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1 Introduction
Let H be areal Hilbert space and C a nonempty, closed, and convex subset of H. A mapping

T : C — C s said to be nonexpansive if
”Tx_ T)’H = ”x_y”r Vx»ye C’ (11)
and T : C — C is said to be k-strictly pseudocontractive (see [1]) if for 0 < k <1,

2
1T - Tyl* < llx =y + k[ (I - T)x - (I - Ty,

V,y € C. (1.2)

It is well known that every nonexpansive mapping is strictly pseudocontractive. In a real

Hilbert space H, we can show that (1.2) is equivalent to

1-k
(T = Ty, =y) < llw=l* = == |4 = T~ (I - ). (1.3)

A point x € C is called a fixed point of T if Tx = x. The set of fixed points of T is de-
noted by F(T). The iterative approximation of fixed points for k-strictly pseudocontrac-
tive mappings has been studied extensively by many authors (see, for example, [2-13] and

the references contained therein).
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For any point u# € H, there exists a unique point Pcu € C such that
lu—Pcull < llu-yl, VyeC.

P¢ is called the metric projection of H onto C. We know that Pc is a nonexpansive mapping

of H onto C. It is also well known that P satisfies

(x =y, Pcx = Pcy) = ||Pcx = Peyl?, (1.4)
for all x,y € H. Furthermore, Pcx is characterized by the properties Pcx € C and

(x = Pcx,Pcx —y) > 0, (L5)
forally e C.

Definition 1.1 A mapping T': H — H is said to be firmly nonexpansive ifand only if 27 — I

is nonexpansive, or equivalently
(x—y, Tx - Ty) > | Tx — Ty|*, Vx,y€H.
Alternatively, T is firmly nonexpansive if and only if T can be expressed as
1
T==-(I+S),
S +9)
where S: H — H is nonexpansive. For example, the projections are firmly nonexpansive.
Definition 1.2 A mapping T : H — H is said to be an averaged mapping if and only if it
can be written as the average of the identity mapping I and a nonexpansive mapping; that
is,

T=>01-a)+as, (1.6)
where a € (0,1) and S: H — H is nonexpansive. More precisely, when (1.6) holds, we say
that T is a-averaged. Thus, firmly nonexpansive mappings (in particular, projections) are
3 -averaged mappings.

Definition 1.3 A nonlinear operator T whose domain D(T) C H and range R(T) C H is

said to be:

(a) monotone if
(x—yTx—Ty) >0, Vx,yeD(T),
(b) B-strongly monotone if there exists 8 > 0 such that

(=2, Te=Ty) = Blx—ylI>, Vx,yeD(T),
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(c) v-inverse strongly monotone (for short, v-ism) if there exists v > 0 such that
(x—y, Tx = Ty) > v||Tx — Ty||*, Vx,y € D(T).

It can easily be seen that (i) if 7' is nonexpansive, then I — T is monotone; (ii) the projection
mapping Pc is a 1-ism. The inverse strongly monotone (also referred to as co-coercive)
operators have been widely used to solve practical problems in various fields, for instance,

in traffic assignment problems (see, for example, [14, 15] and the references therein).

Consider the following constrained convex minimization problem:
minimize{f(x) (x € C}, (1.7)

where f: C — R is a real-valued convex function. We say that the minimization problem
(1.7) is consistent if the minimization problem (1.7) has a solution. In the sequel, we shall
denote the set of solutions of problem (1.7) by I'. If f is (Fréchet) differentiable, then the
gradient-projection method (for short, GPM) generates a sequence {x,} using the follow-
ing recursive formula:

Xna1 = Pe (%0 — AVf(x4)), Vn>1, (1.8)
or more generally,
Xn+l = PC(xn - )»,,Vf(x,,)), Vn>1, (L9)

where in both (1.8) and (1.9) the initial guess x; is taken from C arbitrarily, and the param-
eters, A or 1,, are positive real numbers. The convergence of the algorithms (1.8) and (1.9)
depends on the behavior of the gradient Vf. As a matter of fact, it is known that if Vf is
a-strongly monotone and L-Lipschitzian with constants «, L > 0, then the operator

T := Pc(I - AVf) (1.10)

is a contraction; hence, the sequence {x,} defined by the algorithm (1.8) converges in norm
to the unique solution of the minimization problem (1.7). More generally, if the sequence
{1,} is chosen to satisfy the property

0 <liminfA, <limsupA, < i—o;, (1.11)
then the sequence {x,} defined by the algorithm (1.9) converges in norm to the unique
minimizer of (1.7). However, if the gradient Vf fails to be strongly monotone, the op-
erator T defined by (1.10) would fail to be contractive; consequently, the sequence {x,}
generated by the algorithm (1.9) may fail to converge strongly (see [16, Section 4]). If Vf
is Lipschitzian, then the algorithms (1.8) and (1.9) can still converge in the weak topology
under certain conditions.

The gradient-projection method for finding the approximate solutions of the con-
strained convex minimization problem is well known; see, for example, [17] and the ref-
erences therein. The convergence of the sequence generated by this method depends on
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the behavior of the gradient of the objective function. If the gradient fails to be strongly
monotone, then the strong convergence of the sequence generated by gradient-projection
method may fail. Recently, Xu [16] gave an alternative operator-oriented approach to al-
gorithm (1.9); namely, an averaged mapping approach. He gave his averaged mapping ap-
proach to the gradient-projection algorithm (1.9) and the relaxed gradient-projection al-
gorithm. Moreover, he constructed a counterexample which shows that algorithm (1.8)
does not converge in norm in an infinite-dimensional space, and he also presented two
modifications of gradient-projection algorithms which are shown to have strong con-
vergence. Further, he regularized the minimization problem (1.7) to devise an iterative
scheme that generates a sequence converging in norm to the minimum-norm solution of
(1.7) in the consistent case.

Very recently, motivated by the work of Xu [16], Ceng et al. [18] proposed the following

implicit iterative scheme:
x5, = Pc(sy Var + (I - suF) T;x;.)

and the following explicit iterative scheme:
Xpi1 = Pe(spy Vaon + (I — suF) Tyyxy)

for finding the approximate minimizer of a constrained convex minimization problem and
prove that the sequences generated by their schemes converge strongly to a solution of the
constrained convex minimization problem (see [18] for more details). Such a solution is
also a solution of a variational inequality defined over the set of fixed points of a nonex-
pansive mapping.

Motivated by the aforementioned results, we introduce an iterative algorithm for find-
ing a fixed point of a strictly pseudocontractive mapping which is also a solution to a con-
strained convex minimization problem for a convex and continuously Fréchet differen-
tiable functional in a real Hilbert space and prove strong convergence of the sequences
generated by our scheme in a real Hilbert space. We apply our result to the split feasibil-
ity problem and the convexly constrained linear inverse problem involving the fixed point
problem for a strictly pseudocontractive mapping in a real Hilbert space.

We shall adopt the following notations in this paper:

+ x, — x means that x,, — «x strongly;

+ %, — x means that x,, — x weakly;

o Wwylx,) = {x: Fxy, — x} is the weak w-limit set of the sequence {x,,}52;.

2 Main results
We first state some known results which will be used in the sequel.

Lemma 2.1 Let H be a real Hilbert space. Then the following result holds:
I +y1% < lxl1* + 2p,2 +y), Va,y € H.

Lemma 2.2 ([13]) Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let T : C — C be k-strictly pseudocontractive mapping. Then I — T is demiclosed at 0, i.e.,
ifx, ~x€ Candx,—Tx, — 0, then x = Tx.
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Lemma 2.3 ([19]) Assume {a,} is a sequence of nonnegative real numbers such that
Aps1 = (1 - Vn)ﬂn + Vnam n= O,

where {y,} is a sequence in (0,1) and {8,} is a sequence in R such that
(i) Z:io Yn = O0;
(i) limsup,_, o8, <0 0r Y o2 18,¥ul < 0.

Then lim,_, o a,, = 0.

Following the method of proof Li and Yao [20] and Maingé [21], we now prove the fol-
lowing theorem.

Theorem 2.4 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Suppose that the minimization problem (1.7) is consistent and let I" denote its solution set.
Assume that the gradient Vf is L-Lipschitzian with constant L > 0. Let T be a k-strictly
pseudocontractive mapping of C into itself such that F(T) N\ T # (. Let {t,,} be a sequence in
(0,1), {&,} a sequence in (0,(1 - k)(1 - £,)) C (0,1), and {)\,,} a sequence in (0, %) satisfying
the following conditions:
(i) lim,_ o0 t, =0;

(i) 30,5t = 00;

(iii) 0 <liminf,_ o 0ty <limsup,_, o, <1-Kk;

(iv) 0 <liminf, o A, <limsup,_, o A, < 2.
Then the sequences {u,} and {x,} generated for fixed u € C by u;,x, € C,

Xn = PC(un - )\nvf(un)): (2 1)
U1 = 1 —o)x, +a, T, — t,(x, —u), n>1, ’

converge strongly to x* € F(T) N T", where x* := Pp(r)nru.

Proof Inspired by the method of proof of [16], it is well known that x* € C solves the

minimization problem (1.7) if and only if x* solves the fixed point equation
x* = Pc(I - AVf)x™,

where XA > 0 is any fixed positive number. For the sake of simplicity, we may assume that

(due to condition (iv))
2
O<a<i,<bc< I’ n>1,

where a and b are constants. Furthermore, it is also well known from the proof of [16] that
the gradient Vf is %-ism, (I = X1, Vf) is nonexpansive (see also [22]) and that Pc (I — AVf) is

242L _averaged for 0 < A < 2. Hence we find that, for each 1, Pc(I - 1, Vf) is Z21L _averaged.
4 8 L 4 g

Therefore, we can write

2—-A,L 2+ A,L
Pell = 3,9f) = =24 =28, = (L= )l 4 1S, (22)
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where S, is nonexpansive and y,, = % € [a1,b1] € (0,1), where a; = 2+4"L and b, = % <

1. Then we can rewrite (2.1) as

X0 = (L= Yu)thn + VuSnthns
Ups1 = (1 - an)xn +ay Txn - tn(xn - M), n>1

For any x* € F(T) N T, noticing that S,x* = x*, we have

o0 =" | = | Q= v20) (4 = &) + Y (St — 27} |
< [Jun =] (2.4)

and

et = x*|| = || (@ = otw = ) (300 = %) + 0t (T — %) + 8 (e — x¥) |

< @ =an =) (0 = %) + 0t (T — &%) || + ]| 1 — 5*|. (2.5)
But from (1.2) and (1.3), we obtain

||(1 — oy, — tn)(xn —x*) + an(Txy, —x*) H2
= (L=t = )0 — |+ 2 Tty — 2|
+2(1 = oty — ty)atu( Ty — &%, 2, — x*)

< (A= 0y — 1) |0 —&* H2 + o] s — 2 ”2 + k|, — Tl ]
1-k
+2(1-ay, - tn)ocn[nxn —x| - — Il - Txn||2]

=(1- tn)z ”xn -x* ||2 + [kaz -1-b1-a,- tn)an] [l — Txn”2

= (1= 2| — & |* + @t — (1= £,) (A = 0] 120 — Tl

2

<@ =t |on =2, (2.6)

which implies
||(1 —oy, - tn)(xn —x*) + an(Tx,, —x*) H <(1-t,) ||x,, —x* || 2.7)
Therefore, it follows from (2.5), (2.7), and (2.4) that

[ s o e ey

< W=t =]+t

§max{Hun—x*H, u—x*”} (2.8)

By induction, we have

’

||u,,—x*|| §max{Hu1—x* u—x*“}
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Hence, {u,} is bounded and so is {x,}. Now, using (1.2), we have

| T2 - |* < |2 — || + kllx — Tx||?
= (Tx—x*,Tx—x") < (v —a*, 6 - Ta) + (x — &, Tx — x*) + k| — Tx||>
= (Tx—a" Ta—x) < (v —x*,x — Tx) + k|lx — Tx||*
=  (Tx—xTx—x) +(x—a", Tx —x) < (x — &%, 2 = Tx) + kl|x - Tx||>
=

A= K)llx - Tx|* < 2(x — x*, x — Tx). (2.9)
Therefore, by (2.4) and Lemma 2.1, we obtain

s =% < [ttes 2| = | (= ot + et Tty — (o — 10) — 2|
= [ (e = #*) = s — Te) =t — )
< (6 = %) = 0t = T |* = 2t — 18 g — 5°)
= o0 = 2| * = 20020 = T 20 — ) + @2l — T[>
= 2tn(Xn — thy 11 — X¥)
< [t =2 |* = o0 = Kl — Tl + 0221 — Tt
= 2tn(Xn — thy 11 — X¥)
= [ = |* = e[ @ = ) = ] 0 — T
— 2tn(%n — 1y U1 — %)
< ltn = *|* = @u[ (1 = &) = ]I — T

- ZtW(x,, — Uy Up] — x*) (2.10)

Since {x,} and {u,} are bounded, IM > 0 such that —2(x, — u, u,.,; —x*) <M forall n > 1.

Therefore,
||x,,+1 —x* ||2 - Hxn —x* H2 +ay, [(1 —k) - an] %, — T || < £,M. (2.11)

Now we divide the rest of the proof into two cases.
Case 1.
Assume that {||x, —x*||} is monotonically decreasing sequence. Then {||x, —x*|} is con-

vergent and obviously
||xn+1 —x* || - ||x,, —x* || -0, n— o0. (2.12)
This together with (2.11) and the condition that ¢, — 0 implies that

llen = Txull — 0, 1 — oo. (2.13)
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From (2.1) and (1.4), we obtain (noting that (I — 1,,Vf) is nonexpansive)
e = = P (= 20V () = Pe (" = 2, (7)) |
<<(un—A VS () = (%" = 1 VS (67)), 20 = &7)
= S U =297 w)) = & =25 D +
— [ (1t = 2n O 100)) = (5 = 2 VS (5)) = (=5 | ]
55[uun—x*u ot =P = = ) = 2 (VS ) = V() [ °]

E[”un —x* ||2 + [ — &* ||2 —Ntn = xall> + 2An{t8n = %0, V () — VI (x7))
22| Vf () - V() ]
Therefore,

o0 =% 2 < ot = |* = Mot = 211 + 2018 = 0, VIF (00) = VF (%))

— 32|V () - V()| (2.14)

Also, from (2.1) and (2.8), we obtain

[ =" = ot = 2 9 a0) = (5" = 2V (7))

= [ —x* ”2 = 20ty — X%, Vf () = VF (6*)) + 12| Vf () = VS (x¥) Hz

=< “Mn

W) |+ 2 91 - 976
e I ST,
2
< (=L tal=° 1) =2 (=20 ) 1970 = 956
= v = |7 @l = = =)
_ A(% - xn> [9F () = ()

This implies that for some M* > 0, we have

o3 -0) 197 - 1) 23 =20 ) 90 - 95 0)

< s = = e =+ tya®
= (lna =" = o =27 ) (s =27 + [l = 27
+ ty,_lM*.

(2.15)

Using condition (i), condition (iv), and (2.12) in (2.15), we obtain

Tim [[Vf () = Vf (x7) | = (2.16)



Cai and Shehu Fixed Point Theory and Applications (2015) 2015:7 Page 9 of 17

Using (2.8) in (2.14), we have

it = 1% < [t =5 = |20 =% |* + 201t — 200, V() = VS (x*))
32| Vf ) - Vf () |
e P R L
+ 20 ttn — X0, V () = VI (%)) = A2 || Vf () — VS (5%)
[ oy P | P BOZ I PR
+ 20ty — 20, Vi (1) = VF (5)) = A5 || VS () = VF (5*)

P L Y PRy | P [ PR

I

I

+ 20(thy — 0, Vf (1) = Vf (x7)). (217)
By using (2.16) in (2.17), we see that
nlipgo”PC(un - )lef(un)) — Uy || = nll)ngonxn —uyl = 0.

Suppose that p € w,,(u,)) and {un} is a subsequence of {u,} such that Uy, = P. Observe
that since lim,,_, », ||x, — u#,|| = 0, we also have %y, — p. Using Lemma 2.2 and (2.13), we
have p € F(T).

We next prove that p € I'. We may assume that 4,, — A; then we have 0 < A < % Set
S :=Pc(I - AVf); then S is nonexpansive. Then we get

1Pl = AV Yty — 1|
= ”pC(I_ }‘Vf)un/ —Pc(I - )‘njvf)unj “ + ”PC(I_ )‘njvf)unj — Up; ”
< [T = AV )t = (I = k) VSt || + | P = 0, Vf )it — 14 |

= Ay = 2| Vf () | +[|Pcl - My VS Vit = thy, | —o.

It then follows from Lemma 2.2 that p € F(S). But F(S) = T, therefore, we have p € T".
Hence,pe F(T)NT.
Setting y, = (1 — a)xy, + @, Txy,, n > 1, then from (2.1) we have

Upsl =Yn — tn(xrl - u)
It then follows that

Up = (1= trz)yn — tu(%n —Vn— u)

= (1= ty)yn — tuoty(xy — Tky) + Lyut. (2.18)
Also,

[y = = fln ="~ tutoeu = T |

= |xn —x* ||2 = 200360 = Tt 2 — &%) + 002|126, — Toxy ||
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= ”xn —x ”2 _an[(l_k) _an]”xn - Txn||2

< [l -] (2.19)
By (2.4) and applying Lemma 2.1 to (2.18), we have

[t = %> < ot =2 = 0 = ) O = 5°) = o = o) = (" = 1)
< (U= 6%y =" |* = 2tu{tn@n — T) + (%" = ), thsr — %)
= (L= )|y = 2| = 2600000 — Ty a1 — 2%) = 26,(x" = thy 1 — %)
< (1= 1) 200 = &> = 200020 — Tty 1 — &%) = 28(6* — 14, 1 — 2°)
< (L= ) [ n =" | + [ 20020 — Ty i1 — &%) = 25" — 1,11 — x*)].

(2.20)

We observe that limsup,,_, . {-2(x* — &, 4,1 — ")} < -2(x* — u,p — x*) < 0 (since x* =
Prirynru) and 2o, (%, — Txy, ps1 — %*) — 0. Therefore by Lemma 2.3, |lx, — x*|| — 0 and
consequently ||u, —x*|| — 0. That is, x, — x*, n — oo.

Case 2.

Assume that {|x, — x*||} is not monotonically decreasing sequence. Set I',, = ||x,, — x*||2

and let 7 : N — N be a mapping for all # > n, (for some #n, large enough) defined by
t(n):=max{k e N:k <n, Ty <Ti}.

Clearly, t is a non-decreasing sequence such that t(n) — oo as n — oo and
Cipin = Tey 20, Vm>ng.

After a similar conclusion from (2.10), it is easy to see that

tz(y,)M

%20 — T |> <
T T A = o (A= K) — )]

— 0, n— oo.

Thus,
”xz(n) - Txt(n)” — 0, n— oo.
By a similar argument as above in Case 1, we conclude immediately that

lim ”PC(MT(n) - )‘r(n)vf(ur(n))) — Uz(n) ” = lim ”xr(n) — Uz(n) ” =0.
n—00 n—0o0

Since {u(,} is bounded, there exists a subsequence of {u; ()}, still denoted by {u(,} which

converges weakly to p € C. Observe that since lim,_, o [|%7(:) — 70|l = 0, we also have

Xr(n) — p. Using Lemma 2.2 and the fact that [|x;(,) — TX;(y) || = 0, # — 00, we have p €

F(T). Similarly, we can show that p € I'. Therefore, p € F(T) N I". At the same time, we
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note from (2.20) that, for all n > ny (noting that 0 < I'; ()41 — [z (), Y1 > 19),

0 < e =2 [* = Jeecn ==
< tr(,,,) [—2(0(1(”)(361(”) - TXI(n))y Ur(n)+1 — x*> - Z(x* — U, Ur(n)+1 — x*> - “xr(n) -x* “2])

Vn > ng,
which implies

”xr(n) —x* ”2 < _2(ar(n) (xr(n) - Txr(n))r Ur(n)+1 — x*> - Z(x* — U, Ur(n)+1 — x*>:

Yn > ny. (2.21)

Since {u(n)+1} converges weakly to p as t(n) — oo and [|[%;(s) — Tx¢ ()l = 0 as t(n) — oo,
we deduce from (2.21) (noting that * = Pr(y)nru) that

timsup|:( [ < ~24s° - s p - <0,
n—00
which implies that

lim [ — " = 0.

n—00

Therefore,

lim FI(V,) = lim FT(,,)+1 =0.
n— o0 n— 00

Furthermore, if # > 1y and n # t(n), it follows from the definition of t(#) that t(n) < n. It

is easy to see that I';(;) < I'r(s).1. On the other hand, since I'; > T'j,; for t(n) +1 <j < m.

Therefore we obtain, for all #n > ny,

0 =< Fn =< max{rr(n)r FT(VI)+1} = F‘L’(VI)+1'

Hence 1imT',, = O, that is, {x,} converges strongly to x*. Furthermore, {i,} converges
strongly to x*. This completes the proof. O

Corollary 2.5 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Suppose that the minimization problem (1.7) is consistent and let T denote its solution set.
Assume that the gradient Vf is L-Lipschitzian with constant L > 0. Let {¢,} be a sequence
in (0,1) and {),} a sequence in (0, %) satisfy the following conditions:
(i) lim,_ o0 t, =0;

(ii) D02ty = 00;

(i) 0 <liminfA, <limsupi, < %
Then the sequence {x,} generated for fixed u € C by x; € C,

K1 = batt + (1= tn)PC(xn - )anf(xn))x n>1, (2.22)

converge strongly to x* € I', where x* := Pru.
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Proof Taking T =1 in Theorem 2.4, we obtain the desired conclusion. O

Remark 2.6 Corollary 2.5 improves on Corollary 5.3 of Xu [16] in the sense that the con-
ditions Y7 [ty — tal <00 and Yoo [Vus1 — ¥ul < 00 assumed in Xu [16] are dispensed

with in our Corollary 2.5.

Corollary 2.7 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let T : C — C be a k- strictly pseudocontractive mapping such that F(T) # (. Let {t,} be a
sequence in (0,1) and {a,} a sequence in (0,(1 — k)(1 —¢,)) C (0,1) satisfying the following
conditions:
(i) lim,_ 0 t, =0;
(ii) D02y tn = 00;
(iii) 0 <liminf,_ o oty <limsup, , o, <1-k.

Then the sequence {x,} generated for fixed u € C by x; € C,
Kps1 = b + (1 =ty — ), + @, Ix,, n>1,
strongly converges to a fixed point x* of T, where x* := Pp(r)u.
Proof Taking f =0 in Theorem 2.4, we obtain the desired conclusion. O
Remark 2.8 Corollary 2.7 complements Theorem 3.1 of Li and Yao [20].

We next apply the result in Theorem 2.4 to approximate the common fixed point of a
finite family of strictly pseudocontractive mappings, which is also a solution to minimiza-

tion problem (1.7) in real Hilbert spaces.

Theorem 2.9 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Suppose that the minimization problem (1.7) is consistent and let I" denote its solution set.
Assume that the gradient Vf is L-Lipschitzian with constant L > 0. For each i=1,2,...,N,
let T;: C — C be a k;-strictly pseudocontractive mapping such that ﬂf\il F(T;)NT #@.
Assume that {Si}f\i | is a finite sequence of positive numbers such that ZL 8; =1. Let {t,,} be
a sequence in (0,1), {«,} a sequence in (0,(1-k)(1-t,)) C (0,1), k := max{k;:i=1,2,...,N},
and {A,} a sequence in (0, %) satisfying the following conditions:
(i) lim,_o0t, =0;

(ii) D020 tn = 00;

(iii) 0 <liminf,_ s 0ty <limsup,_ o, <1—-Kk;

(iv) 0 <liminf,_, o A, <limsup,_, A, < %
Then the sequences {u,} and {x,} generated for fixedu € C by u; € C,

{xn = Pc(uy, - )»nvf(un))r (2.23)

N
Uper = (1 —a)x, + oy Zi:l 8iTixty — tu(xy —u), n>1,

N
converge strongly to x* € (;o; F(T;)) N T, where x* := me\:le(Ti)ﬁFu.
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Proof Define A := Zf\il 8;T;. Then, by the results in [2, 10], A is a k-strictly pseudocontrac-
tive mapping and F(A) = ﬂﬁl F(T;). We can rewrite the scheme (2.23) as

% = Pty — 7 Vf (),
Upi1 = (1 — )%y + €A%, — ty(xy —u), n>1

Now, Theorem 2.4 guarantees that {x,} and {u,} converge strongly to a common fixed
point of the family {7;}¥,, which is also a solution to minimization problem (1.7). d

3 Applications
In this section, we give an application of Theorem 2.4 to the split feasibility problem and
the convexly constrained linear inverse problem.

3.1 Split feasibility problem

The split feasibility problem (SFP, for short) was introduced by Censor and Elfving [23].
The SFP problem has gained much attention of several authors due to its applications to
image reconstruction, signal processing, and intensity-modulated radiation therapy (see

[24-26]).
This SFP can be mathematically formulated as the problem of finding a point x with the

property
xe€C and BxeQ, (3.1)

where C and Q are nonempty, closed, and convex subsets of Hilbert space H; and H,
respectively, and B: H; — H is a bounded linear operator.

Clearly, x* is a solution to the split feasibility problem (3.1) if and only if x* € C and
Bx* — PoBx* = 0. The proximity function f is defined by

fx) = % || Bx — PoBx|| (3.2)

and we consider the constrained convex minimization problem
in/ () = min ~ |[Bx - PoBs| (3.3
minf (x) = min — ||Bx — x||”. .
xeC xeC 2 Q

Then x* solves the split feasibility problem (3.1) if and only if x* solves the minimization
problem (3.3). In [24], the CQ algorithm was introduced to solve the SFP,

%41 = Pc(I = AB*(I - Pg)B)x,, n>0, (3.4)

where 0 < A < ﬁ and B* is the adjoint of B. It was proved that the sequence generated
by (3.4) converges weakly to a solution of the SFP.

We propose the following algorithm to obtain a strong convergence iterative sequence
to solve the SFP and the fixed point problem for a k-strictly pseudocontractive mapping T'.

For any given u € C, let the sequences {x,} and {u,} be generated iteratively by #; € C,

%y = Pc(l — 1y(B*(I — PQ)B + u,),

(3.5)
Upi1 = (1 — )%y + 2y Ty — t,(xy —u), n=>1,
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where {¢,}, {a,} C (0,1), {«,,} a sequence in (0, (1 - k)(1 -¢£,)) C (0,1), and {A,,} a sequence
in (0, ﬁ) satisfying the following conditions:
(1) lim,,_ o t, = 0;

(il) D o02otn = 00;

(iii) 0 <liminf,_ o, <limsup,_, o, <1-k;

(iv) 0 <liminf,_ o A, <limsup, , A, < ﬁ
We obtain the following convergence result for solving split feasibility problem (3.1) and
the fixed point problem for a k-strictly pseudocontractive mapping by applying Theo-

rem 2.4.

Theorem 3.1 Let C and Q be nonempty, closed, and convex subset of real Hilbert space
H; and H,, respectively, and B : H) — H, be a bounded linear operator. Let f(x) = %HBx -
PoBx||* and let T = argmingec f(x). Let T be a k-strictly pseudocontractive mapping of C
into itself such that F(T) N T" # (. Let the sequences {x,} and {u,} be generated by (3.5),
where {t,},{a,} C (0,1), and {)\,} in (O, ﬁ) satisfying the conditions (i)-(iv) above. Then
the sequences {x,} and {u,} converge strongly to a solution x* of the split feasibility problem
(3.1) which is also a fixed point of a k-strictly pseudocontractive mapping T where x* :=

Pr(rynru.

Proof Using the definition of the proximity function f, we have
Vf(x) = B*(I — Pq)Bx, (3.6)
and Vf is Lipschitz continuous, that is,

IVf@x) - V)| < Lllx-yl, 3.7)

where L = ||B|?.

Then we obtain
Vf =B*(I - Pg)Bx

and Vf is Lipschitzian with Lipschitz constant L := | B||>. Then the iterative scheme (3.5)

is equivalent to

(3.8)
Up = (1 —ap)x, +a,Tx, —t,(x, —u), n>1,

{xn = Pty = 2 Vf (1)),
where {¢,}, {a,} C (0,1), {@,,} a sequence in (0, (1 - k)(1 -¢£,)) C (0,1), and {A,} a sequence
in (0, %) satisfying the following conditions:

(i) lim,_ o0ty = 0;

(i) D02t = 00;
(ili) 0<liminf, @, <limsup, , o, <1-k;
(iv) 0<liminf}, <limsupA, < %

The desired conclusion follows from Theorem 2.4. O



Cai and Shehu Fixed Point Theory and Applications (2015) 2015:7 Page 15 of 17

3.2 Convexly constrained linear inverse problem
Consider the convexly constrained linear inverse problem (cf. [27])

Ax=b,
{’“ b (3.9)
xeC,

where H; and H, are real Hilbert spaces and A : H; — H is a bounded linear mapping
and b € H,. To solve (3.9), we consider the following convexly constrained minimization

problem:
inf(x) := mi 21 l & (3.10)
r;émfx = min Ax—Db|*. 3.10

In general, every solution to (3.9) is a solution to (3.10). However, a solution to (3.10) may
not necessarily satisfy (3.9). Moreover, if a solution of (3.9) is nonempty then it follows
from Lemma 4.2 of [28] that

CN(VA)1+40.

It is well known that the projected Landweber method (see [29]) given by

X1 € C,
Xn+l = PC[xn _)\A*(Axn - b)]) n>1,

where A* is the adjoint of A and 0 < A < 2o with & = W
(3.9). In what follows, we present an algorithm with strong convergence for solving (3.9)

, converges weakly to a solution of

and the fixed point problem for strictly pseudocontractive mapping.

Corollary 3.2 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Suppose that the convexly constrained linear inverse problem (3.9) is consistent and let T
denote its solution set. Let T be a k-strictly pseudocontractive mapping of C into itself such

that F(T)NT # Q. Let {t,} be a sequence in (0,1), {a,,} a sequence in (0,(1-k)(1-t¢,)) C (0,1),
2

T ) satisfying the following conditions:

and {A,} a sequence in (0,
(@) limy—oot, =0;
(11) Zzio Iy = 00;
(iii) 0 <liminf,_ s 0ty <limsup,_, o, <1—-Kk;

_2_
lAl2

Then the sequences {u,} and {x,} generated for fixed u € C by u; € C,

(iv) 0 <liminf,— oo Ay <limsup,_, . Ay <

Xp = PC(un - )‘nA*(Aun - b))r
Ups1 = (1 - an)xn +ay, Txn - tn(xn - Lt), n>1,

converge strongly to x* € F(T) N T", where x* := Pp(r)nru.

Proof Letf be defined by (3.10). Then from [24] we have Vf(x) = A*(Ax - b), x € H; which
is L-Lipschitzian with constant L = ||A||%. Thus, by Theorem 2.4 we obtain the required

assertion. 0
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Remark 3.3 The convergence rate of the projection gradient method is at best linear. The
linear convergence is attained with Polyak’s stepsize and for an objective function with a
sharp set of minima. The linear convergence rate is not the best known rate. There are
methods with a superlinear (quadratic) rate such as the Newton method and the inte-
rior point method, which uses Newton’s directions. These methods, however, require f
to be twice differentiable among other conditions. The potential drawback of the projec-
tion gradient method is that it can be very slow when the gradient directions are almost
perpendicular to the directions pointing toward the optimal set I, corresponding to

Vf(x,,)T(x,, —x*) ~ 0.

In this case, the method may exhibit zig-zag behavior, depending on the initial iterate x;.
To overcome a possibly slow convergence of the gradient-projection method, the gradient
is often scaled. In this case, the method takes the form

Xn+l = PC(xn - )\nAan(xn));

where A, is a diagonal matrix with positive entries on its diagonal, i.e., [A,]ii > 0 for all
i=1,...,m and all n. For more details, see [30, pp.91-105].
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