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1 Introduction

There has been an important aspect of the search for integrable systems and their alge-
braic and geometric properties in soliton theory. Magri [1] proposed the Lax pair method
to generate integrable equations. Ablowitz [2, 3], and Newell et al. [4] have made great con-
tributions on integrable systems, including the methods for generating integrable equa-
tions. Tu Guizhang [5] once applied various loop algebras to introduce linear isospectral
problems in order to efficiently generate new integrable hierarchies of evolution equa-
tions and the corresponding Hamiltonian structures. Ma Wen-xiu [6] called the approach
the Tu scheme. By applying the Tu scheme, many interesting integrable systems and their
properties were obtained, such as the work in [7-15]. Guo Fukui [16] once applied the

following loop algebra:

;{j = span{h(n),e(n),f(n)},

1 A2n+1 0 1 0 )\2n+1
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along with the commutators

[h(n),e(n)] =f(m+n+1), [h(m),f(n)] =e(m + n),
[f(m),e(n)] = h(m +n), m,neZ,

to introduce the following isospectral problems:

o =Uop, A =0, U =£(Q1) + qe(0) + rh(0), (1)
@ = VP, v = (amf(n —m) + be(n—m) + c,h(n— m)) - ¢,f(0), 2)

m=0

whose compatibility condition yields the isospectral integrable hierarchy
g\ _(—ansi+rea\  [bux\ [0 O) [by _.J b,
r . - by —qc, - Apx - 0 9o Cn B Cn '
bu1\ _ I b, - qd~1qd 3 +q0trd
1] \ei/’ \-0+r3lgo o lrg )’

where J = (8 g), L is called a recurrence operator.

As we have known that schemes for generating nonisospectral integrable hierarchies of
evolution equations are less than those for isospectral integrable hierarchies. Ma [17, 18]
made use of Lax operators and zero curvature equations to investigate the nonisospectral
integrable equations and their algebraic structures. Qiao Zhijun [19, 20] adopted the gen-
eralized Lax representations to generate nonisospectral integrable hierarchies and further
discuss their algebraic structures. We find that all of the nonisospectral integrable hierar-
chies were obtained under the assumption A; = A” (n > 0). However, Li Yishen, [21] uti-
lized the zero curvature equation and the time evolution X; = Z;l:o k,(t)k”’/ to work out
some nonisospectral integrable hierarchies. Li and Zhuang [22] made use of the time evo-
lution A, = Z;Zgl kaji (£)A%0"-)-1 and a nonisospectral zero curvature equation to produce
the nonisospectral WKI integrable hierarchy of evolution equations, but it is difficult to
understand the paper. In order to straightforward generate nonisospectral hierarchies of
evolution equations. Zhang, et al. [23] proposed a method which applies the Tu scheme
and Li’s method [21, 22] to derive nonisospectral integrable hierarchies and investigate
the symmetries of integrable hierarchies. In this paper, we would like to adopt the method
to work out the nonisospectral integrable hierarchies corresponding to the Guo hierar-
chy [3]. Through enlarging the loop algebra A; as above [24]. we obtain an expanding
isospectral-nonisospectral integrable hierarchy which reduces to the Guo hierarchy. Spe-
cially, we further study the Backlund transformation of the isospectral integrable hierar-
chy [3]. Finally, we reduce the isospectral-nonisospectral integrable hierarchy to a type
of heat equation which can be reduced to the standard linear equation, whose format of
conserved densities is singled out.

2 Anisospectral-nonisospectral integrable hierarchy and its reduction
We take

V=Vi+Vy,  Vi=) (ah(-i) + bie(=i) + cif (-i)),

i>0
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Vy = Z([;jh(—j) + bje(=j) + ¢f (),

j=0

A 1-2j
b= = > ket

j=z0
First solving the stationary zero curvature equation,
Vie=[U, V1], (4)

gives rise to

aix = b1 —qc;,
a1 = =bix +1¢;, (5)

Cix = —qai1 +1bi =1 + qbi, >0,

from which we have ¢; = 371 (ra;, + qbi,) + Bi(t). According to the work in [16], then the
compatibility condition of Eq. (1) and Eq. (2), that is, the zero curvature equation

u,-v?+[u,vi”]=o, 6)

admits the Guo hierarchy Eq. (3).

However, under the time evolution 1, # 0, the resulting zero curvature equation differs
from Eq. (6). We first solve the following evolution equation in terms of the Tu scheme
and the method presented in Eq. (23):

ou
Vou=[U, Vo] + 8_)»)% (7)

which leads to

Zl/x = Lj+1 - qE, + kj(l’)}",
g/’x = —6_l1'+1 + I”Ej + k/(t)q, (8)

G = —qaje1 + rbj1 + 2k (1), j =0,
from which we have

Cix = qé_ajx +raj. —ki(z) (q2 + rz) + 2k, ()

= = a’l(ql_ajx + 1) — k,'(t)a’1 (q2 + r2) + 2k, 1 (2)x.

Denoting
Vi = (@hlm =) + Belm =) + &f (m =) = 27" Vs = V3™,
j=0

m oo
Aif’ﬁ) _ ij(t))\zm—zju — A2y, )»,(;f) A2y, Z k/(t))\'Zm—ZjJrl,
j=0 j=m+1
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then Eq. (7) can be decomposed into the following form:

ou au
~(V) [T+ o = (V) - [ v = S )

The gradations of the left-hand side in Eq. (9) are more than 0, while those of the right-
hand side are less than 1. Hence, we only take the terms with the gradations being 0 and 1
in both sides of Eq. (9), and

m m au m - 7 —
—(V), + [ V] + A = 31 €(0) = B 1 1(0) = Eynf (0).

oA

Let Vi™ = Vi —2,f(0), a direct calculation shows that

m m ou m — - 7 -
~(vi), + (U V") + a—AAE‘Jr):(am+1—rcm)e(0)+(—bm+1+qcm)h(0).

Thus, the nonisospectral zero curvature equation,
U ViV [,V 4 V7] <o, 10)

gives an isospectral-nonisospectral integrable hierarchy,
q _ —Api1 T 7Cy _Elm+1 +7'Em _ bnx +];mx_km(t)q
t ¢ N bn+1 —4qCy + ];m+1 - qam - Apx + ‘_lmx - km(t)r
3 0\ [by+bn
- o) ) (1
0 9/ \a,+an r
b, by,
() e () -xeo (%) ay
an am r

In what follows, we consider some reductions for Eq. (11). Let ag = by = 0, ¢y = Bo(t), ao =
by = 0, then we have from Eq. (5) and Eq. (8)

ar = Bo(O)r, by = Bo(t)g,
&= Sl +7) + i),
a1 = —ko(t)rd (g + 1) + kolB)q + 2y (D,
by = —ko(t)gd ™ (q* + 1*) — ko(O)r + 2k (t)xq,

Co = —ko() 7 (g% + 1*) + 2Ky (t)x,

c1 = —%ko(t) (q2 + rz)a_l(q2 + r2) - %ko(t)a’l(q2 + rz)2 +ko(£)d 7N (gur — qry)

— ki ()37 (g +77) + 2k (D),
1
ar = —Po(t)qx + Eﬁo(t)"(qz +1%) + Bi(t)r,

b2 = fole)rs + 5ol + ) + fr(Oa,

Page 4 of 24
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a = ko(t)%ca_l(q2 + ’"2) + ko(t)Q(q2 + ’”2) +ko(£)ry
1 1
- Eko(t)r(q2 + r2)3-1 (q2 + rz) - Eko(t)ra_l(q2 + r2)2
+ ko(®)ro~ (qur — qry) — ki (t)rd™! (q2 + r2) + 2k (t)q + 2ko(t)xr,

by = ~ko@)r,d7 (4% + *) = ko(O)r(q* + %) + ko(£) g — %ko(t)q(q2 +7r)07 (g% +17)

1
- Eko(t)qa’1 (7 + r2)2 + ko(£)gd ™ (qxr — qry) — ki (H)qd ™" (q* + 1)

= ki()r - 2ka()xq,

Hence, we see that
q _ élx - kl(t)q _ (613_1(6]2 + 72))96 —TIx (xq)x
<r> - (alx - kl(m) =l <(,3-1(qz ) qx) r2 ((xm) - W

Taking g2 + r? = p,, then Eq. (12) becomes

qr = —ko()(qp)sx + ko(O)rx — 2k1 (£)(%q)x»
re = —ko()(rp)x — ko(£)q + 2k (£) (7).,

which can be written, when ky(¢) = 1,

G + PGx = —qPx + s — 2k1(£) (xq)s,
T+ Pry = —FPx — Gy + 2k (£)(x7)s, (13)

0x =q° + 12

Remark 1 This nonlocal integrable system is obviously an extension of the nonlocal inte-
grable system given by Hu and Li [25],

my + pmy = —m(Y (8, x) — ¥ (1)),
e + pig = —n(Y(t,x) — Y (t)), (14)
p =031y

Zhang and Qiao [26] investigated the periodic Cauchy problem and the well-posedness
as well as the blow-up phenomena of Eq. (14). Therefore, there is an open problem asking
whether we could study the Cauchy problem, the blow-up phenomena of the system of
equations (13), which will be discussed in another paper in the forthcoming days.

In fact, we can get other reduced integrable systems from Eq. (11). For example, we have

(),

[ Bo)gx — ko(8)qxd 71 (q* + 7°) — ko(D)q(q® + *) = ko(O)7 + K1 ()G + 2K1 ()]
~\ Bo®rs = ko()rd7H(G? + 1) = ko(8)r(q® + 12) + ko(B) g + Ky (&) + 2k (B)r |

(15)
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a\ [ Bo@ru + 3 808)(q(g* + r)x — ko(t)g
= 1 2. .2 : (16)
r + _ﬁO(t)qxx + §IBO(t)(r(q +r ))x - k()(t)}"
Taking g = ir, Eq. (16) reduces to
qr = i,BO(t)qxx - kO(t)q- (17)

Specially, set i8y(£) > 0, ko(£) = 0, Eq. (17) becomes to the standard linear heat equation
qr = 0z, o >0.

Hence, we call the following reduced integrable system from Eq. (16) a type of heat equa-

tion:

Gr = 2rss + (q(q* + 7))
re = =20 + (r(q* + 1))

(18)
Gz = Bolt)gs — ka(Orad™ (¢ +17) ~ ka(Orl? + ) ~ Klo)r(a? + ),
+ ko(t)Gx — %ko(t) (q(q2 + ;"2))963_1 (q2 + r2) - ko(t)q(q2 + r2)2
1
- Eko(t)qxa_l (@ + 1) + ko(O)g:0 7 (gur — qr) + ko(O)q(qsr — qr2)
— ki (t)g.07! (q2 + r2) - kl(t)q(q2 + rz)x + ky(t)g + 2k (£) g, — ki (E)7, (19)

Tty = Bo(O)7rs + ko() ™! (q2 + r2) + ko(£)q. (q2 + rz) + ko(t)q(q2 + rz)x

+ ko (£) Ty — %ko(t)(r(q2 + rz))xa’l(q2 +17) —ko(O)r(q* + r2)2

1
- Eko(t)rxa_l (q2 + rz) + ko(£)red H(gur — qr) + ko(£)r(ger — qry)

—ki(Ord™ (g + ) —k@)r(q* + 17), + ka(£)r + 2ka (), — k1 () s (20)

set ko(t) = Bo(t) = 0, Eq. (19) and Eq. (20) reduce to

qi = ki (Oq 07 (q* + r*) = ki ()q(q* + 1) + ka(£)q + 2ka ()% — Ky ()1, 1)
re = —ki(O)redHg? + 12) — ki (Or(g? + 1), + ko (E)r + 2k (B)xry + k1 (£)
Let k; = 0, Eq. (21) further reduces to a variable coefficient linear equation
qr = ka()(q + 2xqz). (22)
Assume k; = 0, Eq. (21) becomes
qr = —-ki(O1g:d7(g* + ) + q(q” + r)x + 1], 023)
re = —ki(@)[r:07H(g* +r*) + (g + )x — qi].

Let 4% + 72 = py, ki = -1, Eq. (23) is just right Eq. (13).
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From the above discussions, we can get many nonlocal integrable systems from the in-
tegrable hierarchy Eq. (13). Hence, Eq. (13) is a source to generate nonlocal integrable sys-
tems. Based on this, we could follow the method presented in [27, 28] to investigate their
algebraic and geometric properties. In what follows, we consider the recurrence operators
of the nonisospectral integrable hierarchy Eq. (11). since we have

() )
ai+1 a; r

via the induction method we get

(b’) = (BoL'™ + Bl 4 -+ Bi) (q) . i=1,2,...,n
a; r

In terms of Eq. (8), one has

_,+1 =dj + q[a’l(qéjx +7rag) - k,»(t)a’l(q2 + r2) + 2kj+1(t)x] —ki(t)r,

1 = —bj + r[7 (qbj + 1) - k(D37 (g7 + 17) + 2k (%] + Ki()g,

b\ [ q07'qd  d+qd7'rd\ (b
aa] \-9+rd'qa  ro'rd ) \a

. —k/(t)qa‘l(q2 +r?) - ki(£)r + 2ki(t)xq
—ki()rdH(g* + r*) + ki()q + 2Kkj1 (O)xr

(b [ ) - ‘ xq
- L (zz,) +ki(0) <_ra—1(q2 o q) + 2 (0) (xr) .

Therefore,

(%1) — (ko(t)Lj—l + kl(t)Lj—Z I kjfl(t)) (—qa‘l(qZ + 1’2) - V)

aj —rd N g?+ ) +q

+2(k (O + ka (O™ + -+ + ki(£)L) (’“1) . (24)

Xr

Thus, the integrable hierarchy Eq. (11) can be written as

L m-1 oA=L 2 L 2y
(Z) =Y pom (Z) +Zk;<t>m11< 49" (q +r) ,)
tn,m j=0

) 10 NP +r) +q

+2) k(L™ ("q> ~ kont) (")
r

p xr
a2 2y _ B
= JPu1 (L) <q> +1Qm1<L)< 40" @+ 1) r) +2/ QL) (’”’)
r —rdT(g°+r)+q xr

— k() (q) , (25)
r

Page 7 of 24
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where

n-1

Pua(L) =) gL,

Jj=0

m-1

Qu-1(L) =Y k(t)L" ™,

j=0

Qull) =2 kL™,

j=0

Taking

agolqg  d+ 8q8‘1r)

=JLj ' =
¢ =J (—3 +3rd~lq  9rd~lr

then JL""17 = ¢""17]. Hence, Eq. (24) again can be written as

U, = <q>
r
thm

. _ 3—1 2 2 x — I'x _
- ra () o (S 1) e (2]

— ki (2) (") . (26)
r

3 Expanding integrable models of the isospectral-nonisospectral integrable
hierarchy

For the Lie algebra A; presented previously, there are several enlarging Lie algebras in

terms of [24]:

A3z = span{gi, £2, 83,84, 85}

1 0 0 1(010 1010
gl——O—lO, g2—§100, gg—E -1 0 )
0 0 0 0 0 0 0 0 0
0 0 1 0 0 0
a=l0 0 o], g=|0 0o 1],
0 0 0 0 0 0

1
LgI)gZ] =423, Lglyg?;] =22 ergB] =—-41, [g1’g4] = EgS: kél;gS] = 0;

1 1 1 1
[g1,85] = 28 (g2,84] = —[g3, 8] = 785 (22,85] = 28w lg3,85] = 28w

A32 = Span{fl’ 2,_fS) 4o, 5),}“6},

(k0 (f o e ©
ol ) )

Page 8 of 24
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(o & [0 e (o f
f‘“(o 0)’ f5—<0 0)’ f(’_<o o)’

Vuhl=f  fl=f  fl=f  (hfll=0.  [fuf]l=f
Vfol=fs  Wfll==f  Wafil=fo,  [afll=0,  [BAl=-Ff
sl =0, [Bfel=~fo sl =lafel=1frfl=0

Denoting g, = span{gi, g, 83}, g2 = span{gs, g5}, it is easy to see that
A1 =51 0%, s = A, (g1,8:] C &,

where A; = span{h,e,f}, h=( 1) e= é(?;),f:%(_olé).
Similarly, notmgfl = span{f1,f2,/3}, fz = span{fa, f5,fs}, then we find

As=f®f  fiTAL (ol C o

The Lie subalgebras g, 5, are all ideals of A3, and As), respectively. Although the Lie
subalgebras g1, f; are all isomorphic to the Lie algebra A, the integrable systems obtained
by using &, are different from those given by the use of f;. The difference between them
may be positive and negative. In the following, we can only apply the Lie algebra A3, to
investigate expanding integrable hierarchy of Eq. (11), while A3, fails because there is not
a resulting loop algebra corresponding to the loop algebra A;. The loop algebra As, cor-
responding to the Lie algebra A3, reads

Asy = span{fi(n),....fo(n)},
where

A =2 fin) =f22 fln) =522

fan) =fud™, fim) =22, fon) =fsh?, neZ,
along with the commutative relations

[ﬁ(m JSo(n) | = f3(m + n), [fi(m), f5(n)

)] 1=f
Valm), ()] =film+n),  [film),fa(m)]=0,  [fi(m),fs(n)] =fo(m +n+1),
[ﬁ(m Jo(n)] =fs(m + n), [fa(m), fu(n)] =
] 1=
]=0
]

folm+n+1),

—fs(m + n),
[am).fsm)] =faitm+n),  [fam).fo(m]=0,  [f(m),fa(m)]=—folm+n+1),
[fs(m), fu(m) [0m), fo(m)] = fa(m + n),
[fa(m), f5(m)] = [f4<m>f6<n>] [fs (m), fo(m)] =

3.1 Anisospectral expanding integrable model
Applying the loop algebra A3y, we introduce the two linear spectral problems

Ot = I:[(/’: }‘-t = O;

_ (27)
U =1£,(1) + gf3(0) + 1£1(0) + u1£2(0) + uyf5(0),
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o= Vo =i+ W)y,
Vi = Y05 (@ifi (=) + cifa(=i) + byfs (=) + difa(=i) + eifs (=) + hyfi(=i)), (28)
Vo = Y50@fi (<) + &) + bifs () + difa()) + &fs (<)) + hifo(=))-

First of all, we consider isospectral expanding integrable hierarchy corresponding to the

Guo hierarchy. In terms of the Tu scheme, we solve the following matrix equation for V;:
‘_/l,x = [I:[’ ‘_/1]: (29)
which admits the recurrence relations

aix = biy1 — qc;,

Cix = —qais1 + bjy1,
biy = —ai1 +rc;,

dix = ej.1 — qh; — usc;,

eix = —di 1 + rh; + Uy c;,

hix = —qdm + 1€ + Urbi — Uadin
(30)

aiv1 = —bix +rc;,

C; = afl(ﬂlix + qbzx) + /Bi(t)’
biy1 = aix + qc;,

div1 = —eix + rh; + usc;,

€1 =dix + qhi + UG,

hi = 97 (qewx + rdi + thaix + Uzbix) + vi(8).
We take initial values by

ao=bo =0, co = Bo(t)g, eo=do=0, ho = o(2).
Then from Eq. (30) one infers that

ar = Bo(t)r, by = Bo(t)q,
&= SO + ) + Ar(),

@ = o0+ 5BoOr( + 1) + L0,

b2 = BolOre + 5 odald’ + ) + Bi(Oa,

2 = Folt)are~aur) + SBo®@” + 1) + S B0 + ),
er= 1000+ foldin dy= o+ oo,

I = 310 (O(a" + ) + fole)aue + BoBrs + 116,

Page 10 of 24
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er = Yo(E)ry + Bo(O)urs + %Vo(t) (2 +qr®) + Bo(t)(q°uz + qruy) + %,30(75)”2(612 +1%)
+y1(t)q + Pr()ua,
1 1
dy = =yo(t)qx — Bo(t)uax + Eyo(t)(q2r+ ”3) + /30(t)(7”2u1 + qmz) + Eﬁo(t)ul(qz + ”2)

+ 1@ + B1(B)uy,

Denoting
1_/1”,+ = Z(“Lfl(—i) +cifa(=i) + bifs(=i) + difa(—i) + eifs(—i) + hg%(—i))kzn = A2V - Vf_,

i=0

then Eq. (29) can be written as
(i), + [V = (i), - [@ ] (31)

The gradations of the left-hand side are > 0, those of the right-hand side are < 1. There-
fore, we get

—(VE), + [U V] = @na (0) = bt fi(0) + (qtner = b )fo(0) + dit f5(0)

- en+]f4(0) + (qdn+1 —Veps1 — ulbn+1 + M25n+l) 6(0)

Assume that Vl(") = Vl(”g — ¢4f2(0) — h,,f5(0), one infers again

~(W), + [, V] = =(V), + [T V] + s (0) + [T, —cafs(0)] + P fis (0)
+ [, ~h,fs(0)]
= an:13(0) = byus1/1(0) + d11f5(0) — €,141/2(0) + gc,f1(0)
+ qhufa(0) = reaf3(0) = rhyfs(0) = u1c,f5(0) + uzcafa(0)
= (=bus1 + qcn)fi(0) + (@1 — 7, )f3(0) + (=€ns1 + Uy + gh,)fa(0)
+ (dns1 — w1, — 71, )f5(0)
= ~u3f1(0) = busf3(0) — dyafa(0) — €445 (0).

Hence, the zero curvature equation
{, - v + [T, V] = 0,

gives an isospectral integrable hierarchy

q b, o 0 0 O b, b,
0 0 0 O -
r || a, -7 a, (32)
U d, 0 0 09 O d, d,
Uy e, 0 0 0 0 e, e,

ty x

Page 11 of 24
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Taking u; = up = 0, Eq. (32) reduces to the Guo hierarchy Eq. (3). Thus, Eq. (32) is its
expanding integrable hierarchy.
Case 1: when n = 1, Eq. (32) reduces to

gr = Po(t)qx,
re = Bo(t)rz,
uie = yo()rx + Bo()urx,
e = Yo(£)gx + Bo(8) U

Set g =r =m, uy = uy = n, then we get

my = ,30 (t)mx:

1y = yo(t)my, + Bo(t)ny,

which is solvable.

Case 2: when n = 2, Eq. (32) becomes

gt = Bo(O)rax + 3 Bo()q(q* + r))x + Bo(t) s
7t = —Bo(Oxx + 3 Bo()(r(q? + 1))z + BL(E)7,
w1 = =Yo(E)qxx — Bo(O)thaux + 3V0(D)(G*r + 1) + Bo(6)(qrusa + rPur)x

(33)

+ 3B (1 (g + ) + yi()rs + Br(Da,

e = Yo(Oxx + Bo(O)ttrex + 310(E) (@ + qr?)s + Bo() (@ + rqur)s
+ 5 B0(0)ua(q® + ) + 1D + Br() ks

Let Bo(t) =2, B1(t) = 0, yo(t) = 2, y1(£) = 0. Equation (33) turns to
qr=2rxx + (q(q2 + r2))x;
- 2, .2
ry = qux"'(r(q +r))x! (34)

Ure = =2qux — 2Un + (G + 173) + 2(qrun + r’ur)x + (ur (g + 7))

Ung = 2y + 21ax + (P + qr¥)s + 2(qPus + qrin)x + (ua(q* + 1))y

which is obviously an expanding integrable model of Eq. (18). Specially, set g =r = 0,
Eq. (34) reduces to

Vit = _4Vxxxx:

which is a special Boussinesq equation, here v = u,. If g = r = 1, Eq. (34) becomes a linear
integrable system

Uty = —2Upx + AUt + 2Uny,

Uy = 2ul,xx + 2M1,x + 4u2,x.
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3.2 A nonisospectral integrable model
Setting A, = Y_.. kj(£)A' ¥, and solving the equation for V5,

_ _ U
Vox=[U, Vo] + ﬁ)”’
we have

é/’x = 1_71’+1 - qu + kj(t)r;

Cix = —qadj + by + 2Kk (8),

S

jx = —6_11‘+1 + VEl' + kj(t)q,
i = 8ju1 — qhy — usG; + Ki()un,

é]‘x =—dj1 t Fh]‘ + uléj + kj(l’)uz,

hjx = —qdj1 + 1ej1 + urbj1 — unaj,,

from which we get

G = 8’1(ql_7jx + rdjy) — /(,»(L‘)B’l(q2 + rz) + 2k; 1 (),

ili = B_I(qéjx + rc_ijx) + Ui dj + Mngx) - 2kj(t)8_1(ml + quy) + aj(t).
Taking a = bo = & = dp = 0, one infers from Eq. (35) that

Co = —ko(t)a_l(q2 + r2) + 2k (t)x,

ho = =2ko(£)d7 L (ruy + qua) + ao (),

a = _ko(t)rafl(qz n r2) + 2ki (t)xr + ko(t)gq,

by = —ko(t)gd ™ (q* + 1*) + 2k1 (B)xq — ko(B)r,

&1 = =2ko(£)g0 ™" (rus + quia) + o () — ko(Bud ™" (g + 1) + 2k (E)us — ko (),

dy = =2ko(6)rd ™ (run + qua) + ao()r — ko(Ourd™ (g% + ) + 2k1 (O + koD,

By = —ko(0)(q? + )07 (ru + quia) — ko(£) (run + qua)d ™ (g% + 12) + 2ky (Ox(ru + quin)
(t)

(07
+ko(®)0 ™ (u1qy — quiry + Tty — Ugry) + OT( 2 1%) + o (2),

Assume
VA = 3 @fi(m ) + Sfs(m =) + byfsm ) + difalm =) + &fs (m )
j=0
+ }_zlfﬁ(m -7)

=22V, - VT,

m
kgﬁ) _ ij(t))\zm—zju — A2y, )vi,rf),
j=0

- (35)
d

Page 13 of 24
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then we can compute that

—(Vz(f:’))x + [l:[, 2(”:)] + ﬁk”
_ _ ol
(), -7 -

= A1 f3(0) = by f1(0) + dyna1f5(0) = Ens1£a(0) + qms1 f(0) + Gy fo(0)
- erHfZ(O) - réer]fG(O) - ull;m+1f6(0) + u26_1m+]fG(0) - 2km+1(t)f2(0)'

Denoting V" = \_/2(1') = Epf2(0) = I, fs(0), a direct calculation yields

V4 [0,V S0 = i (0) = Byafs0) ~ dnh(0) ~ e (0)

The zero curvature equation
s A VI 4 [0,757] =0, (36)

leads to the isospectral integrable hierarchy

Bmx 5m

r Zlmx 7 Zlm
Y R S e (37)

ux dmx dm

u émx ém

tm

Taking u; = uy = 0, Eq. (37) reduces to the isospectral integrable hierarchy Eq. (26) (the
case P,_1(¢) = 0 in Eq. (26).
When n =1, Eq. (37) turns to

qi = —ko(D)(qd7(g* + 1)) + 2k1 (£) (%) — ko ()7,

1 = —ko(8)(rd (g + %)) + 2k (£)(x7)x + Ko (£) s

uyy = =2ko()(rd ™! (ruy + qua))x + o ()r, — ko(O) (w197 (q* +7%))x
+ 2ky (£) (1) + Ko () ttas,

une = =2ko()(qd " (ruy + qui))x + to(£)qs — ko () (2371 (g + 1%))x
+ 2k (£)(wra2)x — ko(£)th1-

(38)

Let ¢ + r? = p,, ru; + qus = oy, then Eq. (38) becomes a nonlocal expanding integrable
model of Eq. (13):

qr = —ko(£)(qp)x + 2k () (xq)x — ko(E)r,
re = —ko(£)(rp)x + 2ki (£)(xr)x + ko(£)qx,
ure = =2ko(£)(ro ) + oo (£)ry — ko(£) (w1 ) + 2k1 () (wui1)x + ko()thox,
Uar = =2ko(£)(q0)x + to(8)gx — Ko(£) (420)x + 2Ky () (xtsa)x — Ko(£) 1.

For the Cauchy problem, blow-up phenomena could be investigated according to the
method in [29], we shall consider the problem in another paper.

Page 14 of 24
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4 A Bicklund transformation

Tian and Zhang [30] once discussed the Bécklund transformations of the AKNS hierarchy
of evolution equations. The so-called Backlund transformation means a map from a solu-
tion of an equation to another solution of the same equation or another equation. In the
isospectral case it is an auto-Bécklund transformation, but in the nonisospectral case it is
not an auto-Bécklund transformation. It is easy to find the spectral matrix of the AKNS

hierarchy to be

—in
Ul:( l ‘q>’
r iA

while that of the Guo hierarchy is

1 Ar A2+ A
wh-- . 7).
2\-A"+rqg -Ar

U, is more complicated than U;. Therefore, we could conclude the Backlund transfor-
mations of the isospectral and the nonisospectral Guo hierarchies have more tedious and
complicated forms than those of the AKNS hierarchy. In the section, we only investigate
the Backlund transformation of the isospectral Guo hierarchy. As for the nonisospectral
case, we do not further discuss it again.

Denoting ¢1 = (¢11, ¥12), @2 = (@21, ¥22), Eq. (1) can be written as

P1c = 3Ar@1 + 2 (A + Aq) 2, (39)

@20 = =31y + 3(-A2 + Aq) 1.

Equation (2) can be given again by

D1t _ A, B, ®1 ’ (40)
@t C. -A,) \¢
where

1« o
A, = 5 Qaikbq 21+1,
i=

1 — 1
B, = 3 Z(bi)» +e)A P - 5Cm

i=0

Cp =37 (rA s + gBuy).

We define an inner product in real-number space R? : Va = (a1,a,)7, b = (b1,b,)T € R?,
(a,b) = a”b = (a1b; + a;b,). When investigating the conservation laws of some integrable
hierarchy of evolution equations, we usually suppose that I" = Z—f (see [22]). Here we want
to seek a Biacklund transformation of integrable hierarchies, so a transform between Lax

pairs of linear spectral problem of integrable hierarchies and Lax pairs in Riccati forms is



Lu et al. Advances in Difference Equations (2020) 2020:471 Page 16 of 24

established as follows:

- vios  (pv)es et ) + vien(xt, i) io12 (a1)
T vl T (W v)el T wien (st ) + vien(x, 6 ) ”

where ; # Aj, when i #J, || + |vj| #0.

Remark 2 Applying the idea we could get a transform like Eq. (41) when spectral matrices
are of high orders, such as 3 x 3 matrices and 4 x 4 matrices.
Hence, we find

1 1
Eix = 3 (A% +Aq) — ArE; - 3 (A* + Aq)&". (42)

Similarly, the linear spectral problem Eq. (40) can lead to

=2 20 _oaE B (43)

Y1 011

1
Ao (Er—€1)(1+61862)

— 1 —
Note that f = R
Define

[ S12220 + 20 2a(r + (01 + @)E1)] =2f[210 + iAo (r + (Ao + 9)&1)]
gL —END + Mida(r+ (A1 + PE)] —g(1 = ED)[A1d + Mda(r + (Ao + @)E)] )

after tedious computation we have

qx E1x
=T . 44
(2)- (&) .

It is easy to see that

)-0)

where

A = f[ 202810 + 2010761 + 20100 (A1 + 6161 — 2h1E0n — 2h1 Aarny
= 2hha(ha + QE2bx s
B =g(1- &) [ M1 + Mihore + MAa(hy + @)E161,]

—g(1 - &) [Moex + Mrorae + Mo (hg + q)E262 ).

Since

1 1 9 9
S1ne = E)‘-lqt = Mr€r — Argy — 5)»1%‘51 - (A} + Mg)&i1

1 1 9 9
Eont = 5)»2% — hoti€y — Aor€ys — 5)»2%52 - ()tz + )~2Q)$2§2m
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substituting them into A and B, we have

¥ty B= 1_3’:22
&1+& 1+&&

Azqt"'

[n + %(El + Sz)qt}.

Therefore, Eq. (45) can be written as

2
(%) - ! ady ) (1 (46)
£.] (E1+82)(1-82)  1-&3 e
2 1+£1& 1+£1& t

Obviously,

1 £ -1
31 +E 2
det (ewzm-sg) el ) T+ 5 70 G 7ED.

1+6162 1+61&

Hence, when &, # +1, we find that

-1
1
qr) _ +§ &1 &1
<,> = ((Eﬁéz)(l—éf) s ) T ($ ) = (S ) (47)
t 1+6162 14§16 = 2z

where
1 2 -1 1 _ 2+2§'1§22
T o_ &1+& _ (E1+82)(65-1)
T= ((51+52)(1—§22) el ) =1 ¢ he |1
1+£162 1+61&2 ! 2 522‘1

From Eq. (40), one has

B” = EXH: b )LG 21+1 - 9~ qa 0 b )\Zn —2i
Ay 2 =0 a; i 971rd
1< [071gd
2 2;( 0o 9! r8> ( )
1 iy o [071gD 0 1.1 [ 9x
— _)LZW )Ll 2lLl 17-1 )LG A 2i L 17-1
2 Z / Z 0 371rd / Ty

i=0

1 971q0 0 Ly 9\
2 0 971rd Ty
Denote

lLi_1]_1 - b1 o an_1]_1: 1 P2
2 ¢s ¢a1)’ 2 93 @)’

then we get

B, . 2m-2is1 [ P19x + P2rx i [0 qa 0 D195 + Gty
(A ) - ZA P3qx + Par, ZA 0 71rd P3G + Par
n i=0 X X i=0 X X
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1 {071g0 0 ©1Gx + 2Ty
2\ 0 37) \@squ+ uri)’
from which one gets

n

n
) . 1
A= Y W ot par) + 3 W07 10 (B + duar) = 507 r(gage + par),

i=0 i=0
n n 1

By=) 3N giqe + dore) + )3 M0 qd(brgs + dor) = 57 q0 (015 + gar).
i=0 i=0

Hence, we infer

Cn()hl) - 2An()tl)‘§1 - Bn(kl)slz
Cn()LZ) - 2An()\2)52 - Bn()\Z)EzZ

) (37170 — 281)A, (A1) + (0710 — E2)B, (A1)
(371rd — 28)) A, (L) + (0710 — £2)B,(X2)

~ Z (07'q0 — £ (0 + 071 q0)  (971rd — 28)AT" (A + 071r0)
S\ 0710 - EDAH 0 +0710) (97170 — 26202372 (0 + 97 rD)

X Li71]71 (qx>
T

1((07'qd-£0)07"qd (9778 -26097'78\ 1 (4
D) Ly .
2 \(071qd —£2)071qd  (37'rd —2&,)371rd r

Thus, Eq. (47) can be written as

1 242518

g\ _ @+0)E-D | 1
) \-a-& 2
£5-1

; (071q0 —ENA" 2 (hy + 071qD)  (371rd — 28)A2" 2 0y + 071rd)

L)L (071q0 —€H071q0  (371rd —2&1)071rd =y CAY
r] 2\(07'qd-£3)971qd (071rd —2£,)371rd r

Equation (47) indicates that the Guo hierarchy can be expressed by the solutions of the

[ u ((8‘1q8 —EXDAU(L +970g0)  (07Lrd — 261)A2 2 (g + 8‘1r8)>

Lax pairs in the Riccati forms.
Applying the Riccati equation (43), we define a pair of new variables g, r which satisfy

the following equations:

glx = %(—K% + )\zé - }\2;“;“1 - %()‘% + }qu)glz,
1 1
2 2

Exx = 5(=AF + Mg — MFEy — 3 (A} + MQES,
from which we can solve g, 7 given by

G MM AE MG 2056 -ME) | A3- A 236 - A3ep (49)
M (€2 - D) Aok (€7 - £D) MAi (57 - £D)

Page 18 of 24
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(1-)(1 -8 -23) . 2236, (1 - £7) - 2036:(1 - £3)
22X (82 = £1)(1 + £:15) 1 2Xor1 (82 = &1)(1 + £:152)
MA-gH1+E) -2 +E)0-8)
2hoh1 (52 — &)1+ &6)

r=

(50)

Similar to the steps in [30], we can verify that Eq. (49), Eq. (50) is a set of solutions of the
Guo hierarchy, here we omit the detailed computations due to the rather tedious calcula-

tions.

5 Discussion on the conserved densities of the integrable system of

equations (18)
In this section, we only take the obtained integrable system of equations (18) as an ex-
ample to illustrate how to generate conserved densities. Actually, we have obtained many
integrable equations by the reduction of the hierarchy Eq. (11). By applying the analogous
method we could work out their resulting conserved densities via the approach in [31].

For the partial differential system

wie + Fi(wpu”,..,u") =0, i=1,..,N;j=1,...,N. (51)

Step 1: Determine the weights of variables and parameters.

We define the weight of a variable as the number of partial derivatives with respect to x
the variable carries, and the rank of a term as the total weight in terms of partial derivatives
with respect to x.

(i) Take the ith equation in Eq. (51) and denote the number of terms in the equation
by K;.
(i) Compute the rank r;x of the kth term in the ith equation

N p
rik =d(x) + d(&)w(d;) + Zg(uj)w(uj) + Zg(p,-)w(p,), k=1,...,K;

j=1 j=1

where g returns the degree of nonlinearity of its argument, d returns the number of
partial derivatives with respect to its argument.

(iii) Assume uniformity in rank in the ith equation, form the linear system
Ai={ri1=ria=---=rig}

(iv) Gather the equations A; to form the global linear system A = Uf\il A;.

Step 2: Construct the form of the density.

Let v = {v1,va,...,v,} be the sorted list of all the variables with positive weights, but
excluding ;.

Form all monomials of rank R or less by taking combinations of the variables in v. Set
Bo = {(1;0)}. For 1 < g < Q, we begin to compute the pair {T,,; W,} in terms of the for-

mula

Tys=T, _l,mvsq, Was = Woy_im + sw(vg).

Page 19 of 24
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Denote B, = qum{(qu, Was)} where bym= [[R Wy 1"’]] B, = U Bgm> here M is the

wlvg)
number of pairs in B,_;. We apply ; to the term T, provided / = R — W5 is integer.
Then remove the terms from B, that can be written as a total derivative with respect to x,
or as a derivative up to terms kept prior in the set. Call the resulting set Z. Finally, set p =
> cil(i), where I(i) denotes the ith element in Z, and ¢; are constants to be determined.
Step 3: Determine the unknown coefficients in the density p.
Recall the conservation law:

D;p +D,J] =0, (52)

J is called the flux, and p is the conserved density. Equation (52) indicates that D;p =
D.(=]). Hence, we first compute D;p and replace all (u;;Y, i =0,1,...,N,j=0,1,2,...,
using the evolution equations (51). The resulting expression, denoted by E, must equal
D,(-]) for some function J. Next, apply the Euler operator to E to get a linear system for
the coefficients ¢; denoted by S. Solving S for the ¢; yields the corresponding conserved
densities.

In what follows, we consider the formats of conserved densities of Eq. (18) based on the
above approach. It is easy to see that

1,1 = w(q) + w(dy), riz =2+ w(r), ri3 =1+ 3w(g), ra3 =1+ 3w(r);
ria =1+ wig) +2w(r), ro1 = w(r) + w(dy), ra0 =2+ w(g),

roa =1+ w(r) + 2w(q).

) W(at) 2.

1
Setry1 =r12="r13="r14, 121 =12 =123 = raq, we have w(q) = w(r) = 5

Remark 3 In the paper [31], the conserved densities of partial differential equations along
with the integer number weights are investigated. As for the case of the rational number
weights, there are no examples to give a detailed analysis. For the integrable system of
equations (18), the weights of g and r are all a rational number, %, hence we have to face the
difficulty of how to find the conserved densities of Eq. (18). Multiplying the first equation
in Eq. (25) by r, and multiplying the second equation by g, then adding them together, we
find that

(4 +7), = (4are —a) + 3(a + 7)),

which indicates that > + 72 is a conserved density. In terms of this fact we want to search
for the conserved density of Eq. (18) with weight being 1. Take v = {u = g%, v, = r%,v3 = gr},
By = {(1;0)}. Let us consider the case where rank R = 4.

For g =1,m =0 (here g isnot thatin Eq. (18): b1 o = [[%]] =4, Ty, =v;, Wi =sw(n) =s,
where s = 0,1,2,3,4. We obtain B; = By = {(1;0), (g% 1), (g% 2), (3% 3), (4%;4)}.

For g =2, m=0:byp = [[%]] =4, Toy = 1%, Was = Wig + sw(in) = s, here s =
0,1,2,3,4. we have By = {(1;0), (r%; 1), (% 2), (% 3), (%;4)}.

Forg=2,m=1:by; = [[4_‘1“1'1 11=3, Tos = T11V) = ¢*r*, Was = Wi1 +s=1+s, where
5=0,1,2,3. Thus, we get By1 = {(¢% 1), (¢*r% 2), (¢*r%; 3), (4%7%; 4)}.

Forq=2,m=2:byy = [[4_‘;/1'2]] =2, Ty = T1oV§ = g*r®, Wos= Wiy +5=2+s, here
5=0,1,2. We obtain By = {(g%2), (g*r?; 3), (g*r*; 4)}.
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Forg=2,m=3:by3= [[4;13]] =1, wheres=0,1, Ty = g°r%, Wos = Wi3+s=3+s, we
have By 3 = {(4% 3), (¢°r%;4)}.

Forg=2, m=4:by,=0, Tps = T14v5 = qgvsz, Wos =4 + s, here s = 0. Thus, one has
Boa={(¢%4)}.

Hence, B, = {(1;0), (¢% 1), (¢%2), (4% 3), (¢%4), (s 1), (*;2), (r; 3), (", 4), (¢°r*; 4), (g1
2),(q°r%;3), (¢%r% 4), (g*r*; 3), (q*r*; 4)}.

Forg=3,m=0:b3g = [[4;(‘22;0]] =4, Tz, = Toovi = (qr)’, Was = Wag + sw(vs) = s, where
$=0,1,2,3,4. So B3 = {(1;0), (qr; 1), (¢°r% 2), (4°7%; 3), (g*r*; 4)}.

Forg=3,m=1:b3; = [[44172,1” =2, Tas = To1Vs = ¢°r¥(qr)’, Was = Wa1 +5=2+5,
where s = 0,1,2. Hence, B3 = {(g*7%;2), (°r%; 3), (¢*r*; 4)}.

Forg=3,m=2:b3y= [[4_‘1(/2'2]] =2, Tss = Toovi = q*ri(qr)’, Was = Way +s=4+s5,
5=0,1,2. Thus, we get Bz, = {(g*r*;4)}.

Asfors=1,2and g =3, m=3,...,14, we would obtain the same pairs as the previous

cases. Therefore, we have

B3 =G =DByUByU{B3oUB31 UBypy}
={(1;,0), (4% 1), (4%2), (4%3), (¢%4), (1), (r*2), (% 3), (r*;4), (¢°r*; 4),
(4°r%52), (4°r%:3), (°r:4), (4" 3), (4'"4), (4°%3) ).

Next, we apply derivatives to the first components of the pairs in G. Computation of [ for
each pair of G leaves us with

1=4,3,2,1,0,3,2,1,0,0,2,1,0,1,0,2,1,0.

Gathering the terms that come from applying the indicated number / of partial derivatives
with respect to x gives

2.2 3 5 8 2 3 5 8 6.2
H = {O;qqux;qqxxxrq o9 xxs q x> q > V'l Ty U Vs U Vges V Vs Vo 401

2.2 2 2.2 2 4 2.3 2.6 3 2 4 4_4
A5 Qquxt 54T Vs 4 T xxs Qqxt g TV, 41754 qxt 5 g rr’x,q r }

Removing from # the constant terms, the terms that can be written as a x-derivative or
as a x-derivative up to terms retained earlier in the set Z, yields

3 2.2 8 2.2 .3 8 6.2 2.2 2.2
I:{quxx:q Axxsq s q s TTxxss UV Vs UV Vs U5 V5 G V5 x4 T

Prre 2, g’ gt
Let the form of the density with rank 4 be the following:

3 8 3 8 6.2 2.2
P =C1qxxx + C2 Gux + C3G  + CalVyxy + C51V T'xx + Col + C7q 1 + C3G, 1™ + Coq(xI'Tx

2.2 2.3 2.6 3.2 4 4 22 2.2
tCog 1V tCug rry + Coq v+ Ci3q gyt t Clag v+ Ci15q4 G + Cie! T,

where ¢; = (i = 1,...,16) are constants to be determined. Computation of D;p and replac-
ing g}, 7} (j = 0,1,2,3) by using Eq. (18) yield the function

E-= (202613 + 2c1q2r + c4q2r + Sc4r3)rxxxx + (3C1q3 + C1qr2 + 2044’“2 - 265r3)qxxxx
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+ (2czq4r + 2613q3r2 + 65q2r3 + 3¢5 + 4c15q2qx + 8c1q2rx + c4q2rx + 8c19qxr
+ 10caqqyr + 2coqrry + 4ngxr2 + 27c4r2rx - 204qxx)rxxx + (362q5 + czq3r2

- 2611q2r3 + 2c5qr4 + 27c1q2qx - 4-cloq2rx —2c9qqyr + 10c1grry + 8caqrry + cqur2
+ 804qxr2 —dC161T + ZClrxx)qxxx + (6c1q2 + 18c4r2)r,2m + (1603617 + (602512
+12¢c1gr + 12¢c4qr — 6C5r2)qxx +4C15q° Qx + 6C2G° Gt + Coq Gyt + 6C13G° G
+6C10G° Ty + 20164121 + 3C5q° 121y + 20047 121y + 12¢5qq, 1" + ACgqqt”

+ 3c9qxr3 + 4cuqr3rx + 24¢1Gq Ty + 2Coq 1Ty + 12676[57'2 + c11q4r3 + 2c13q4r3
+ 8014q3r4 + 36116[27‘5 + 4c12qr6 + 2c10q4rx + 662q4rx + 6c16r 7y + 27¢sr

+ 4cl5qqfc + 4c10qr§ + 12c4rqi + 36c4rr§)rxx + (1801q2 + 6c4r2)q,2m + (—4-013q3qxr
+ 4cloq3rrx + 1202q3rrx + 369q3rrx + 2015q2qx72 + SCzqqurz + 608q2qxr2

+ 2c9q2qxr2 - 6c11q2r2rx + 4016qr3rx + 665qr3rx + c9qr3rx —2¢9qqxty — 16¢er”
- 4c7q6r + 3013q5r2 - 8c14q4r3 + 2c11q?’r4 + c13q3r4 - 12012q2r5 + 6cl5q4qx
+27Coq q. + 6¢5q. 1" + 2c5rq + 36c1qqfc + 12c1qr§ - 4csq§r - 461613%;’

+ 24qxrrxc4)qxx + 16c11q3qxr3rx + 16013q3qxr3rx + 1509q2q£rrx + 15c9qqxr2r§
+ 2cuqqxr5rx + 2013q5qxrrx + 4cloq2qirrx + 12016qxr27i + 408qqxr2r£

+ 12015q2qfcrrx + 2c10qqxr2r§ + Zngzqfcrrx + 24c6r9rx + 24C3q9qx + 605r3ri

+ 6C2q3q§ + 18c16r3r§ + 18c15q3q93c + 19613q4qfcr2 + 2613q4r2r§ + 8c6q2r7rx

+ 1606qqxr806 + 16C3q8rrx + SC3q7qxr2 + 605q§r3rx + 6czq3qxr§ + 14cloq3qxr§
+ 16c10q2rr§ + 6c12q4r5rx + 18c12q3qxr6 + 22c12q2r7rx + 2c9q2rr;:’ + c9qfcr3rx
+ c9q3qxr§ + 269qqi72 + 3613q2q§r4 + 3613q2q92€r4 + 3c11q4r2r£ +4c14q°r°r,

+ 20614q4r5rx + 4cl6qir3rx + 2cl6q2rrz + 16c8qq§r2 + 1468q,2cr3rx + 4c15q3qxr£
+ 22C7q7qxr2 + 18C7q6r3rx + 667q5qxr4 + 4cl4q3qxr6 + 2015qqir2 + 207q877"x

+ 2c11qzq,26r4 + 19011q2r4r§ — 2CaGxxxxt + 2C1q xxxnx- (53)

Solving the following equations by Maple,

SE SE
oo, — -0, (54)
dq or

gives c3 =cg =c7 =g =Cg =C1o=C11 = C12 = €13 = €14 = 0, €16 = 3¢5, €15 = 3¢, and ¢y, ¢, €a,

¢s are arbitrary constants. Thus, we obtain the conserved densities, except for g, r,

P1 = C194Gxxx t+ CalTxxx,

P2 = C5I"37'xx + 3C5V21"§,

3 = 2 G + 3020° T
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% —Dx& +D? a}fm —--+.Asforrank R = 5,6,..., we can analogously calculate

the resulting conserved densities of the heat integrable system Eq. (18).

where 51 =
u

6 Conclusion and discussion

In the paper, we expanded the Guo hierarchy with the help of enlarged loop algebras.
As aresult, we obtained the isospectral and nonisospectral expanding integrable models,
which reduced the linear heat equations and a type of generalized Camassa—Holm equa-
tion which was once obtained by Chang, Hu and Li. By converting the usual Lax pair of the
Guo hierarchy into the Lax pair in Riccati forms, the Biacklund transformation of the Guo
hierarchy was singled out. In addition, we investigated the format of conserved densities
of a reduced integrable nonlinear system when rank R = 4, from which one could deduce
other conserved densities when rank R = 5,6, .... This approach can extend to other inte-
grable systems, which indicates it has extensively applicable in integrable system theory.
Arqub [32, 33] applied the generalized Taylor series formula in the Caputo sense to present
the solution of the time-fractional Schrodinger equation. He also considered the solu-
tions of systems of first-order, two-point boundary value problems for ODEs. In Ref. [34],
he presented a kernel algorithm for obtaining the numerical solutions of fractional-order
systems of Dirichlet function types. Meanwhile, Riza et al. [35, 36] discussed the heat and
mass transfer for MHD Oldroyd-B fluid and Maxwell fluid in view of local and nonlocal
differential operators. In the forthcoming days, we would like to apply the generalized Tu
scheme to further seek new nonisospectral integrable systems and some resulting prop-
erties. Besides, we also consider whether we are able to generalize the method presented
in the paper to the fractional-order differential equations in terms of the ideas showed in
Refs. [32—-36].
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