by
using (g-)monotone property instead of (g-)mixed monotone property. These kinds of
results can be applied in another type of situations, so they give an opportunity to widen
the field of applications. In particular the so-called tripled fixed point results (and, more
generally, n-tupled results) can be more easily handled using monotone property instead
of mixed monotone property (see, e.g., [22—24]).

The aim of this work is to prove some common coupled fixed point theorems for
Geraghty-type contraction mappings by using monotone and g-monotone property in-
stead of mixed monotone and g-mixed monotone property. An illustrative example is
presented in this work showing how our results can be used in proving the existence of a
common coupled fixed point, while the results of many other papers cannot.

2 Preliminaries

In this section, we give some definitions that are useful for our main results in this paper.
Throughout this paper (X, <) denotes a partially ordered set. By x > y, we mean y < x.
Let f,g : X — X be mappings. A mapping f is said to be g-non-decreasing (resp., g-non-
increasing) if, for all x,y € X, gx < gy implies fx < fy (resp., fy < fx). If g is an identity
mapping, then f is said to be non-decreasing (resp., non-increasing).

Definition 2.1 Let (X, <) be a partially ordered setandlet F: X x X - X andg: X — X
be two mappings. The mapping F is said to have the g-monotone property if F is monotone
g-non-decreasing in both of its arguments, that is, for any x,y € X,

x,%€X, gx1=gxs = F(x,y) < F(x,)
and
yuy2€X, gn=gn = Fxy)Fxy)

hold. If in the previous relations g is the identity mapping, then F is said to have the mono-
tone property.
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Definition 2.2 ([5, 12]) Let X be a nonempty setand F: X x X — X, g: X — X be two
mappings. An element (x,y) € X x X is called:

(C1) acoupled fixed point of F if x = F(x,y) and y = F(y, x);
(Cy) a coupled coincidence point of mappings g and F if

gx=F(x,y) and gy=F(y,x),

and in this case (gx, gy) is called a coupled point of coincidence;
(C3) acommon coupled fixed point of mappings g and F if

x=gx=F(x,y) and y=gy=F(@,x).

Definition 2.3 ([25]) Let (X,d) be a metric space andletg: X — X, F: X x X — X. The
mappings g and F are said to be compatible if

lim d(gF(x,,,yn),F(gx,,,gy,,)) =0 and lim d(gF(y,,,xn),F(gyn,gx,,)) =0

hold whenever {x,} and {y,} are sequences in X such that lim,_, o F(xy, y,) = lim,_, o0 g%y

and limy,—, 0o F (1, %) = limy, s 00 €Y1

3 Main results
Let ® denote the class of all functions 6 : [0, 00) x [0, 00) — [0, 1) which satisfy the follow-

ing conditions:

(61) O(s,t) =0(t,s) for all s, ¢ € [0, 00);
(62) for any two sequences {s,} and {¢,} of nonnegative real numbers,

0(sy,ty) —>1 = s,,t,— 0.

The following are examples of some functions belonging to ®.
(1) O(s,t) =k for s,t € [0,00), where k € [0,1).

In(1+ks+1t)

(2) 6(s,t)={ ke =20°"">% where k,l € (0,1).

re(0,1), s=0,t=0,
In(1+max{s,t})

(3) G(S,t) — { W' s>0o0rt>0,

re(0,1), 5=0,t=0.
Now, we will prove our main result.

Theorem 3.1 Let (X,d, <) be a complete partially ordered metric space and let g: X — X
and F : X x X — X be such that F has the g-monotone property. Suppose that the following
hold:
(i) g is continuous and g(X) is closed;

(i) F(X x X) C g(X) and g and F are compatible;

(iii) there exist xo,yo € X such that gxg < F(xo,yo) and gyo < F(yo,%0);

(iv) there exists 0 € ® such that for all x,y,u,v € X satisfying gx < gu and gy < gv or

gx = gu and gy = gv,

d(F(x,9),F(u,v)) < O(d(gx,gu),d(gy,gv)) max{d(gx,gu),d(gy,gv)} (3.1)

holds true;



Kadelburg et al. Fixed Point Theory and Applications (2015) 2015:27 Page 4 of 14

(v) (a) F is continuous or (b) if, for an increasing sequence {x,} in X, x, — x € X as
n— 00, then x, < x for all n € N.
Then there exist u,v € X such that gu = F(u,v) and gv = F(v,u), i.e., g and F have a cou-
pled coincidence point.

Proof Starting from x, yo (condition (iii)) and using that F(X x X) C g(X) (condition (ii)),
we can construct sequences {x,} and {y,} in X such that

gx, =F(xy-1,9,-1) and gy, = FWu-1,%41) formn=12,....

If g%y = g%uy—1 and gy,, = g¥u,—1 for some ny € N, then (gx,,,-1,8¥4,-1) is a coupled point
of coincidence for g and F. Therefore, in what follows, we will assume that for each n € N,
gXy 7 GXy-1 OF gYy # gYu-1 holds.

By (iii), gxo < F(x0,y0) = gx1 and gyo < F(yo,%0) = gy1, hence the g-monotone property
of F implies that gx; = F(xo,%0) < F(x1,y1) = gx2 and gy1 = F(yo,%0) < F(y1,%1) = gy2. Pro-
ceeding by induction we get that gx,,_; < gx,, and gy,_1 < gy, hold for each n € N. Hence,
the contractive condition (3.1) can be used to conclude that

d(gxmgxnﬂ) = d(F(xn—l;yn—l): F(xn;yn))
< 0(d(gxn1,8%n), A(QYn1,gyn)) max{d(gx,1,8%4), d(@n1,gy)}  (3.2)

and

d(gymgynﬂ) = d(F(yn—l;xn—l)7F(yn:xn))
=< 0 (d(gyn—ljgyn)v d(gxn—lygxn)) max{d(gyn—lygyn)’ d(gxn—l:gxn) }
= 0(d(gxn-1,8%n), A(@Vn-1,gyn)) max{d(gx,-1,g%n), A(@Vn-1,8yn) } (3.3)

for all n € N. From (3.2) and (3.3), we get

max{d(gxmgxml)r d(gymgy””l) }
< 0 (d(gxnflxgxn)r d(gyn—lvgyn)) max{d(gxnfngn)’ d(gyﬂfl’gy")}
< maX{d(gxn—lygxn)xd(gynfl’gyn)} (34)
for all n € N. Thus the sequence d,, := max{d(gx,1,g%n), d(gyn-1,8yn)} is decreasing. It fol-

lows that d,, — d as n — oo for some d > 0. Next, we claim that d = 0.
Assume on the contrary that d > 0; then from (3.4) we obtain that

max{d(gxn’gxn+l)’d(gyn’gyn+l)}
< 0(d(gxn-1,8%), A(gVn-1,8yx)) < 1.
max{d(gx,—_1,8%n), A(Vn-1,8Vn)} (g @-1.871))

On taking limit as n — 0o, we get
6/(d(gxn-1,8%1), A(@Vn-1,gVn)) > 1 asn— oo.
Since 6 € ©, we have

d(gxn—lygxn) -0 and d(g_yn—bgyn) -0
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as n — oo and hence
dy, = max{d(gx,_1,8%n), d(gn-1,8/n)} = 0 asn— oo, (3.5)

which contradicts the assumption d > 0. Therefore, we can conclude that d,, =max{d(gx,_1,
%), A(gYu-1,2Vn)} = 0 as n — oo.

Next, we show that {gx,} and {gy,} are Cauchy sequences. On the contrary, assume that
at least one of {gx,} or {gy,} is not a Cauchy sequence. Then there is € > 0 for which we
can find subsequences {gx,, }, {g%u, } of {gx,} and {gy,, }, {gVm,} of {gy.} with ny > my > k

such that

max { (g, g%my ) A &Ymy) | > € (3.6)
and

max{d(gxnk_l,gxmk),d(gynk_l,gymk)} <e. (3.7)

Using (3.6), (3.7) and the triangle inequality, we have

€ < ry == max{d(gx,, , §%m,)» AV Qmy) |
< max{d(gxu »@%n 1), Ay » @Vm—1) } + max{d(gx, —1,8%m, ), A@Vni-1,8Ym;) |
< max{d (g, 8% 1) AV Ln—1)} + €.

On taking limit as k — oo, we have

Tk = max{d(gxnk,gxmk),d(gynk,gymk)} — €. (3.8)

By the triangle inequality, we get

rx = max{d(gxnk,gxmk)»d(g)’nk’gym)}

< max{d(gx,,, §%n+1)> Ay Q1) } + max{d(@xn 11, 8%my1)s Ay 11, Ly e1) }
+ max{d(gXm 41, 8%my )» Ay +1,Qmy) |

= max{d (g, @41 A Gm1) | + max{d (@1, 8%my ) AQYmy+1,Lmy) |
+ max{d (g, 11, @%m+1)s AV +1, Q1) }

< max{d(@xy,, §%n 1), Q> @y 1) } + Max{d(@xmy 11, 8%y )s &Yy 11, my) |
+ 0@ G )» A €Yy )) MAX | A )2 A s &V) )

= dyr + g1 + 0/(A(@ng G ), A &Y 1k

Sy + A + 1k

(the usage of contractive condition (3.1) was possible since the sequences {gx,} and {gy,}
are increasing). Now, we have

e < dnk+1 + dmk+1 + Q(d(gxnk;gxmk)r d(gynk;gymk))rk =< dnk+1 + dmk+1 + Ik.
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On taking limit as kK — oo and using (3.5) and (3.8), we get

0/(A(@n &%), A &Vmy)) — 1.

Using the properties of function 6, we obtain

A(gxn,&%m,) =~ 0 and  d(gyu,,8Vm,) = 0

as k — 0o, which imply that
Jim 7= lim (max{d(gx, &) @Y g¥m)}) = 0,

which contradicts with € > 0.
Therefore, we get that {gx,,} and {gy, } are Cauchy sequences. Since g(X) is a closed subset
of a complete metric space, there exist #, v € g(X) such that

lim gx, = lim F(x,,y,) =u and lim gy, = lim F(y,x,) =v.
n—00 n—00 n—00

n—00

By condition (ii), the compatibility of g and F implies that

lim d(gF(xn,yn), F(@%n,gyn)) =0 and  lim d(gF (%), F(gVn»g%n)) = 0. (3.9)
n—00 n—oo

Consider the two possibilities given in condition (v).
(a) Suppose that F is continuous. Using the triangle inequality we get that

d(gu, F(gxu, gyn)) < d(gu, GF %, yn)) + A(F Kis V), F (€% ZVn) ).

Passing to the limit as # — oo and using (3.9) and the continuity of ¢ and F, we get that
d(gu,F(u,v)) =0, i.e., gu = F(u,v). In a similar way, gv = F(v, u) is obtained.

(b) In this case gx, < u = gx and gy, < v = gy for some x,y € X and each » € N. Using
(3.1) we get

d(F(x,y),gx) < d(F(x,y),gxml) +d(gxy.1,8%)

d(F(%,9), F(xn yn)) + A(g%n1, %)

0 (d(gx, gxn), A(gy, gyn)) max{d(gx, gxn), d(gy, gyn) } + A(g%ns1,8%)
0

IA

—

as n — 00. Hence, gx = F(x,y) and similarly gy = F(y, x).
Note that in this case continuity and compatibility assumptions were not needed in the
proof. d

Remark 3.2 In Theorem 3.1, the condition that F has the g-monotone property is a substi-
tution for the g-mixed monotone property that was used in most of the coupled fixed point
results so far. Note that this condition is maybe more natural than the mixed g-monotone
property and can be used in various examples.
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Putting g = Ix, where Iy is an identity mapping on X in Theorem 3.1, we obtain the

following.

Corollary 3.3 Let (X,d, X) be a partially ordered complete metric space and let F : X X
X — X have the monotone property. Suppose that the following hold.:
(i) there exist xo,y0 € X such that xo < F(xo,y0) and yo < F(y0,%0);
(ii) there exists 0 € ® such that for all x,y,u,v € X satisfying(x <uandy <v) or (u <x
andv <y),

d(F(x,y),F(u, V)) <0 (d(x, u),d(y, V)) max{d(x, u),d(y, v)}

holds true;
(ili) (a) F is continuous or (b) if {x,} is an increasing sequence in X and x,, — x as
n— 09, then x,, < x for all n.
Then there exist x,y € X such that x = F(x,y) and y = F(y,x), i.e., F has a coupled fixed
point.

Taking 0(#1, £,) = k with k € [0,1) for all £, ¢, € [0,00) in Theorem 3.1 and Corollary 3.3,

we obtain the following corollary.

Corollary 3.4 Let (X,d, X) be a complete partially ordered metric space and letg: X — X
and F : X x X — X be such that F has the g-monotone property. Suppose that the following
hold:
(i) g is continuous and g(X) is closed,;

(i) F(X x X) C g(X) and g and F are compatible;

(iii) there exist xo,y0 € X such that gxg < F(xo,y0) and gyo < F(yo,%0);

(iv) there exists k € [0,1) such that for all x,y,u,v € X satisfying (gx < gu and gy < gv) or

(gu < gx and gv < gy),

d(F(x,y),F(u, v)) < kmax{d(gx,gu), d(gy,gv)} (3.10)

holds true;
(v) (a) F is continuous or (b) if {x,} is an increasing sequence in X and x, — x as
n— 00, then x, < x for all n.
Then there exist u,v € X such that gu = F(u,v) and gv = F(v,u), i.e., g and F have a coupled
coincidence point.

Corollary 3.5 Let (X,d, <) be a partially ordered complete metric space and let F : X x
X — X. Suppose that the following hold:
(i) F satisfies the monotone property;
(ii) there exist xg,yo € X such that xy < F(xo,y0) and yo < F(yo,%0);
(ili) there exists k € [0,1) such that for all x,y,u,v € X satisfying (x < u and y < v) or

(u<xandv=<y),
d(F(x,y),F(u,v)) < kmax{d(x, u),d(y,v)}

holds true;
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(iv) (a) F is continuous or (b) if {x,} is an increasing sequence in X and x, — x as
n— 00, then x,, < x for all n.
Then there exist x,y € X such that x = F(x,y) and y = F(y,x), i.e., F has a coupled fixed
point.

Remark 3.6 Since, for k,/>0,k+1<1,

kd(gx, gu) + ld(gy,gv) < max{d(gx,gu), d(gy,gv)},

Corollary 3.4 remains valid if the right-hand side of condition (3.10) is replaced by kd(gx,
gu) + ld(gy, gv) for some k,[ >0, k + [ < 1.

Now, reasoning on Theorem 3.1, some questions arise naturally. To be precise, one can
ask the following.

Question Is it possible to find a sufficient condition for the existence and uniqueness of
the coupled common fixed point of g and F?

Motivated by the interest in this research, we give a positive answer to this question
adding to Theorem 3.1 some hypotheses.
For the given partial order < on the set X, we shall denote also by < the order on X x X

given by
(xL,y1) X (x2,92) & 2<% and y; <y

Theorem 3.7 In addition to the hypotheses of Theorem 3.1 assume that
(vi) for any two elements (x,y), (u,v) € X x X, there exists (w,z) € X x X such that
(F(w,2), F(z,w)) is comparable to both (F(x,y), F(y,x)) and (F(u,v), F(v,u)).
Then g and F have a unique common coupled fixed point, i.e., there exists unique (p,q) €
X x X such that p = gp = F(p,q) and q = gq = F(q,p).

Proof Theorem 3.1 implies that there exists a coupled coincidence point (x,y) € X x X,
that is, gx = F(x, y) and gy = F(y,x). Suppose that there exists another coupled coincidence
point (#,v) € X x X and hence gu = F(u,v) and gv = F(v, u). We will prove that gx = gu and
gy =gv.

From condition (vi) we get that there exists (w,z) € X x X such that (F(w,z), F(z, w))
is comparable to both (F(x,), F(y,x)) and (F(u,v), F(v,u)). Put wy = w, zo = z and, analo-
gously to the proof of Theorem 3.1, choose sequences {w,}, {z,} in X satisfying

Wy = F(Wn—l: Zn—l) and 8zn = F(zn—h Wn—l)
for n € N. Starting from xy = x, yo = y and ug = u, vy = v, choose sequences {x,}, {y,}
and {un}: {Vn} SatiSinng &Xn = F(xn—lyyn—l):gyn = F(yn—lrxn—l) and guy, = F(un—l: Vn—l)r gv, =
F(vy_1,u,1) for n € N. Taking into account the properties of coincidence points, it is easy

to see that it can be done so thatx, =%, y, =yand u, = u, v, = v, i.e.,

gxn = F(x,), gy =F(,x) and gu, =F(u,v), gvy =F(v,u) forallmeN.
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Since (F(x,y), F(y,x)) = (gx,gy) and (F(w,z), F(z,v)) = (gw1,gz1) are comparable, then, for
example, gx < gwi, gy < gz; and in a similar way, gx < gw,, gy < gz,. Thus, we can apply
the contractive condition (3.1) to obtain
d(gxxgwnﬂ) = d(F(x;y))F(szn))
< 0(d(gx, gwn), d(gy, gz)) max{d(gx, gw,), d(gy,gz,) }

and

a(gy, gznn) = d(F(Z,,,, Wn),F(y,x))
< 6(d(gy, gz1), d(gx, gwy)) max{d(gy, gz,), d(gx, gw,)}
=0 (d(gx,gw,,), d(gy,gz,,)) max{d(gx,gw,,), d(gy,gzn)}.

This implies that

max {d(gx, gWyi1), d(gy> gzni1) }
< 0(d(gx, gwn), d(gy, gzn)) max{d(gx,gwy), d(gy, gzn)}
< max{d(gx,gwn), d(gy,gzn)}. (3.11)
Therefore, we get that the sequence d,, := max{d(gx,gw,),d(gy,gz.)} is decreasing and

hence d, — d as n — oo for some d > 0. Now, we prove that d = 0. Assume to the contrary
that d > 0; then from (3.11) we have

max{d(gx, gwy.1), d(gy, 82n:1)}
max{d(gx,gw,), d(gy,gz,)} = Q(d(gx,gwn),d(gy,gzn)) <t

Taking the limit as # — oo in the above inequality, we have
6(d(gx, gwn), d(gy,gz,)) —> 1 asn— oo.

By the property (6;) of 6 € ©, we get
d(gx,gw,) > 0 and d(gy,gz,) > 0

as 1 — 00. Now we have
dy, := max{d(gx,gw,),d(gy,gz,)} > 0 asn— oo,

which contradicts with d > 0. Therefore, we conclude that d, = max{d(gx,gw,),d(gy,
gz,)} — 0 as n — oo and then

lim d(gx,gw,) =0 and lim d(gy,gz.) = 0.

n—00

In a similar way, we have

lim d(gu,gw,) =0 and lim d(gv,gz,) = 0.

n—00
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By the triangle inequality, we have

d(gx, gu) < d(gx,gw,) + d(gw,,gu) and d(gy,gv) <d(gy,gz,) + d(gz,,gVv)

for all n € N. Taking n — oo in the above two inequalities, we get that d(gx, gu) = 0 and
d(gy,gv) = 0. Therefore, we have gx = gu and gy = gv.
Now we let p := gx and g := gy. Hence we have

gr =g(gx) =gF(x,y) and gq=g(gy) = gF(y,x).
By the definition of sequences {x,} and {y,} we have
&n=F(x,y) = Fxy-1,ys1) and gy, = F(y,%) = F(yu-1,%-1)
for all # € N. So we have
lim F(x,,y,) = lim gx, =F(x,y) and lim F(y,,x,) = lim gy, = F(y,x).
n— o0 n—0Q n— o0 n—00
Since g and F are compatible, we have
nlingod(gF(xmyn):F(gxmgyn)) =0,

that is, gF(x,y) = F(gx, gy). Therefore, we get

gp =gF(x,y) = F(gx,gy) = F(p,q)

and in a similar way

&9 = 8gF(y,x) = F(gy,gx) = F(q, p).

This implies that (p, g) is another coincidence point. By the property we have just proved,
it follows that gp = gx = p and gq = gy = q. So,

p=gr=F(p,q) and q=gq=F(qp),

and (p, g) is a common coupled fixed point of g and F. For the uniqueness of the common
coupled fixed point, we can proceed easily. d

Corollary 3.8 In addition to the hypotheses of Corollary 3.4 assume that
(vi) for any two elements (x,y), (u,v) € X x X, there exists (w,z) € X x X such that
(F(w,2), F(z,w)) is comparable to both (F(x,y), F(y,x)) and (F(u,v), F(v, ).
Then g and F have a unique common coupled fixed point.

Theorem 3.9 In addition to the hypotheses of Corollary 3.3, let the condition (vi) of Theo-
rem 3.7 be satisfied. Then the coupled fixed point of F is unique. Moreover, if for the terms
of sequences {x,}, {yn} defined by x,, = F(x%,_1,Yn-1) and y, = F(%y_1,Yu-1), % =< ¥y holds for
n sufficiently large, then the coupled fixed point of F has the form (x,x).
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Proof We have only to prove the last statement. Suppose that for n sufficiently large,
%n = ¥y Then, by (3.1) (with g = Ix), we get

d(xnﬂ’ynﬂ) = d(F(xn:yn):F(ymxn))
< 0(d X Yn) A y)) Ay Y- (312)

This implies that

d(xn+1¢yn+1) < d(xmyn);

that is, the sequence d,, := d(x,, y,) is decreasing. Hence d,, — d as n — oo for some d > 0.
Next, we prove that d = 0. Assume to the contrary that d > 0; then from (3.12) we have

d(xnﬂ»ynﬂ)

AGonr ) < 0(dnyn)s d(xn,yn)) < 1.

Letting n — oo, we get 0(d(xy, yn), d(%4, y»)) — 1. Since 6 € ©, we have d(x,,y,) — 0 as
n — 00, which contradicts with d > 0. Therefore, we have d(x,,y,) — 0 as n — oo.
By the triangle inequality, we have

d(x,y) < d(® %541) + d(%ns1, Y1) + AYni1,)
= d(%, %p1) + d(F(xn Yn) F Qs X)) + AYi1,y)
< d (%, %n01) + 0(dGns Y)s dXis Y1) ) A(Xis V) + A1, 9)
<A, x541) + AX0, ) + AWYni1,9)-

Passing to the limit as n — o0, since x,, — x, y, — yand d(x,, y,) — 0, we get that d(x,y) <
0 and thus x = y. This completes the proof. O

Corollary 3.10 In addition to the hypotheses of Corollary 3.5, let the condition (vi) of The-
orem 3.7 be satisfied. Then the coupled fixed point of F is unique. Moreover, if for the terms
of sequences {x,}, {y,} defined by x,, = F(x,,_1,Yn-1) and y,, = F(xy_1,Vn-1), Xy < ¥, holds for
all n, then the coupled fixed point of F has the form (x,x).

Finally, we give an example showing that our theorem can be used when many results
in this field cannot.

Example 3.11 Let X = [0,1] € R with the usual metric and order. Consider the mappings
g: X — Xand F: X x X — X defined by

2,2
2 )
=x°, Fx,y)=In{ 1+ — + = ).
gx=x () n<+2+2>

Note that F does not satisfy the mixed g-monotone property of [25] and [12]. Indeed, for
Yy = % eXandy, = % € X, we have gy; < gy,. But for x = 0 € X, we get

19 9
F(x,91) =In T <In i F(x,52).
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Hence a lot of results in literature that used the g-mixed monotone property cannot be
applied in this example. Moreover, g and F do not commute as in [12].

Next, we show that Theorem 3.7 can be used in this example.

Let 6 € O be defined by

In(1+35

0, s=0andt=0.

5)

+

, §>0o0rt>0,

Bl

0(s,t) =

We will show that condition (3.1) holds with the function 6. Let x, y, u, v be arbitrary points
in X. We obtain that

2 .2 2 2
x v
=|In 1+—+y— —1In 1+M—+—
2 2 2 2
1+"72+y72
=|In 2 2
l+5+3
2 2 2
(Z+5)-(5+2)
=|lnf1+ 22 22
< 1 ﬁ+§

1 1
<In 1+—|x2—u2’+—’y2—vz|
2 2
In(L+ 3% —u?| + 1> = v?]) (1
(Gl =]+ 32 =2 \2

~ In(1 + %d(gx,gu) + %d(gy,gv)) 1 1
" (g + 1) (360000 + yenan)

6 — 12+ %|y2_V2|>

= 0(d(grgu), d(gy.gv)) (%d(gx,gu) + %d(gy,gV)>
<60 (d(gx,gu), d(gy,gv)) max{d(gx,gu), d(gy,gv)}.

This shows that condition (3.1) holds with the function 6.
Next, we check that g and F are compatible. Let {x,} and {y,} be two sequences in X

such that

lim gx, = lim F(x,,y,)=a and lim gy, = lim F(y,,x,) =b.
n—>00 n— 00 n—0o00 n—00

Then In(1 + 5 + 3) =aandIn(l+ 3 + g) = b, wherefrom it follows that 2 = b = 0. Then

) AN X O
A(gF (% yu)s (g%, gyn)) = |( In 1+7+5 —1In 1+?+3 -0 (n— 00),

and similarly d(gF (v, %), F(gVn, g%u)) — O.
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We can easily check that all other conditions of Theorem 3.7 hold. Therefore, g and
F have a unique common coupled fixed point. In this example, we can see that a point
(0,0) € X x X is a unique common coupled fixed point of g and F.

Remark 3.12 We conclude remarking that the approach used in this paper (i.e., using
g-monotone instead of g-mixed monotone mappings) has the advantage when considering
n-tupled common fixed points for odd #n. For example, one can consider mappings F :
X3 — X and g : X — X and say that the mapping F is g-monotone if F(x,y,z) is g-non-
decreasing in all three variables, that is, for all x,y,z € X,

xuxp € X, gl) <glxn) = F(x,9,2) < F(x,9,2),
yuyeX, gn)<xgln) = Fxy,2) < F(xy,2),

21,23 € X; g(zl) 5g(52) = F(x’yyzl) f F(x;y;ZZ)'

In particular, if g = I, F is said to be monotone. An element (x, y,z) € X is called a tripled
coincidence point of F and g if F(x,,2) = gx, F(y,2,x) = gy and F(z,x,y) = gz. Moreover,
(%,9,2) is called a tripled common fixed point of F and g if

F(x,y,2) = gx = x, F(y,z,x)=gy=y and F(z,x,y)=gz=z.

In particular, for g = Ix, the element (x, y,z) is called a tripled fixed point of F.
Results concerning these notions can be found, e.g., in [24]. Such an approach is not
possible for mixed monotone mappings when # = 3 (see [26]).

Open problems
«+ In Theorem 3.1, can the set {d(gx, gu), d(gy,gv)} be replaced by other sets?
+ Can Theorem 3.1 be improved by replacing the control function € by other functions?
+ Can Theorem 3.1 be extended and generalized replacing condition (3.1) by other

conditions?
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