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1 Introduction and preliminaries

Convexity [1-5] is a very simple and natural notion which plays a pivotal role in different
fields of pure and applied sciences [6—9] such as optimization theory [10], engineering and
management sciences [11, 12]. In recent past the classical concept of convexity has been
extended and generalized in different directions [13—25]. A significant generalization of
convexity is the preinvexity, which was introduced and studied by Weir and Mond [26].
Recently, Awan et al. [27] introduced and studied another extension of classical convexity
which is called exponentially convex functions.

Another important aspect which makes the theory of convexity more charming is its
relation with the theory of inequalities. Many inequalities can be obtained using the theory
of convex functions [28—36]. One of the most inequalities in convex functions is Hermite—
Hadamard inequality [37-39], which provides us a necessary and sufficient condition for
a function to be convex. In recent years many new generalizations, improvements, and
variants of the Hermite—Hadamard inequality have been obtained in the literature [40—
48] by use of the ordinary, quantum, and fractional calculus.

The main purpose of the article is to introduce the class of generalized exponentially
pu-preinvex functions. We derive a new g-integral identity and then some new estimates
of bounds for it essentially utilizing the concepts of quantum calculus.
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2 Preliminaries
In this section, we introduce the new definition of exponentially p-preinvex function, es-
tablish a new g-integral identity, and obtain new associated g-bounds.

First of all, let L C " be a nonempty set, A : K — N be a continuous function, and
w: K x KK — R\ {0}and 0 : £ x K — R" be two continuous bifunctions.

Definition 2.1 A set K C 90" is said to be u-invex with respect to the bifunctions w(-, )
and 0(.,-) if

a+ku(b,a)d(b,a) e K

forall a,b € K and k € [0,1].
Note that the convex set with (b, a) = 1 and 6(b,a) = b — a is an invex set, but the con-
verse is not true. For example, the set I =N \ (-=1/2,1/2) is an invex set with respect to 0

and (b, a) = 1, where

b—a, forb>0,a>00rb<0,a<0,
a-b, forb<0,a>00rb<0,a<0.

0(b,a) =

It is clear that /C is not a convex set.

Definition 2.2 A function A : £ — N is said to be generalized exponentially -preinvex
function if there exist bifunctions u(:,-) and 6(:,-), x > 1 and nonpositive « such that
Ala) . A(b)

A(u + ku(b,a)o (b, ﬂ)) SA-ky——+kK—
X(Xﬂ Xa

foralla,b e K, k€[0,1],and s € (0,1].

Note that, if @ = 0 or x = 1, then the class of generalized exponentially p-preinvex
functions reduces to the class of generalized p-preinvex functions. The class of gener-
alized exponentially p-preinvex function includes the class of of preinvexity for « = 0 and
u(b,a) = 1. Also note that if we take x = e, then we have the class of exponentially p-
preinvex functions, which is defined as follows.

Definition 2.3 A function A : L — N is said to be exponentially pt-preinvex if there exist

bifunctions u(:,-) and 6(:,-) and nonpositive o such that

A@) | . AG)

end eab

A(a + ku(b,a)o(b, a)) <(1-kf°
foralla,b e K, k € [0,1], and s € (0,1].

Example 2.1 The function A : %t — 9 defined by A (k) = k2 is exponentially z-preinvex
forall @ <0 and w(b,a) = 1.

Next, we recall some previously known concepts and results, which will be helpful in
obtaining the quantum analogues of the main results of the article.
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Definition 2.4 (see [49, 50]) Let0<g<1and A :J = [a,b] — N be an arbitrary function.
Then the g-derivative of A on ] at ¢ is defined as follows:

_ At) - Algt + (1 - q)a)

Do) = =

(t#a) and ,D,A(a)= tlim D,A(t).

—>dg

We note that lim,_.1 ,D;A(t) = dA(t)/dt is just the classical derivative if A is differen-
tiable.

Definition 2.5 (see [49, 50]) Let A :J = [a,b] — N be an arbitrary function. Then the
second-order g-derivative on the interval J is defined by

«DLA(E) = Dy (uDyA(2))

provided D, is g-differentiable on /. Similarly, the higher order g-derivative on J can be
defined by

D A() =4 Dy(D)y " A(2)).

Definition 2.6 (see [49, 50]) Let0<g<1and A :J = [a,b] — N be an arbitrary function.
Then the g-integral on J is defined by

/ A(k)dgk =(1-q)x—a) Zq"A(q"x + (1 - q")a)

a n=0

forxe].

Note that if a = 0, then we have the classical g-integral, which is defined as follows:

/0 Ak dgk =1 -q)x Y q"A(q"x).

n=0

Lemma 2.2 (see [49, 50]) Let o € R\ {-1}. Then

/x(k— a)* d k = <1 l_;f+l>(x — ),

Definition 2.7 (see [51]) Let a € i and # € N. Then the g-analogue of a is defined by

Definition 2.8 (see [51]) Let k,p > 0. Then B,(k, p) is defined by

1
B,(k,p) = / A1 - qx)’;’1 dgx.
0

For more details for g-calculus, we recommend the literature [52-55] to the readers.
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3 Results and discussions
In this section, we present our main results of the article.

Lemma 3.1 Let 0< g < 1and A : K — N be an arbitrary function such that D;A is q-
integrable on K. Then one has

qA (@) + Ala+ pu(b,a)0(b,a)) @b ba

1
+1 - w(b,a)o(b,a) /ﬂ Ax) dgx
2,2 2 1
= % / k(1 - qk)DgA(a + ku(b,a)d (b, a)) d k. (3.1)
0

Proof We clearly see that

1
/ k(1 - qk)D;A (a + ku(b,a)d (b, a)) d.k
0

= fl(k(l —qk)[gA(a + ku(b,a)0 (b, a)) — (1 + ) A(a + gku(b, )0 (b, a))
0

+ A(a +g*ku(b,a)o (b, a))))
/(K*q(1 - q)* 1> (b,a)0* (b, a)) d gk

= (qz Aa+q"1u(b,a)0(b,a)) — (1 +q) Z Aa+q" (b, a)o (b, a))

n=0 n=0

+ Z A(a+q"*ub,a)o(b, ﬂ)))

n=0
(q(1 - q)u* (b, a)6* (b, a))
B { a1 - Qu(b,a)0(b,a) Y2 q" Ala + q" 11(b, )0 (b, a))
1 (1 — 243 (b, )03 (b, a)
-1+ )1 -q)u(b,a)b(b,a)
S0 d" Ala + g 1u(b, )0 (b, a))
¢*(1 - @) u3(b,a)63(b, a)
, (- ub,a)0b,a) 370 4" AMa + 4" (b, )0 (b, @) }
P(1 - q)113(b, )03 (b, a)
_ a(A(a+ u(b,a)0(b,a)) - A@) - Ala + qu(b,a)0 (b, @) + Al)
q(1 = )2 (b, )62 (b, a)

_ l+q
q*u3(b,a)03(b, a)

a+u(b,a)d(b,a) qZ +q— 1
A - A ’ ’
: / Wk~ gt @+ b0 GD)

.\ Ala + qu(b,a)d(b,a))
q(1 - q)u*(b,a)6*(b,a)

_ qA@) + Ala+ u(b,a)0(b,a)) l+q /W“’ﬂ”“”“) AG)dos
 Prrba)piba) 7?13 (b,a)03(b,a) J, o~

Page 4 of 12
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Multiplying both sides of the above equality by g?u%(b, a)6*(b,a)/(1 + q), we get the re-
quired result. g

Theorem 3.2 Let A : K — R be an arbitrary function, (b, a)0(b,a) > 0 with D;A be q-
integrable on IC, where 0 < q < 1 is a constant. If ID;AI’ is a generalized exponentially
u-preinvex function with x > 1 and non-positive «, then for s € (0,1] and r > 1 we have

gA(a) + Ala + u(b,a)0(b,a)) 1 a+pu(ba)0(ba) 0
q+1  1u(b,a)o(b,a) f %) dg¥
r) 7, (3.2)

-1 -
2u2(b,a)92(b,a)< 1 )1 ’(wl‘DgA(“)
q+1 l+gq X%

D;A(b)
Xab

2

where

Y1 =2""B,(2,r +1) = B,(s + 2,7 +1)
and

Yo =By(s+2,r+1).

Proof Using Lemma 3.1, the well-known power mean inequality, and the given hypothesis
of the theorem, we get

qgA(a) + Ala + u(b,a)d(b,a)) a+u(b,a)d(b,a) A@d
‘ q+1 u, a)e(b ) f %) dgx
| eabg /(1 qk)D2A(a + kuu(b, @) (b, a)) d k

qg+1
2//L2(b 61

g+1 b / k(L = qk)|D2A (a + kps(b, @) (b, a)) d k|

2,2(b, 2)0%(b, 1 1-1
SM</ kqu>
q+1 0
1

1 T
X (/ k(1 - qk)’|DfIA (a + ku(b,a)d (b, a)) |rqu>
0

Zuz(b,a)92(b,a)< 1 )1-1

g+1 l+q
2 b %
X ( k(1 - gk)" [(1 k) DyA ) K DZ:ZZ(; ) ]qu>
2u2(b,a)0? (b, a) ;
q+1 (1 q)
@ o[ PEAG) ’
( k(l qk)! |:(1 k)* ks‘ T }qu)

qu 2(b,a)6%(b,a)
- qg+1 l+q
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1 D2A(d) r D2A(b) r %
X k(1 - k)’|:21‘s—ks‘ 4 ‘qi :|dk)
(/0 %)y ( ) xo@ Xab q
22 (b,a)0%ba) (1 \'7 (D@ [D2AB)[\
Iﬂl wa 2 b ’
qg+1 l+q X X

where

1
Yy = / /((21_5 - ks)(l - qk); dk = ZI_SBq(Z,r +1)=By(s+2,r+1)>0
0

due to 215 —k* > O for all k € [0,1] and s € (0,1], and
1
Yy = / K1 - qk); dgk =By(s + 2,7+ 1).
0
This proof is completed. O
Theorem 3.3 Let A : K — R be an arbitrary function, (b, a)0(b,a) > 0 with D;A be q-

integrable on IC, where 0 < g < 1 is a constant. If |DfIA|r is a generalized exponentially |-
preinvex function with x > 1 and non-positive o, then fors € (0,1],r>1,and 1/p+ 1/r =1

we obtain
gA@) + Ala + u(b,a)6 (b, ) / A W
qg+1 /,L(b zz)@(b a) ™
1
2% (b,a)6*(b,a)Bl (2,p + 1)
- qg+1

- D7A(@) D2A(b)
(<21 [s+2lg = 1= @)L "+ (L + Q| "5 "\ 7
X .

Q+qls+2],

(3.3)

Proof Using Lemma 3.1, Holder’s inequality, and the given hypothesis of the theorem, we

have
qA(a) + Ala + (b, a)6 (b, a)) atiu(ba)b(ba)
’ qg+1 M(b a)O(b a)/ Ax)dgx
- |26 k(l qk)D A (a + kp(b, @) (b, a)) dgk
qg+1
_ W b.a)9*(b,a) }
= T(/ - gk )

1 ¥
X (/ k|D;A(a + ku(b,a)d(b, a))|rqu)
0

q*u?(b,a)0%(b, a) 5
DZA(a)

1 r
AT B A
X(/o k|:(1 k)

1
2u*(b,a)6*(b,a)BL (2,p + 1)
qg+1

<

DZ
+ks‘—

Jeo)

Page 6 of 12
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_ D2 A(a) D2A(b)
(alﬂs+mq—1—w|iw“V+(1+wr§arr
X
[s+2],

This completes the proof. d

Theorem 3.4 Let A : IC — N be an arbitrary function, (b, a)0(b,a) > 0 with D;A be q-
integrable on IC, where 0 < q < 1 is a constant. If |D§A|’ is a generalized exponentially -
preinvex function with x > 1 and non-positive o, then for s € (0,1],r>1,and 1/p + 1/r =1

we get
qA(a) + Ala + (b, a)0 (b, a)) 1 /“*“(‘"“)"(""’) @ dx
g+1 w(b,a)6(b,a) J, ‘
(b, )0%(b, a)
- qg+1

D;A(a)|"

oda

) " (3.4)

Proof Using Lemma 3.1, Holder’s inequality, and the given hypothesis of the theorem, we

((21 ‘By(r+1,r+1)=By(r+s+1r+1))

2
Dq
Xotb

+By(r+s+1,r+ 1)‘

obtain
qA(a) + A(a + (b, a)0(b,a)) a+u(b,a)0(ba)
‘ g+1 (b, a)9(b a)/ Ax)dgx

/ 1- qk)D2 (a + ku(b,a)@(b,a)) dk

q+1
2.2 2 1 1
T (b,a)0*(b, a) (/ 1qu>1’
q+1 0
: !
x ( / K'(1-qk)'|D}A(a + ku(b,a)e(b,a))\’qu)
0

q*u?(b,a)0%(b, a) . , s
_T</k(l qk) |:(1 k)

<~

D2A(a)

2
Dq
Xotb

)

_ T b,a)0*(b,a)

e <(21_5Bq(r +Lr+1)-By(r+s+1,r+ l))

) ,

D2

’D;A(a)
X

+By(r+s+1, r+1)’

where
21’5Bq(r+ Lr+1)-By(r+s+1,r+1)>0.
Using the same idea as in the proof of Theorem 3.2, we can complete the proof. O

Theorem 3.5 Let A : K — R be an arbitrary function, u(b,a)0(b,a) > 0 with D;A be q-
integrable on IC, where 0 < q < 1 is a constant. If |D§A|’ is a generalized exponentially ji-
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preinvex function with x > 1 and non-positive o, then for s € (0,11, r>1,and 1/p+ 1/r =1

we have
gA(a) + Ala + u(b,a)d(b,a)) /-am (ba)d(b,a) A
x) d,x
q+1 b, a)9(b a) 1
1
21%(b,a)0*(b,a)BL (p + 1,p + 1)
N g+1
D2A(a DzA(b

@15+ 1)y - D12 + 12 (5
) ( [s+1], ’ 5)

Proof Using Lemma 3.1, Holder’s inequality, and the given hypothesis of the theorem, we
get

a+u(b,a)d(b,a)

‘qA(a) +Aa+ u(b,a)@(b,a))
Ax)dgx

g+1 u(b, a)9(b a) /
q* 1> (b, a)6*(b, a)
g+1 0

7 u*(b,a)o*(b,a) [ (1 ,
LIROAT 04 ( / kP (1 - gky? qu)
q+1 0

1
k(1 - qk)DfIA(a + ku(b,a)@(b,a)) d,k

1 ¥
X (/0 |D§A(a + ku(b,a)@(b,a))rqu)

1
2u(b,a)0*(b,a)By (p+ Lp + 1)
q+1

1 D2A(a) ’ ;
X (/0 |:(1 k)| 2 :|qu>
D2A(b)

Xom
1 s D2 A(a) ry
2/L2(b,a)92(b,a)B§(p+1,p+1)((21 [s + 1y = DI =Lea | + |-

r D2A(b
+ks‘ d Z(J )
X(X

1

ah |V

qg+1 [s+1],

This completes the proof. d

Theorem 3.6 Let A : IC — N be an arbitrary function, (b, a)0(b,a) > 0 with D,?A be q-
integrable on IC, where 0 < g < 1 is a constant. If |D62]A|r is a generalized exponentially |-
preinvex function with x > 1 and non-positive o, then for s € (0,11, r>1,and 1/p+ 1/r =1

we obtain
qA(a) + Ala + u(b,a)b(b,a)) /‘”“ (b.a)(ba) AR d
g+1 (b, a)e(b a) ¥ o
q*1?(b,a)6*(b,a)
- qg+1

q
aa

) . (3.6)

1 2
)p ((ZISBq(l,r +1)-By(s+1,r+ 1))‘D A@)

( 1
X
[p+1]

D A(b)

+By(s+1,r+1) T

Page 8 of 12
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Proof Using Lemma 3.1, Holder’s inequality, and the given hypothesis of the theorem, we
have

a+u(b,a)d(b,a)

’qA(a) + Ala+ pu(b,a)0(b,a)) Ax)d,x
q

1
g+1 _MWMWWML£
| b,a)0*b,a) [1
- qg+1 0

1 1
g’ 1> (b,a)6*(b,a) </ k,,qu>1’
q+1 0

k(1 - qk)D;A(a + ku(b,a)d(b, a)) d,k

1 ¥
X (/ 1- qk)’|D;A(a + ku(b,a)@(b,a)) |r qu)
0

_ b0 ba) 1\
- q+1 ([p+1]q>

2
x(f?l—val—msD”“m
0

X(Xﬂ
- q*u?(b,a)0%(b, a) 1
- qg+1 p+1],

<

q
Xotb

r D2A(b
+/<S‘ ®)

. 1
] qu)

)p ((ZI_SBq(l,r +1)-By(s+1,r+ 1))

1
r)r
’

r

D2A(b)
onb

oda

‘ D; A(a)
X

+B,(s + 1,r+1)‘

where

2B, (Lr+1)=By(s+1,r+1) > 0.
Using the same idea as in the proof of Theorem 3.2, we complete the proof. d
Theorem 3.7 Let A : K — R be an arbitrary function, (b, a)0(b,a) > 0 with D;A be q-

integrable on IC, where 0 < g < 1 is a constant. If |D§A|r is a generalized exponentially |-
preinvex function with x > 1 and non-positive o, then fors € (0,1],r>1,and 1/p + 1/r =1

we get
A @) + Aa + u(b,a)b(b,2)) 1 @b o)
_ Alx)dx
g+1 1, a)0(b,a) J,
1
_ W (0,a)0*(b,a)B] (Lp +1) 21 D;A(a) |
- qg+1 [r+1], [r+s+1], xoe

1 DZA(b) | ¥
+(v+s+1h>‘ X ) ‘ 7

Proof Using Lemma 3.1, Holder’s inequality, and the given hypothesis of the theorem, we
obtain

a+u(b,a)d(b,a)
Ax)dgx

’qA(a) + Ala + n(b,a)0(b,a)) 1
q+1 _MWﬂwwﬂL£

Page 9 of 12
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7w (b,a)p*b,a) (1

k(1 - qk)D;A (a + ku(b,a)@(b,a)) d k

g+1 0
2,2 2 1 1
T (b,a)0*(b, a) (/ (l_qk)pqu)f’
q+1 0

1 ¥
X (/ k”D;A(a + ku(b,a)d (b, a))’rqu)
0

1
- > u*(b,a)0*(b,a)B (1,p + 1)

qg+1

1 DZA(a)|”  |D2A(D)|" ;
([ oo P a0 )
0 oa Xa
1
- g’ 1> (b,a)6*(b,a)By (1,p + 1)
- qg+1
21-s 1 D2A(a)|" 1 D2A(b) "\ 7
x - + .
()| () )
This completes the proof. O

4 Conclusion

In this paper, we have defined the class of generalized exponentially j-preinvex functions
and derived a new generalized quantum integral identity. With the help of this auxiliary
result, we have obtained some new estimates of the quantum bounds essentially using
the class of generalized exponentially p-preinvex functions. It is worth to mention here
that if we take x = e, then all of the main results reduce to the results for exponentially
pn-preinvex functions. To the best of our knowledge, these results are new in the litera-
ture. Since the quantum calculus has wide applications in many mathematical areas, this
new class of functions can be applied to obtain more results in convex analysis, special
functions, quantum mechanics, optimization theory, mathematical inequalities and may
stimulate further research in different areas of pure and applied sciences.

Acknowledgements

Authors are thankful to the editor and anonymous referee for their valuable comments and suggestions. These
suggestions helped us a lot in improving the standard of the paper. First and second authors are thankful to Higher
Education Commission Pakistan.

Funding
The work was supported by the Natural Science Foundation of China (Grant Nos. 61673169, 11301127, 11701176,
11626101, 11601485) and the Natural Science Foundation of Huzhou City (Grant No. 2018YZ07).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details

' Department of Mathematics, Government College University, Faisalabad, Pakistan. ?Department of Mathematics, Faculty
of Technical Science, University “Ismail Qemali’, Viora, Albania. *Department of Mathematics, COMSATS University
Islamabad, Islamabad, Pakistan. “Department of Mathematics, Huzhou University, Huzhou, China. *Hunan Provincial Key



Awan et al. Advances in Difference Equations (2020) 2020:575

Laboratory of Mathematical Modeling and Analysis in Engineering, Changsha University of Science & Technology,
Changsha, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 5 May 2020 Accepted: 6 October 2020 Published online: 14 October 2020

References

1.

20.

21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

31

Zaheer Ullah, S, Adil Khan, M., Chu, Y.-M.: A note on generalized convex functions. J. Inequal. Appl. 2019, Article ID
291 (2019)

. Agarwal, P, Kadakal, M., iscan, I, Chu, Y-M.: Better approaches for n-times differentiable convex functions.

Mathematics 8, Article ID 950 (2020)
Wang, MK, He, Z-Y,, Chu, Y-M.: Sharp power mean inequalities for the generalized elliptic integral of the first kind.
Comput. Methods Funct. Theory 20(1), 111-124 (2020)

. Wang, M-K, Chu, H--H., Li, Y-M,, Chu, Y.-M.: Answers to three conjectures on convexity of three functions involving

complete elliptic integrals of the first kind. Appl. Anal. Discrete Math. 14(1), 255-271 (2020)

. Zhao, T-H, Shi, L, Chu, Y.-M.: Convexity and concavity of the modified Bessel functions of the first kind with respect

to Holder means. Rev. R. Acad. Cienc. Exactas Fis. Nat,, Ser. A Mat. 114(2), Article ID 96 (2020)

. Shen, J-M,, Yang, Z-H., Qian, W.-M.,, Zhang, W., Chu, Y.-M.: Sharp rational bounds for the gamma function. Math.

Inequal. Appl. 23(3), 843-853 (2020)

. Wang, M-K, Chu, Y.-M, Li, Y.-M,, Zhang, W.: Asymptotic expansion and bounds for complete elliptic integrals. Math.

Inequal. Appl. 23(3), 821-841 (2020)
Hai, G.-J,, Zhao, T-H.: Monotonicity properties and bounds involving the two-parameter generalized Grétzsch ring
function. J. Inequal. Appl. 2020, Article ID 66 (2020)

. Hussain, S., Khalid, J,, Chu, Y-M.: Some generalized fractional integral Simpson'’s type inequalities with applications.

AIMS Math. 5(6), 5859-5883 (2020)
Khan, S., Adil Khan, M., Chu, Y.-M.: Converses of the Jensen inequality derived from the Green functions with
applications in information theory. Math. Methods Appl. Sci. 43(5), 2577-2587 (2020)

. Rashid, S, Khalid, A, Rahman, S., Nisar, K.S.,, Chu, Y-M.: On new modifications governed by quantum Hahn's integral

operator pertaining to fractional calculus. J. Funct. Spaces 2020, Article ID 8262860 (2020)

. Shen, J-M,, Rashid, S., Noor, M.A,, Ashraf, R, Chu, Y.-M.: Certain novel estimates within fractional calculus theory on

time scales. AIMS Math. 5(6), 6073-6086 (2020)
Abbas Baloch, I, Chu, Y.-M.: Petrovi¢-type inequalities for harmonic h-convex functions. J. Funct. Spaces 2020, Article
ID 3075390 (2020)

. Adil Khan, M., Hanif, M., Khan, Z.A., Ahmad, K., Chu, Y-M.: Association of Jensen'’s inequality for s-convex function with

Csiszar divergence. J. Inequal. Appl. 2019, Article ID 162 (2019)

Awan, M.U.,, Akhtar, N., Kashuri, A, Noor, MA,, Chu, Y.-M.: 2D approximately reciprocal p-convex functions and
associated integral inequalities. AIMS Math. 5(5), 46624680 (2020)

Khurshid, Y, Adil Khan, M., Chu, Y.-M.: Conformable fractional integral inequalities for GG- and GA-convex functions.
AIMS Math. 5(5), 5012-5030 (2020)

. Latif, M.A,, Rashid, S., Dragomir, S.S., Chu, Y.-M.: Hermite—Hadamard type inequalities for co-ordinated convex and

quasi-convex functions and their applications. J. Inequal. Appl. 2019, Article ID 317 (2019)
Rashid, S., Ashraf, R., Noor, M.A.,, Noor, K.I, Chu, Y.-M.: New weighted generalizations for differentiable exponentially
convex mapping with application. AIMS Math. 5(4), 3525-3546 (2020)

. Chu, Y-M,, Awan, M.U, Javad, M.Z,, Khan, AW.: Bounds for the remainder in Simpson’s inequality via n-polynomial

convex functions of higher order using Katugampola fractional integrals. J. Math. 2020, Article ID 4189036 (2020)
Yan, P-Y, Li, Q, Chu, Y-M, Mukhtar, S.,, Waheed, S.: On some fractional integral inequalities for generalized strongly
modified h-convex function. AIMS Math. 5(6), 6620-6638 (2020)

Ge-JiLe, H., Rashid, S., Noor, M.A,, Suhail, A, Chu, Y.-M.: Some unified bounds for exponentially tgs-convex functions
governed by conformable fractional operators. AIMS Math. 5(6), 6108-6123 (2020)

Sun, M-B,, Chu, Y.-M.: Inequalities for the generalized weighted mean values of g-convex functions with applications.
Rev. R. Acad. Cienc. Exactas Fis. Nat., Ser. A Mat. 114(4), Article ID 172 (2020)

Zhao, T-H, He, Z-Y, Chu, Y.-M.: On some refinements for inequalities involving zero-balanced hypergeometric
function. AIMS Math. 5(6), 6479-6495 (2020)

Abbas Baloch, I, Mughal, AA, Chu, Y-M, Hag, A.U, De La Sen, M.: A variant of Jensen-type inequality and related
results for harmonic convex functions. AIMS Math. 5(6), 6404-6418 (2020)

Awan, M.U,, Talib, S., Noor, M.A,, Chu, Y.-M., Noor, K.l: Some trapezium-like inequalities involving functions having
strongly n-polynomial preinvexity property of higher order. J. Funct. Spaces 2020, Article ID 9154139 (2020)

Weir, T, Mond, B.: Pre-invex functions in multiple objective optimization. J. Math. Anal. Appl. 136(1), 29-38 (1988)
Awan, M.U., Noor, M.A,, Noor, K.I.: Hermite—Hadamard inequalities for exponentially convex functions. Appl. Math. Inf.
Sci. 12(2), 405-409 (2018)

Adil Khan, M., Pecari¢, J,, Chu, Y.-M.: Refinements of Jensen’s and McShane’s inequalities with applications. AIMS Math.

5(5),4931-4945 (2020)

Rashid, S., Jarad, F, Chu, Y-M.: A note on reverse Minkowski inequality via generalized proportional fractional integral
operator with respect to another function. Math. Probl. Eng. 2020, Article ID 7630260 (2020)

Wang, MK, Chu, Y-M.,, Jiang, Y-P: Ramanujan’s cubic transformation inequalities for zero-balanced hypergeometric
functions. Rocky Mt. J. Math. 46(2), 679-691 (2016)

Rashid, S., Jarad, F, Noor, M.A,, Kalsoom, H., Chu, Y.-M.: Inequalities by means of generalized proportional fractional
integral operators with respect to another function. Mathematics 7(12), Article ID 1225 (2019)

Page 11 of 12



Awan et al. Advances in Difference Equations (2020) 2020:575 Page 12 of 12

32.

33

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.
46.
47.
48.
49.
50.
51
52.

53.

54.
55.

Zhao, T-H, Wang, MK, Chu, Y-M.: A sharp double inequality involving generalized complete elliptic integral of the
first kind. AIMS Math. 5(5), 4512-4528 (2020)

Zhou, S-S, Rashid, S, Jarad, F, Kalsoom, H., Chu, Y.-M.: New estimates considering the generalized proportional
Hadamard fractional integral operators. Adv. Differ. Equ. 2020, Article ID 275 (2020)

Xu, L, Chu, Y.-M,, Rashid, S., EI-Deeb, A.A,, Nisar, K.S.: On new unified bounds for a family of functions with fractional
g-calculus theory. J. Funct. Spaces 2020, Article ID 4984612 (2020)

Kalsoom, H., Idrees, M., Baleanu, D., Chu, Y.-M.: New estimates of g; g,-Ostrowski-type inequalities within a class of
n-polynomial prevexity of function. J. Funct. Spaces 2020, Article ID 3720798 (2020)

Chu, Y-M,, Adil Khan, M., Ali, T,, Dragomir, S.S.: Inequalities for ae-fractional differentiable functions. J. Inequal. Appl.
2017, Article ID 93 (2017)

Rashid, S., Noor, M.A, Noor, K, Safdar, F, Chu, Y.-M.: Hermite—-Hadamard type inequalities for the class of convex
functions on time scale. Mathematics 7(10), Article ID 956 (2019)

Igbal, A, Adil Khan, M., Mohammad, N., Nwaeze, E.R,, Chu, Y-M.: Revisiting the Hermite—Hadamard integral inequality
via a Green function. AIMS Math. 5(6), 6087-6107 (2020)

Igbal, A, Adil Khan, M., Ullah, S., Chu, Y.-M.: Some new Hermite—Hadamard-type inequalities associated with
conformable fractional integrals and their applications. J. Funct. Spaces 2020, Article ID 9845407 (2020)

Qi, F, Xi, B-Y.: Some Hermite—Hadamard type inequalities for geometrically quasi-convex functions. Proc. Indian Acad.
Sci. Math. Sci. 124(3), 333-342 (2014)

Adil Khan, M, Igbal, A, Suleman, M., Chu, Y.-M.: Hermite-Hadamard type inequalities for fractional integrals via
Green's function. J. Inequal. Appl. 2018, Article ID 161 (2018)

Yang, Z-H., Qian, W.-M,, Zhang, W., Chu, Y.-M.: Notes on the complete elliptic integral of the first kind. Math. Inequal.
Appl. 23(1), 77-93 (2020)

Awan, M.U,, Akhtar, N,, Iftikhar, S., Noor, M.A,, Chu, Y.-M.: New Hermite—Hadamard type inequalities for n-polynomial
harmonically convex functions. J. Inequal. Appl. 2020, Article ID 125 (2020)

Awan, M.U,, Talib, S., Chu, Y.-M., Noor, M.A,, Noor, K.l: Some new refinements of Hermite—-Hadamard-type inequalities
involving Wy-Riemann-Liouville fractional integrals and applications. Math. Probl. Eng. 2020, Article ID 3051920
(2020)

Khurshid, Y, Adil Khan, M., Chu, Y.-M.: Conformable integral version of Hermite—-Hadamard-Fejér inequalities via
n-convex functions. AIMS Math. 5(5), 5106-5120 (2020)

Qi, H-X,, Yussouf, M., Mehmood, S., Chu, Y.-M,, Farid, G.: Fractional integral versions of Hermite—-Hadamard type
inequality for generalized exponentially convexity. AIMS Math. 5(6), 6030-6042 (2020)

Yang, X-Z, Farid, G, Nazeer, W,, Chu, Y.-M.,, Dong, C-F.: Fractional generalized Hadamard and Fejér-Hadamard
inequalities for m-convex function. AIMS Math. 5(6), 6325-6340 (2020)

Guo, S-Y, Chu, Y-M,, Farid, G, Mehmood, S., Nazeer, W.: Fractional Hadamard and Fejér-Hadamard inequalities
associated with exponentially (s, m)-convex functions. J. Funct. Spaces 2020, Article ID 2410385 (2020)

Tariboon, J, Ntouyas, S.K.: Quantum calculus on finite intervals and applications to impulsive difference equations.
Adv. Differ. Equ. 2013, Article ID 282 (2013)

Tariboon, J,, Ntouyas, S.K: Quantum integral inequalities on finite intervals. J. Inequal. Appl. 2014, Article ID 121 (2014)
Kac, V., Cheung, P: Quantum Calculus. Springer, New York (2002)

Kunt, M., Kashuri, A, Du, T-S,, Baidar, AW.: Quantum Montgomery identity and quantum estimates of Ostrowski type
inequalities. AIMS Math. 5(6), 5439-5457 (2020)

Liu, W-J,, Zhuang, H.-F: Some quantum estimates of Hermite—-Hadamard inequalities for convex functions. J. Appl.
Anal. Comput. 7(2), 501-522 (2017)

Bohner, M., Mesquita, J.G.: Massera’s theorem in quantum calculus. Proc. Am. Math. Soc. 146(11), 4755-4766 (2018)
Brahim, K., Riahi, L.: Two dimensional Mellin transform in quantum calculus. Acta Math. Sci. 38B(2), 546-560 (2018)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	A new q-integral identity and estimation of its bounds involving generalized exponentially µ-preinvex functions
	Abstract
	MSC
	Keywords

	Introduction and preliminaries
	Preliminaries
	Results and discussions
	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


