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1 Introduction and main result

Denote by Z the set of whole integers and let T be a positive real number. Set

1
—Aru(j) = ﬁ[u((] + 1)T) =2u(jT) + u((}— 1)T)]
for u : Z — R. The well-known second order difference equation
~Arulj) + VO)G) = G u(i))  inZ (L.1)

can be regarded as the discrete version of the Schrodinger type equation, which can be
used to describe a planetary system or an electron in an electromagnetic field. Here po-
tential function V : Z — [0,00) and f : Z x R — R. Particularly, homoclinic orbits play a
very important role in studying the dynamics of discrete Schrodinger equations. In recent
tears, second order difference equations and homoclinic orbits have been the research fo-
cus. The literature on such a field is very rich, we collect some papers; see, for example,
[2,7,18-20, 22, 23, 30]. Especially, Agarwal, Perera and O’Regan in [2] first considered the
existence of solutions for second order difference equations like (1.1) by using variational
methods.

Recently, Ciaurri et al. in [10] considered the following discrete fractional Laplace equa-

tion:

(-Ar)yu=f, (1.2)
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where (—A7)* is the so-called discrete fractional Laplacian given by

1 o d
(A7) u(j) = m/(; (€T u() - u(j) t1—+t25

Here s € (0,1), I' is the Gamma function and v(t,j) = €T u(j) is the solution of the follow-

ing problem:

0v(t,)) = Arv(t,j), inZr x (0,00),
V(O,]) = u(]): on ZT’

where Z ={Tj:j € Z}.

Set
|u(k)|
L= {u:ZT—>R|27H<oo}
2 {1+ k)2
and
4°T°(1 r -
<%/T(k)_ ( /2+S) (|k| S)

s T mID(=s)|  TET (k| +1+s)

for any k € Z \ {0} and .#,7(0) = 0. Then by [10, Theorem 1.1]

(Aryu() = D (ul) - uk). "G - k),

keZ,kj

provided u € L;. As showed in [10, Theorem 1.1], there exist positive constants ¢; < C;
such that

Cs T,. s
— < ¥ <—)
T2$|}'|1+25 - s (]) - T2s|j|1+23

for any j € Z \ {0}. An interesting result is that lim,;-(—Ar)*u(j) = —Aru(j) if u is
bounded. In particular, [10] stated that the solutions of (1.2) converge to the solutions

of following fractional Laplacian problem:
(-AYu=f inR.
Here (-A)* is the fractional Laplacian defined for any x € R as

(=A)’v(x) =C(s) Rli)nol+ / v(x) —v(y)

R\Bg() % — Y12

along any v € C3°(R), where Br(x) = (x — R,x + R) and C(s) > 0 is a constant. For further
details about the fractional Laplacian and fractional Sobolev spaces, we refer to [12]. The
numerical analysis of fractional difference equations is difficulty, since the discrete frac-

tional Laplace operator is nonlocal and singular; see for example [1, 17] and the references
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cited therein. In [35], Xiang and Zhang first studied the following discrete fractional Lapla-

cian equation:

(=AY u(k) + V(k)u(k) = Af (k,u(k)) inZ,

u(k) — 0 as |k| — oo,

(1.3)

where s € (0,1), V:Z — (0,00), f : Z x R — R is a continuous function with respect
to the second variable and satisfies asymptotically linear growth at infinity. Under some
suitable hypotheses, two solutions were obtained by using the mountain pass theorem and
Ekeland’s variational principle.

Recently, the study of fractional Laplacian and related problems has been received an
increasing amount of attention. The fractional Laplacian appears in many fields, such as
anomalous diffusion, quantum mechanics, finance, optimization and game theory; see
[4, 8, 21, 31] and the references therein. For the applications of fractional operators, we
refer to [3, 5, 9, 11, 14—16, 24-29, 33, 34, 36, 37] and the references therein.

Motivated by above papers, we study the following nonlinear discrete fractional p-

Laplacian equation:

(= A5 u(k) + V (k) u(k) P2 u(k)
= da(k)|u(k)|972u(k) + b(k)|u(k)|"2u(k) for k € Z, (1.4)

u(k) - 0 as |k| — oo,

wheres € (0,1),V:Z — (0,oo),1<q<p,ae€ﬁp%q,p<r<oo,be€°° and(—Ad);isdeﬁned

as follows: for each j € Z,

AN =2 > |ul) - ul) [P () — ulrm)) K G — m).

meZ,m#j

Here the discrete kernel K, satisfies the requirement that there exist constants 0 < ¢,, <

Cs,p < 00 such that

S < K,(j) < Vﬁ% foranyj e Z\ {0};

|j|1+ps —

K ,(0) =0.

(1.5)

Note that when p = 2 the discrete fractional p-Laplacian (—Ad); reduces to (—Ar)* with
T = 1. As usual, we say that a function u : Z — R is a homoclinic solution of Eq. (1.4) if
u(k) — 0 as |k| — oo.

In this paper we always assume that the function V satisfies

(V) there exists V > 0 such that V(k) > Vi > 0 forall k € Z, and V (k) — oo as |k| — oo.
Set M}, = sup; ., b(k) and

gy -9 \7r-p
Ag = ||a||},v({’< L) .
TN - MV, ” 1
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Theorem 1.1 Assume that V satisfies (V), l<g<p<r<oo,a € €77 and 0 <bel™.
Then for all 0 < A < Ao Eq. (1.4) admits at least two nontrivial and nonnegative homoclinic
solutions.

To the best of our knowledge, our paper is the first time of use of the Nehari manifold
method to study the multiplicity of solutions for discrete fractional p-Laplacian equations.
It is worth mentioning that the weight function a may change sign in this paper. But for
the case that both a and b are sign changing functions, the existence of two solutions is
still an open problem. The authors will consider the case in the further.

The paper is organized as follows. In Sect. 2, we present a variational framework to
Eq. (1.4) and show some basic results. In Sect. 3, we give the definitions of Nehari manifold
and fibering map. Moreover, some properties of the fibering map are given. In Sect. 4,
using the Nehari manifold method, we obtain two distinct nontrivial and nonnegative
homoclinic solutions of Eq. (1.4).

2 Variational setting and preliminaries

In this section, we first recall some basic definitions, which can be found in [13, 19, 35].
Then we introduce a variational framework to Eq. (1.4) and discuss its properties. For any
1 <v < oo, we define ¢£' as

Z|u</><“<oo},

E”::{M:Z—>R
je€L

with the norm

laell, = <Z|u<i)!“)

1/v

je€L
Set
|00 := sup|u(j)| < 00.
JEL
Define

€ ={u:7— R||ulo < 00}.

Then (¢%, || - ||l,) and (£%°, || - ||~) are Banach spaces; see [13]. Clearly, £t C €2 if 1 <v; <
vy < 0o. From now on, we shortly denote by || - ||, the norm of £" for all v € [1, o0].
For interval I C R, we define

L] = {u:1—>R Z|u(i)|v<oo}.
jel
Define W as
W:{uzz—n& ZZ|u(,‘)—u(k)|”1<s,p(;—k)+ng)|u(j)|"<oo}.

JEZ keZ JEL
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Equip W with the norm

1/p
lellw = ( ul?, + Zvo)lu(z)V’)

jeL

where

1/p
[ulsp = (Z > |ul) - k)P K, G - m)> )

JjEZL kel

Lemma 2.1 Ifu € (7, then [ul],, < 00. Moreover, there exists C > 0 only depending on s and
p such that [uls, < Cllull, for all u € £7.

Proof The proof is similar to [32]. Let # € €7. Then

(W), = Y > |ul) — k) [P Ky — m)

jeZ keZ
- WGP + ()
= 2 Csp ZZ |] k|1+ps
JEL ki
o1 [u(O)F + [u(OF lu()) 1
=2""Csp Z |k|1+ps + 27 Cyp ZZ |k|1+Ps
k#0 j#0 k#o
1 |u(k + I
+27 CSP(ZZ |k|1+Ps
j#0 k0
1 [£(0) |7 + |u(k)|? 1 lu(j) P
op- Cspz k| L+ps 27 Cop ZZ [k|Leps
k#0 k40 j#0
1 |u(k + I
+2p CSP(ZZ |/ |1+pS
k40 j#0
) I
k50 jez
=cr
jeL
where 0 <C = (327'C;, 3 10 m)llp < 00. Therefore, the proof is complete. O

Lemma 2.2 The norm

el == (Z V(1)|u(1)|"> v

JEZ

is an equivalent norm of W. Moreover, (W, || - |lw) is a Banach space.

Page 5 of 21
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Proof The proofis similar to [32], for completeness, we give its details. Using assumption
(V) and Lemma 2.1, we have

S VO uG)” < llullyy < C> |u()f + Y V) uG)

JEL JjEL JjEL
<Co VORGP + Y VOl
0 ez jez
=CY Vlup)l,
JEL

which leads to ||« = (ZjeZ V(j)|u(j)|P)’? being an equivalent norm of W.
Finally we show that (W, || - ||w) is complete. Let {v,}, be a Cauchy sequence in W.
Observe that

_1
lully < Vo " llull

for allu € W. Then {v,}, is also a Cauchy sequence in ¢”. By the completeness of ¢/, there
exists u € ¢# such that v, — u in ¢¢. Furthermore, Lemma 2.1 and assumption (V) show
that v, — u strongly in W as n — oo.

In conclusion, the proof is complete. d

Moreover, we have the following compactness result.
Lemma 2.3 Assume (V). Then the embedding W — £" is compact for any p < v < 00.

Proof The proof is similar to that in [19] and [35]. We first show that the result holds for
the case v = p. It follows from assumption (V) that

1
lull, < Vo ¥ llull forallue W,

which shows that the embedding W < ¢ is continuous.

Next we prove that W < ¢7 is compact. Let {v,}, C W and assume that there exists
D > 0 such that ||v,,||1‘7v < D for all n € N. Now we show that {v,}, strongly converges to
some function in 7. Using the reflexivity of W, there exist a subsequence of {v,}, still
denoted by {v,}, and function u € W such that v, — u in W. By assumption (V), for any
8 > 0 there exists jo € N such that for all |j| > jo

14D
V(j)>:;.

Set I = [—jo, jo] and define

Wp:{u:]—ﬂR

DO ) - ul) P KopG— ) + Y V) u)|” < oo}.

jel j#kel jel

Observe that the dimension of W is finite. Then {v,}, is a bounded sequence in W, due

to which yields {v,}, is bounded in ¢/. Thus, up to a subsequence we may assume that
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v, — u on I. Hence there exists 7y € N such that for all # > n,

)
. NP
;|vno)—uo>| <5
Then, for all # > ny,
) 1) ] . .
D)=l < T+ 5 2o VOIval) - )
jez. Iil>jo

8
< ﬁ(l +vallfy) <.

Thus, we deduce that v,, — u in £7.

Now we consider the case v > p. Note that
1/p
ol = (Zhort)
jeL
for all u € £. Then

(o) o))

je€Z jEL

< "“"W(Z( I|IZ(|{1 )P>1/u

JjEL

= lulls? (ZIu(i)V’)w

JEL

g 2
< el "l

= llullp
for all u € ¢7 \ {0}. Thus,
lally < lleell»
for all u € £7. This inequality together with the result of the case v = p leads to the proof. [J

To obtain some properties of energy functional associated with Eq. (1.4), we need the

following result.

Lemma 2.4 Assume that U is a compact subset of W. Then for any § > 0 there is a jo € N
such that

1
|:Z V(j)}u(j)|p:| ! <8 foranyuel.

lil>jo
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Proof The proof can be found in [32]. O

For each u € W, we define the associated energy functional with Eq. (1.4) as
L.(u) = V(u) - F(u),
where

W) = 3 D[ - um Koy =)+ SVt

JEZ meZ JEZ

and

F(u):jgzj( ; “Dyup|?+ 22, (1)|)

Lemma 2.5 If'V satisfies (V), then V is well-defined, of class C'(W,R) and

(W) v) = 33 ul) — ulm) [P () — ulom)) (v() — v(m)) Ko p G — m)

JjEZ meZ

+ 2 VO ui)"uGve),

JEL
forallu,ve W.

Proof By Lemma 2.1, we know that W is well-defined on W. Fix u,v € W. We first prove
that

i 33 1400 o) = o ) — o
20" ez p
=3 [ul) - ulm)|" 7 () - um)) (v() = v(m)) K p i — m). (2.1)
JEZ meZ

Choose C > 0 such that || u||w, ||v|lw < C. For any € > 0 there exists /; € N such that

(Z D [u) — ulm) [ Ko G - m)) " e (2.2)

lil>h lm|>h

for all &2 > h;. Indeed, for any & € N we have

ZZW(I) u(m)|” K (j — m)<CSp2P12 Z (u@G)” + lu(m)|?)

1+ps
ljI>h |\m|>h il>h |m|>h,mj ] WI|
|lu(j)1P
=re,Y. ¥ U
” |]_m|1+ps
lj|>h |m|>h,mj

<20y (Y i ) Ll

k#0 ljl>h
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It follows from u € W that (2.2) holds. For & € N, if |j| < & and |m| > 2k, then |j — m| >
|m| = |j| > |m| - h> % Thus,

)P
2 X o

1<h |m|>2h,mj

21489 () P
<X e

Vil <h |m|>2hmj

1
521+PS(Z|MU)|p> Z W'

lil<h |m|>2h
Then there exists /1, € N such that
1
. V4 p
(Z Z |u(/) - u(m)| I(S,p> <& (2.3)
ljl<h |m|>2h

for all &1 > hy. Fix h > max{h;.h,}. Clearly, there exists ¢, € (0, 1) such that forall 0 < £ < £,

2. )

l|=2h |m|<2h

|u(j) + tv()) — u(m) — tv(m) P — u() — u(m)?
p

- |u(/) - u(m)|p_2 (u(]) - u(m)) (V(j) - V(m)) K, (j—m)
<e&.

Fix 0 < £ < to. For j, m € Z, by the mean value theorem, we can choose 0 < t,, < t such that
() + £v(j) — u(m) — ev(m) P — |u(j) — u(m)|”)

tp
= y() = ym)” () = ym)) (v()) = v(m)) K p G = m) (2.4)

K p(j -

where y(j) = u(j) + £;,,v(j). Clearly, y € W and ||y|lw < 2C. Observe that

3D [ul) - ulm)| () - wm) (v() — vim)) K,

[fl<h |m|>2h

<303 [u) - utm) [P |v() — vim) | K,

ljl<h |m|>wh

= (Z > |“(1')—M(M)|”Ks,p) ! <Z > i) - M)|p1<sp>p <Cs.  (25)
[jI<h |m|>2h ljl<h |m|>2h

By Holder’s inequality and (2.2)-(2.5),

[u(f) + tv(j) — u(m) — tv(m) P — |u(j) — u(m)?
)3)3 -

K p(j—m)

j€Z meZ

=303 [u) - walom) |7 (14) — wom) (V) — v1)) K — 1)

JEZ meZ
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sedd D) ).

l<hlm|>h |jl>h |m|<h

3 D (@ () = ym) = by (i) — u(m))) (vi) = v(m)) | K = )

lj|>h |m|>h

3 030>

i<himl>2h  |jl>2h im|<h

3 D@ () = ym) = by (i) = u(m))) (vi) = v(m)) | K p (i = )

lj|>h |m|>h

<Cs,

where ¢,(7) := |t|P~?7 for all T € R. Thus, (2.1) holds true. An analogous argument gives

e+ vllP = lull? NN S
tim R S VO )] ),
JEZ
Thus, we get

(W) v) = 33 ul) — ulm) [P () — o)) (v() = v(m)) Ko p G — )

j€Z meZl

+ 3 VO () u(vi).

JEZ

Thus, ¥ is Gateaux differentiable in W. Finally, we prove that &' : W — W™ is continuous.
To this aim, we assume that {u,}, is a sequence in W such that u, — u in W as n — oo.
By Lemma 2.4, for any ¢ > 0 there exists # € N such that

1/
(Z Z ’u,,(]) — u,(m) ’sz,p(j— m)) ’ <eg forallmeN

lil>h lm|>h

and

1/p
(Z > |u) - ulm) Ko - m)> <e.

ljl>h |m|>h

In addition, there exists 1y € N such that

1 A Y
(3 190t - tom) - oty - stom) -l ) <

ljl<2h m|<2h

for all n > ny, where p’ = 1%. For any v € W with ||v||w <1, and for any #n > ny, by the
Holder inequality and a similar discussion to above, we deduce

D0 (6 () = wnlm)) = p () = um)) | (v() - vim) K (i - m)’

JEZ meZ

1 , 1/p
= (Z D116 (40) = 4 0m)) = () = o)) Iy i = ) )

JEZ meZ
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1/p
X (Z Z |V(j) - v(m)|sz,p(j - m)>

JEZ meZ

= Cellv[lw.

Similarly, one can show that

D V) (|l — ulPu)v| < Cellvllw
keZ

as n — 00. Thus,
||\I//(u,,) — V' (u) || = Hshlp1|(\11/(un) - (u), v>| — 0.

This means that ¥’ is continuous.

Consequently, we prove that ¥ € CH(W,R). g

Lemma 2.6 Assume that V satisfies (V),1<g<p<r<oo,ac €77 and 0 <bel*.Then
F e CHW,R) with

(F'(),v) = Y (ha(i) G) | u(v() + bG) )| 2} ()

jez.
forallu,ve W.
Proof Using the same discussion as [19] and [35], one can prove the lemma. O
Gathering Lemma 2.5 and Lemma 2.6, we know that I, € C}(W,R).

Lemma 2.7 Assume that V satisfies (V),1<g<p<r<oo,ac €77 and 0 <bel>®. Then
a critical point of I, is a homoclinic solution of Eq. (1.4) for all A > 0.

Proof Let u € W be a critical point of I, that is, I () = 0. Then

2 2 [u) | () = ) () = o)) G~ )

JEZ meZ

+ 3 VO G u(vi)

JEL

=0 > al)|u)| " u(ivG) + > b)) u()ve) (2.6)

jeZ jeZ

for all v € W. For each k € Z, we define y; as

, L j=k
yk(/) =
0, j#k.

Page 11 of 21
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Clearly, yx € W. Choosing v = y, in (2.6), we obtain

23 Juatk) — ()| (k) — 1) Ko (k = ) + V(R |l [P~ k)
Jj7k

= 2a(k) (k)| k) + b(k) |uk)| u(k),

which means that u is a solution of (1.4). Obviously, (k) — 0 as |k| — 00, this means that

u is a homoclinic solution of (1.4). O

3 Nehari manifold and Fibering map analysis
In this section, we give some definitions and properties of Nehari manifold. Some ideas are
inspired from [6] and [32]. In present section, we always assume V satisfies (V), a € ZP%?
and 0 < b e £,

Define the Nehari manifold as follows:

N = {u e W\{O}(I} (w), u) = 0}.
Obviously,

uelN, ifandonlyif ue W\ {0} and
ey = 2>~ aG)|u()|” + > bGi)|u()]".

jEL JEL
For each u € W, we define the fibering map ®; , : (0,00) — R as

D5, (t) = 1 (tu)

vt NP
- -2

p”””\v p jEZ“(/)W(/)}

—%E b(j)|u()|’,

JEZ

for all £ > 0. Then a simple calculation yields

@, (&) = 7 ullfy = 2t " al)|u)|” - £ bG)|u()|

JEZ JEZ
and

@) (1) = (p - D2 |lullly, - (g - De22 Y a()|u)|’
JjEL
—(r=1) ) " b()|u)]".
JEL
In particular, if u € NV, then

@, ,(1)=0 and @] ,(1)=@-qr)_al)u()|"+ @ - b()u()|"

JEL JjEL
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Since 1 may be a minimum point, maximum point, or saddle point of ®; ,, we divide A,

into three subsets N;*, N and N, which are defined respectively as

T={ueN,: 9] ,(1) >0},
V={ueN,: @], 1)=0},
N ={ueN,: ] (1) <0}.

Lemma 3.1 Suppose that u € W\ {0} and t > 0. Then tu € N, ifand only if @} ,(t) = 0.

Proof Let tu € N;. Then

2 |ull?, _Man(j)‘u(j)V - trZa(]')’u(j)r =0,

jeZ jeZ

which leads to t®] ,(t) = 0. Therefore, we can prove that tu € N, if and only if ® ,(¢) =
0. O

Lemma 3.2 If u is a local minimizer of I, on N, and u & N7, then I, (u) = 0.
Proof The proof is similar to that in [6]; see also [32]. For completeness, we give its proof.

Assume that u is a local minimizer of I, on ;. By Lagrange multipliers, there exists 1 € R
such that

L(u) = ' (u),

where J(u) is given by

J () = Nully =2 al)|u()|” = > b()|u()|".

jer. jez.
Since u € \;, we deduce (I} (1), u) = 0. Hence, t(J' (1), u) = 0. It follows from u ¢ N that
(I’ (w),u) = @7 (1) #0.
Consequently, u = 0. Furthermore, we obtain ; (x) = 0. a
Lemma 3.3 The functional I, is coercive and bounded from below on N

Proof Let u € N;. Then

L) = G - %) el —AG - %) D_al)|ui)|”

JEZ
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It follows from g < p < r and the Holder inequality that

(s 2) (o) (o)

JEZ
11 11 » \'F 4 ’
> (— - —) Il —A(— - —) (Z|a(f>|ﬂ) Vo (Z V(k)|u<f)y”)
por 9 "/ \a jeZ.
1 1 11 » \7 -t
> (=== Jllullf —)»<———>( ﬂ(i)”) Vo " llully
<p r> Yo\g r g' | o
which shows that I, is coercive and bounded from below on ;. O

Lemma 3.4 For any u € W \ {0}, we have the following results.

(1) Iijeza(j)|u(j)|q > 0, then there exist 0 < t1 < tmax < by < 00 such that @, () =
() =0 and tyu e N}, and tyu € N,

) IijeZ a(j)|u()|? < 0, there exists a unique t, > 0 such that ®; ,(t,) = 0and t,u € N

Proof For all ¢ > 0, we define

8@ = ulf, - 7 " b()|u(i)]".

JjEL

By direct calculation one obtains that

¢ =2 (- lully -7 -0 S lu)] ).

JEL

Note that

@, (&) = M ullfy - 2ty " a()|ul)| " - 7> b()|ug)|

JEZ JEZ

Then

&)= (g0 -2 L))

JEL

By Z/ez b(j)|u(j)|” > 0, one can verify that g € C!(0,00), lim;o+g(t) = 0 and

lim;_, 5 g(t) = —00. Thus g has a unique maximum point £,,x > 0 and

tma:( (v - Dllully )P
C N -9 X b))l
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Moreover, we know that g is decreasing on (0, £,x) and increasing on (£max, 00). Then

— V—P V4
g(tmax) = tgﬁﬁ ”M”W

>( - q)lully )r-pr—p »
(r— MV, ? ullly

pr=q
_ -9 Pr-p, q
= 7 llaellyy -
If ZjeZ a(j)|u(j)|? > 0, then we deduce from the Holder inequality that

2y aG)|uG)|" < llall ol

JjeL
%o
<A V.
< AMall 2 Vo el
p—q
(-9 \rr-gq
S)””ﬂ”p’iqvop< _r) P g(tmax)'
r—MyV,” p
Since
P—q
q - =
A<||a||v£vo”( v q)_1> 4
N G A S

we have A Z/eZ a(j)|u(j)|? < g(tmax)- Thus there exist ¢, t; satisfying 0 < £1 < tmax < £2 < 00
such that

q
’

g(t1) =g(t2) =y a()|u()

JjeL

which means that )  (¢;) = ®; ,(t2) = 0. Moreover, since g is increasing on (0, fyax) and
decreasing on (£max, 00), we have tyu € ./\/;r and thu € ./\/A’.

If ZjeZ a(j)|u(j)|? < 0, there exists a unique £, > fmax such that g(¢,) = A Zjeza(j)|u(j)|q
and t,u € N . O

Remark 3.1 Lemma 3.4 implies that N; and NV, are non-empty sets.
Lemma 3.5 If A € (0, Ag), then N? = 0.

Proof Let u € N?. Then

luallhy = 2" a()|u)|* =Y bG)|u()| =0 (3.1)
jEL jEL
and
- Dlully - (-2 a()|u()|* - =10 b()|u)|" = 0. (32)

JEL JEL
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Multiplying (3.1) by (» — 1) and inserting it in (3.2), we have

(r=p)ullfy = 1(r =) Y a(i)|u)|”

JEZ

<a(r=qlall g llulf
p—q
_4 q
<Mr=q)llall g Vo lully.

Thus,

1
— _1\ p—q
||u||WsA<(—’ q)nanpvop) . (3.3)
r—p pP-q

On the other hand, multiplying (3.1) by (g — 1) and inserting it in (3.2), we get

- lully = - ) Y () ()| < (- DMyl < (r — )My Vy ? lully-
jEL

Then

(p—q)VOI_Z #
||u||WZ(m> )

this together with (3.3) yields

1

(P—q)VO‘% "5 ((r—q 7
AZ((r—q)M,,) ((,_p)llalllﬁq\/o) ,

This is a contradiction. Thus, N? = @. O
Set
5 L
A= ((P—q)vo )""
o= =—20
(r—q)My
and

1
r— _4\ pq
Ay :=/\<(—q)llﬂllﬂvop) .
}"—p p-q

Lemma 3.6 If A € (0, Ao), then
lullw >=Ao forallueN;

and

Iviw <A, forallveN;.
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Proof Let u € N . Then

leellfy =2 Y~ a@u()|* = D~ b@(|ut)|" =0

JEL JEL

and

@ - Dlullfy - (@=D2 > a@)|u()|* - = 1)) b(i)|u()|" <0.

JEZ JEZ

A similar discussion to Lemma 3.4 leads to

(p—q)Vo'_; &
||u||WZ(m> ,

Let v € N;'. It follows that

(r=plully <20=q) Y ali)|u()|".

JEZ
Using a similar argument to Lemma 3.4, one has

1

- _4\ 77

nuuwsx((—’ q)nauLvOP) .
r—p P=q

The proof is complete.

4 Proof of Theorem 1.1

In this section, we prove the main result.

Theorem 4.1 For all 1 € (0, Ao), the functional I, has a nontrivial and nonnegative min-

imizer on N .

Proof Define

¢ = inf L (u).
» ueNy ()

It follows from Lemma 3.3 that ¢} € (00, 00). More precisely, —oco < ¢j < 0. Indeed, for

u € N we have

1) = Sty = 2 Y a5 ]

jeZ Jje€Z

(G- ailf + (2 -2) S soluor

JEZ JEZ

< —%(:_q) > b()|u(|” <o.

pq =

Page 17 of 21
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This means that ¢} < 0. Motivated by [32], we divide the rest proof into the following three
steps.
Step 1. The strong convergence of minimizing sequence.

Suppose that {u,}, C N, is a minimizing sequence. Then

latally = 2> " a()|ua()|” + > bG) ()|

jEL JEL
and
- a@)u()|" + @ -1 b()|uali)]” > 0. (4.1)
JEL JjeL

By Lemma 3.3, I, is coercive on N;. Thus, {u,}, is bounded in ;.
By Lemma 2.3, there exist a subsequence of {u,} still denoted by {u,,} and u, such that

U, —~ug in W,

u, —> uy inL"(Q)(p <v<o00).

P
Since a € £7-4, it follows that

> ali) |un() - uo()|*

jEL

<lall 2 llu, - uollf — 0
r—q
as n — 00. Thus,

lim > ali)|unli) - uo()|* = 0.

JEL

We also have

lim > b)) - uo()| =0.

JEZ
If u, - ug in W, then
P s P
U < liminf||u, .
ol < Timin 1, I,

Then

ol =2 " a()|uo)|* =Y ) uo()|”

JEA JEL

<timint sy~ 3 a0 - Y- 69| 0. @2)

JEZ JEL

Using Lemma 3.4, for ug there exists 0 < t,,, # 1 such that t,,uo € N
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Set z(t) = I,,(tuo) for all £ > 0. Obviously, ¢, is a minimizer of z(¢). Thus,
L (tuyuo) < Ih(uo) < lim I (u,) = inf I, (u),
n—00 ueN+

which is impossible. Thus, we get u,, — uo in W.
Step 2. ug € N
By the definition of AV}, it suffices to show that

@-ar Y _a@|uol)|” + @ -1 b()|uo()| > 0. (4.3)

JEZ JEZL

Arguing by contradiction, we assume that

@-a)x Y _a()|uol)|” + -1 bG)|uo()| =0.

JEZ jeZ

Clearly, uy # 0, since I, (ug) < 0. Then u € /\&0, which contradicts Lemma 3.5. Thus, we
prove that ug € N

Step 3. Existence of nonnegative minimizers.

It follows from uy € N} that

@-an)_al)uo()|”+ @ =Y bi)uo()|” > 0. (4.4)

JEZ jeZ

Then, by I (o) = inf,ear+ I (1) < 0, we prove that u is a minimizer of I, on N . Further-

more, we can show that |uo| is a minimizer of I; on N} Since I (Juo|) < I, (o) and

- ) ai)uo()]|” + @ =Y bi)uol)| >0,

jeZ. jez.

it suffices to show that [[uollly — & Y-z @(luo()? = 3z b()luo(i)” = 0. By lluolly, <
lloll%y, we obtain llluolly, — A 3= cs a) o) = 3cs bY uo()I” < 0. If

laolliy = 2> " ai|uo()|” = > b(|uo(i)]” <0,

JEZL JEZ

then @) (1) < 0. By Lemma 3.4, there is a £, > 0 such that £, |uo| € N and
CD;\,\uol(t\"ol) = 0. Thus, #,, # 1. Observe that £, is a minimizer of g(¢) := I, (¢|uo]). Thus,

L (tuoiluol) < L (luol) < L.(uo) = inf I (u),
ueN;

which is impossible. Thus, |uo| € N} and L (|uo|) = infye s L, (up). Consequently, we ob-
tain a nonnegative minimizer of I; on N}'.

Therefore, we complete the proof. O

Theorem 4.2 For all A € (0, A), I, has a nontrivial and nonnegative minimizer on J\/:{.
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Proof Using a similar discussion to Theorem 4.1, one can show that I, possesses a mini-
mizer y; on /\f;. Moreover, Lemma 3.6 shows that u; is nontrivial. Furthermore, one can
use a similar discussion to Theorem 4.1 to prove that |#;| is a minimizer of [, on N .

Therefore, the proof is complete. O

Proof of Theorem 1.1 Gathering Theorem 4.1 with Theorem 4.2, we see that I, has two
nonnegative and nonnegative local minimizers. Then it follows from Lemma 3.2 that I,
has two critical points on W, which are two nontrivial and nonnegative local least energy
solutions of problem (1.4). O
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