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Abstract

We introduce a new iterative method for finding a common element of the set of
fixed points of pseudo-contractive mapping, the set of solutions to a variational
inclusion and the set of solutions to a generalized equilibrium problem in a real
Hilbert space. We provide some results about strongly and weakly convergent of the
iterative scheme sequence to a point p € £2 which is the unique solution of a
variational inequality, where £2 is an intersection of set as given by

2 =FS)NA+B)(0) NNT(0) NGEP(F, M) # @. This gives us a common solution. Also,
We show that our results extend some published recent results in this field. Finally, we

provide an example to illustrate our main result.
MSC: Primary 46N10; secondary 47N10

Keywords: Generalized equilibrium problems; Hilbert spaces; Inverse strongly
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Let H be a real Hilbert space, whose inner product and norm are denoted by (-,-) and || - ||,
respectively, C a nonempty, closed and convex subset of H. Recall that a mapping S: C —
C is said to be pseudo-contractive if and only if ||Su - Sv||? < |lu—v||* + | (I = S)u— (I -S)v|?
forall u,v € C.Equivalently, (u—v,Su—Sv) < |lu—v||? forallu,v € C. A mapping S: C — C
is said to be k-strictly pseudo-contractive if and only if there exists 0 < k < 1 such that
1Se—Sv||? < |lu—v||®+k||(I =S)u—(I - S)v|? for all u,v € C. Equivalently, (z—v, Su—Sv) <
lu—v||2=k||(I-S)u—(I-S)v|?*forall u,v € C. A mapping L-Lipschitz if there exists L > 0
such that ||Su — Sv|| < L|ju — v|| for all u,v € C. The mapping S is called nonexpansive
if L =1 and is called contractive if L < 1. A mapping S is called firmly nonexpansive if
[Su—Sv||? < [lu=v||> = |(I = S)u—(I-S)v||? for all u,v € C. Every nonexpansive mapping is
a k-strictly pseudo-contractive mapping and every k-strictly pseudo-contractive mapping
is pseudo-contractive. Assume that S: C — C be a strictly pseudo-contractive. We denote
by F(S) the fixed point set of S, that is, F(S) = {x € C: S(x) = x}. There is a lot of work
associated with the fixed point algorithms (see for example, [1-6]). Also, there are many
papers and books about iterative schemes for numerical estimations in different area of
this field (see for example [7-12]).
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Let A: C — H be a nonlinear mapping and F be a bi-function from C x C to R, where R
is the set of real numbers. The generalized equilibrium problem is to find * € C such that
F(x*,y) + (Ax*,y —x*) > 0, for all y € C. The set of solutions of x* is denoted by GEP(F, A)
([13]). If A = 0, then GEP(F,A) is denoted by EP(F). If F(x,y) = 0 for all x,y € C, then
GEP(F,A) is denoted by VI(C,A) = {x* € C: (Ax*,y — x*) > 0,y € C}. This is the set of
solutions of the variational inequality for A ([14-16]). If C = H, then VI(H,A) = A™1(0)
where A™1(0) = {x € H : Ax = 0}. Recall that a mapping A : C — H is said to be monotone
whenever (Au — Av,u—v) > 0 for all u,v € C. A mapping A is said to be «-strongly mono-
tone whenever there exists a positive real number o such that (Au —Av,u—v) > a|u—v|?
for all u,v € C. A mapping A is said to be a-inverse strongly monotone whenever there
exists a positive real number o such that (Au—Av,u—v) > a||Au—Av||? forall u,v € C. For
such a case, A is said to be a-inverse strongly monotone. Note that any a-inverse strongly
monotone mapping A is Lipschitz and ||Au — Av| < éllu —v||.Let A: H — H be a single-
valued nonlinear mapping, B: H — 2/ a set-valued mapping. The variational inclusion is
to find p € H such that

0 €A(p) + B(p), (1)

where 0 is a zero vector in H. When A = 0, then (1) becomes the inclusion problem intro-
duced by Rockafellar ([17]). Let B: H — 2 be a mapping. The effective domain of B is
denoted by D(B), namely, D(B) = {x € H : Bx # (}}. The graph of Bis G(B) = {(u,v) e H x H :
v € Bu}. A set-valued mapping B is said to be monotone whenever (x —y,f — /) > 0 for all
x,y € D(B), f € Bx and h € By. A monotone operator B is maximal if the graph G(B) of
B is not properly contained in the graph of any other monotone mapping. Also, a mono-
tone mapping B is maximal if and only if, for (x,f) € H x H, {(x —y,f — h) > 0 for every
(y,h) € G(B) implies f € Bx. For a maximal monotone operator B on H and r > 0, we de-
fine a single-valued operator /2x = (I +rB)~! : H — D(B), which is called the resolvent of B
for r. It is well known that /2x is firmly nonexpansive, that s, (x—y,/8x—JBy) > ||JBx—J5y|?
for all x, y € H, and that a solution of (1) is a fixed point of J2(I — rA) for all r > 0 (see[18]).
A basic problem for maximal monotone operator B is to find

x € H suchthat0 e Bx. (2)

A well-known method for solving problem (2) is the proximal point algorithm: x; =x € H,
and

B
xVHl:]rnxn) n:1;2,31'--,

where ]fq = (I +r,B)™! and {r,} C (0,00). For any initial guess x* € H, the proximal point
algorithm generates an iterative sequence as x,,1 = ]r’i (x, + e,), where e, is the error se-
quence, then Rockafellar ([17, 19]) proved that the sequence {x,} converges weakly to
an element of B~1(0). To ensure convergence, it is assumed that |e,.1]| < &]|%u1 — %l
with )"0 &, < 0o ([17]). This criterion was then improved by Han and He as e, <
EnllXnsr — %, with Y0 &2 < 0o ([20]). Then Kamimura and Takahashi introduced the

following iterative method:

Xn+l = )\nu + (1 - )"n)]fq (xn + en)y
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where u € H is fixed and (1,) is a real sequence ([3]). They proved that the sequence {x,}
converges strongly to x* = P(g)-1g) (). Then Ceng, Wu and Yao obtained the norm conver-
gence under the following conditions:
(i) limy,_ o1y = 00,
(i) limy—oory =0, > o0 hy =00,
(i) llensall < enllnen — 4]l with Y52y 62 < 00 ([21]).
In 2013, Tian and Wang show that, if {r,} be bounded below away from zero, then the
norm convergence is still guaranteed for bounded (r,), especially for constant sequence
([22]). In the literature, there are a large number references associated with the proximal
point algorithm (see for example, [20-31]).
In 2008, Takahashi and Takahashi introduced an iterative method for finding a common
element of the set of fixed points of a nonexpansive mapping and the set of solutions to a
generalized equilibrium problem in a real Hilbert space ([13]). In 2019, Qin, Cho and Yao

introduced the following iterative scheme in Banach space E:

x0o€ CND,

Yn = :3;1 Txn + (1 - ﬂn)xny (3)

Xp+l = Png(anf(xn) + (SnR{«:[(xn —7uNx, +e,) + yn}/n), n>0,
where {e,} is a sequence in E such that ). |le, |l < o0, C and D is two nonempty closed
and convex subsets of E, P%, is a sunny nonexpansive retraction from E onto CN D, M :
D — 2F is an m-accretive operator, N : C — E is an a-inverse strongly accretive operator,
RM the resolvent of N for each r >0, f : C — E is a k-contraction, T : C — E is a k-strict
pseudo-contraction with a nonempty fixed point set ([32]). They proved that the sequence
Pg}?m (N+M)1 (0>f (x*), where x* is the unique
solution of the variational inequality (f(x*) — x*,J,(y — x%)) <0, y € F(T) N (N + M)~*(0)
(132)).

The purpose of this paper is to prove the strong and weak convergence of new algorithms

{x,} generated by (3) converges strongly to x* =

under different criteria of the errors {e, }. We use a new technique of argument for dealing
with strong and weak convergence, also, suggest and propose the new accuracy criteria for
modified approximate proximal point algorithms. Applications of the main results are also
provided. In this paper, motivated by the mentioned above results, we present an iterative
method which converges strong and weak to a common element of the fixed point set of
pseudo-contractive mapping and the zero set of the sums of maximal monotone operators

and the set of solutions to a generalized equilibrium problem in a real Hilbert space.

1 Preliminaries
Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. It is well
known that, for any x € H, there exists a unique nearest point in C, denoted by P¢(x), such
that ||x — Pc(x)|| = infyec [|x — y|| =: d(x, C). It is well known that P¢ is nonexpansive and
monotone mapping of H onto C and satisfies the following:

(1) {(x—Pcx,z—Pcx) <0forallxe H,ze C.

() llx—z||> > |lx - Pcx||? + ||z — Pcx||? forallx e H,ze C.

(3) The relation (Pcx — Pcz,x — z) > ||Pcx — Pczl||? holds for all z,x € H.
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Let A be a monotone mapping of C into H. In the context of the variational inequality

problem, it is easy to see from (2) that
peVI(C,A) & p=Pc(p-rAp) forsome A >0.

For solving the equilibrium problem for a bi-function F: C x C — R, we assume that F
satisfy the following conditions:

(A1) F(x,x)=0forallx e C,

(Ay) Fis monotone, thatis, F(x,y) + F(y,x) <0 forallx,y € C,

(As3) foreachx,y,ze C,lim; o F(tz+ (1 - t)x,y) < F(x,%),

(A4) for each x € C, the function y — F(x,y) is convex and lower semi-continuous.
Putting F(x,y) = (Ax,y — x) for every x,y € C, we see that the equilibrium problem is re-

duced to the variational inequality.

Lemma 1.1 ([33]) Assume that B is a maximal monotone operator. The followings hold.
(@) DU7) =H,
(b) JB is single-valued and firmly nonexpansive
(c) FJB)=T ={xe D(B):0 € B(x)},
(d) its graph G(B) is weak-to-strong closed in H x H.

Lemma 1.2 ([34, 35]) Assume that F : C x C — R satisfies (A1)—(A4) and C is a nonempty,
closed and convex subset of H. For r > 0 and x € H, consider the map T, : H — C defined

by

1
T,(x) = {ze C:F(z,y)+—(y—zz—x)>0forallye C}.
r

For each ¢ € H, we have T,(x) # 0, T, is single-valued, EP(F) is closed and convex, F(T,) =
EP(F) and T, is firmly nonexpansive, that is, || T,(x) — T,(y)||? < (T,(x) — T,(y),x — y) for all
x,y€H.

Lemma 1.3 ([36]) Assume that C is a nonempty, closed and convex subset of H, F is a bi-
function from C x C to R satisfying (A1)—(A4), Ar is the multivalued mapping from H into
itself defined by Apx = {z € C: F(z,y) < (y—x,z) for all y € C} whenever x € C and Arx =)
otherwise. In this case, Ar is a maximal monotone operator with the domain T,(x) = (I +
rAp) "', for all x € H and r > 0.

Lemma 1.4 ([5]) Assume that H is a real Hilbert space, C is a closed convex subset of H
and T : C — C is a continuous pseudo-contractive mapping. In this case, F(T) is a closed
convex subset of C and (I — T) is demiclosed at zero, that is, x = T(x) whenever {x,} is a

sequence in C such that x,, —~ x and Tx, — x, — 0.

Lemma 1.5 ([37]) If {x,}, {a,} C R*, {X,} C(0,1) and {y,} C R are some sequences such
that x4 < (1 — )Xy + AyYn + ay for all n >0, Y >2 A, = 00, limsup,_, o ¥» < 0 and

Y 20 an < 00, then lim,,_, 5 x,, = 0.
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Lemma 1.6 ([38]) Assume that H is a real Hilbert space. For each x; € H and a; € [0,1]
forj=1,2,3 with a; + ay + as = 1 the following equality holds:

2 2 2 2 2
larxy + arxoz + asxs|| = ar |21 1 + @zl | + asllas > = Y awlle; — 1.
1<ij<3

Lemma 1.7 ([36]) Suppose that B is a maximal monotone operator on H. In this case, we

have

?(]fx—]fx,]fx—x) > H]fx—],Bx”2 VA, r>0andx € H.

Lemma 1.8 ([5]) Suppose that H is a real Hilbert space. For every x,y € H, we have ||x +
Y% < lxl1® + 2(y, % + ).

Lemma 1.9 ([39]) Assume that {x,} is sequences of real numbers and there exists a subse-
quence {ni} of {n} such that x,, <x, for all k € N. There exists a nondecreasing sequence

{t:} C N such that x;; < x4, and x; < x4, for all i > 1. In fact, t; = max{k < i:xp < X1}

2 Weak and strong convergence theorems

Now, we are ready to state and prove our main results.

Theorem 2.1 Suppose that C is a nonempty, closed and convex subset of H, F is a bi-
function from C x C to R satisfying (A1)—(A4), M is an a-inverse strongly monotone map-
ping from C into H, A is a B-inverse strongly monotone map from C into H, Band N are two
maximal monotone operators on H such that their domains containedin C,f :C — Cisa
p-contractive map with p € (0, 1) and S : C — C is a Lipschitz pseudo-contractive mapping
with Lipschitz constants K such that 2 = F(S) N (A + B)"1(0) N N~1(0) N GEP(F, M) # @.
Assume that {b,}, {B,} and {3,} are some sequences in (0,1) and {x,}, {y,}, {#,} and {z,}

are the sequences generated by

x0 € C,
F(u,9) + (M, Y = V) + 1Y = YusJn = %n) =0, Vy€C,
=T, 0n = dnAyn), @)
2y = byf (%) + (1= b)Y (0 + €4),
Xne1 = (1= B)zn + BuS(Snzn + (1= 8,)Sz,) Vn = 0.

If
(dy) O<c<A,<d<2B, 0<a<rn§b<2a,
(dy) O<c<B,<d,<d< W 1,s,4>s>0,
(d3) hmn—>oo n=0, Zn:l bn =00,
(da) Nlenll < % max{lls, — I (st + en) |, N (i + €4) = pll} with Y32 &4 < 00,
then {x,} converges strongly to a point p € §2 which is the unique solution of the variational

inequality (I —f)p,x—p) >0 forall x € 2.



Rezapour and Zakeri Advances in Difference Equations (2020) 2020:462 Page 6 of 23

Proof We first show that I — A,A is nonexpansive. For all #,v € C and 0 < A, < 28, we

obtain

| = 3 = (1= 2, A0 ||* = || (= v) = (A — AV) |
< |lu=v||* = 20, (u — v, Au — Av) + 12 || Au — Av||?
< llu—vI* = 1Bl Au— Av|)? + A7 | Au — Av|)?
= Jlu =11 + hn(hn = 2B) | Au — Av|?
< llu—-vl* (5)

This proves that I — 1,A is nonexpansive. Let p € £2. Observe that y, can be re-written as
Yn = Ty, (% — ryMx,), n > 0. From (d;) and Lemma 1.2, we have

1 =pI? = | T, (@0 — rub) - p|*
= || 70, @ = ruMx) = T,,, (p = 1uMp)) |
< || @ = raMx,) = (p - ruMp) |
= 1% = plI> + ru(rn — 20) | Mx,, — Mp||®

< llxu —pl*. )
From (4), (5) and using the fact that ]fn is nonexpansive, we have

et = pI* = £, (n = 2nhy) = p||*
< V2 5w = 2udy) = JZ (0 = 2Ap) |
< |G = 2ndy) - (0 = 2Ap) |
< 19 =PI + n G — 2B) 1Ay, — Apl)?
< 1%y = p1I? + A (n = 2B) Ay, — Ap|®

< Il — pII*. (7)
Sett, = (1 -6,)z, + 8,5z, for all n > 1. By using Lemma 1.6, we have

2
s —pI* = [|(1 = 8,)zn + 8,524 — p|
< (1=8)l12n =PI + 8411Szs — pII* = (1 = 8,)8,ll20 — Szall*
< (L=8)lzn = pI* + 8u(llzn = I + llzn = Szull?) = (1 = 8,)84 12 — Szul?

< llzu—pI? + 83120 — Szal*. (8)
From (4) and (8), we get

1% =21 = |1 = Bu)zn + BuS((1 = 8,)z, + 8,52,) - p|
= ”(1 — Bu)zn + BuStu —P||2
< (1= Bu)llzn = pII* + BullStu = pI* = (1 = Bu) Bullzn — Stul?
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< (1= BIIzn = pI* + Bu(lltn = pII* + 10 = Stull?) = (1 = ) Bullzw — Stull®
= (1 - ,Bn)Hzn —19||2 + ,Bn”tn —P||2 + ,Bn”tn - SthZ - (1 - ﬂn)ﬂn”zn _Stn”2
< N\zn = pI* + 83 Bullzn — Szall® + Bullty — St

- (1 - ,Bn)ﬁnnzn - Stn”Z- (9)
Thus,

£ = Stall? = [|(1 = 8,)20 + 8,52, — St
< (1= 8,)l12n = Stull® + 8,115z — St

- (1 - Sn)anllzn - SZ,,||2. (10)
Since S is K-Lipschitz and z,, — t,, = 8,,(z,, — Sz,,), by using (10) we get

”tn _Stn”2
2 2 2 2
= (1 - 5n)||zn - Stn” + 6;1I< ”Zn - tn” - (1 - 6;1)5n||zn - SZ,,”
=< (1 - an)”Zn - Stn”z + 521<2||Zn - Szn”2 - (1 - an)‘sn”Zn - SZn”2

= (1= 8, llzn = Stall® = 8, (1 = 8, = 53Kl 2 — Szl .
This together with (9) implies that

%1 = PI* < llzu = pI* + Bu((1 = 8,)l12n — St
—8,(1 =8, = 82K) l1zn — Szull?)
+ 8 Bullzn = Szull* = (1 = Bu) Bullzn — Stull®
< Nlzn =PI = 8,(1 - 28, — 5,K>) llzs — Szull®

+ ﬂn(/sn - 5,,)”2,, - Stnllz' (11)

i 1
SinceO0<c< B, <8,<d< e for all # > 1, we conclude that

l6s1 =PI < llzn = pII>. (12)
Putv, = ]fi (4, + €y) for all m > 0. By using Lemma 1.1, we obtain

2 2 2
v —pI” < lluy + e, —pllI° = |ty + €, = vull

= Nty =PI = N1ty = vall> + 2(€, v = p)

2 2
< Nlwn = pI” = llttn = vall™ + 2l enl |V - pI.

Since

IA

En
llexll > max{ ||, — vull, [va — pll}

En

=5 (v =Pl + st = vill),
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this implies that
&
Ve =PI < Nt = pII* = lttw = vall* + 23”(||Vn =gl + 1t = vall) v = pII.
&
=< “un —19||2 - (1 - ;) ”un _VnH2 + 2€n||vn —61||2~

Since g, — 0, for all n > my, we see that there exists an integer m1 > 0 such that 1-2¢, > 0.
It follows from (7) that

2¢ — &
o<1+ n a2 2 _ 2
v - pl _( 1_28n>||un rl 1_28n||un Vall
2¢e
< (1 + 1_2”8")||un—p||2— 2t = vl
2¢
<1+ " )lxn—pI* = lttw = vall® (13)
1-2¢,
It follows that
lve—pll <1+ —=— }llx: - Pl (14)
1-2¢,

It follows from (4) and the last inequality that

llzw — pll = ”bnf(xn) +(1=b,)vy _p”
< buf () = p| + A= b Iva - pll

< bu(pllxa = pll + |f(2) - p|) + (1—bn)<1+ 1_8’;8 )nxn -pl.

En
< (10 155 )0 8ua= )=l + 150 - .

Now, by induction we have

n
&; 1
It ~pll < 1"0[(1 +o _28i) max{ T, @ -r ,||xo—p||}, Vnz0. (15

Indeed when 7 = 0, from (12) we have

€0
1- 280

llx1 - pll < (1 + )(1 —bo(1 - p))ll%o — pll + bo||f () - p|

1—280

1
< (1 + 1 _80280> max{mﬂf(p) -p

which implies that (15) holds for # = 0. Assume that (15) holds for #» > 1. Then it follows

that ||x, — p|| < ]_[:':_01(1 + lféei)max{ﬁ If®) - pll, %o — plI}. Hence, from (12) we have

5(1+ il )[(1—bo(1—p))uxo—pn+bo|lf(p>—pH]

» 1o —pll},

%41 — pll < (1+ - 8’; )(1—bn<1—p>)||xn—p|| +ba|f () - p|

—2¢&y,

Page 8 of 23
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- (1 - _8’;8”)[(1 — b1 = 0)) % - Pl + B 0) - 1]

n-1
n i 1
< (1 1 —825,4) H(l T o _Ezgi) max{mnﬂp) -p

i=0

,leo—PII}

n

- 1‘[(1+ lj;8i>max{1ip|[f(p)—p

i=0

,leo—Pll}'

This indicates that (15) holds for # + 1. Therefore, (15) holds for n > 0. We have

n
&; 1
— < 1 —
[ pn_E[( +1_2gi)ma"{1_p”f(”’ p

(1 Sy
+ max -
RS AU 1-p P

Since )% &, < +00, it follows that [T, (1 + 5=-) < +00. Thus, {||x, - pl|} is bounded.

So, {x,} is bounded and so are the sequences {y,}, {#,} and {z,}. Let p = Pof (p). We have
from (6), (7), (11), (14) and Lemma 1.8

,leo—Pll}

s %o —PII}-

%1 = PI* < 12w = pII* = 8u(1 = 28, — 8,K7) 120 — Szu®
+ Bu(Bu = 80)ll2w — Stu®
= |[6af () + (1= B = p||* = 8(1 = 28, — 62K?) |12 — Sz
+ BB = 8u) |2 — Sta?
< [ 6a(f@n) = p) + (1 = ) (v = P)|* = 8(1 = 28, — 62K?) l12 — Sz
+ Ba(B = 8u)l|2 — St
< (1= b)lve = pI1* + 2bulf (%) = p, %1 — p)

+ BB = 8u) 120 — Stull* = 8,(1 — 28, — 82K?) |1z, — Szall®

2e,
< (l—bn)[<1+ S )||xn—p||2—||un—vn||2]
+ 2bn<f(xn) —DPr¥ns1 _p)

+(1- bn)[}\n()\n =281 Ay, _Ap||2 + 11y = 200) | My, —MP”Z]

+ Bu(Bu = 8u)ll2n — Stull® = 8, (1 = 28, — 82K?) |2 — Szl

< (1—bn>[<1+ — )uxn I - ||un—vn||2]
+2b, [(f(xn) —Pr%xn —P) + (f(xn) —Pr¥n+1 _xn>]

+ (1 - bn)[}‘n()\n - Zﬁ)HAyn —AP||2 + rn(rn - 2Ol)”[\/bcn —MP||2]

+ BulBn = 8n) 120 — Stull> = 8,(1 = 28, — 8.K2) ||z — Szall®

2e,
<@A-by)|| 1+ % = pII* = N2t = i)
1-2¢,

+2b, [(f(xn) —f(p), xn —P) + (f(p) —Pr%n —P> + | X1 — %l Hf(xn) _p”]

Page 9 of 23
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+(1- bn)[)hn()\n = 28) 1Ay, —AP||2 + 1 (ry = 200) | Mx,, —MP||2]

+ Bu(Br = 8u)llzn — Stn”2 - an(l =28, - 351<2) lz — SZn||2

26,
< (1—%)[(1 S )nxn ~pIP - ||un—vn||2]
+2bu[pllx =PI +(f©) = po6n = p) + [%s1 =2l f @) = ] ]

+(1- bn)[}\n()\n =281 Ay, —AP||2 + 1 (1 — 20) | My, —MP”Z]

+ Bu(Bu = 8u)12n — Stull® = 84(1 = 28, — 82K>) ||z — Szl

2e,
= (1 —b,(1- 2l0)) (1 + 1 —828,1) [l —P||2 ~ (1 =bu)llun, - Vn||2

+2b, [(f(lﬂ) —DPr%n —P> + %1 — Xl Hf(xn) —P”]
+(1- bn)[)hn()\n = 2B)11Ayn _APHZ + 1(rn = 20) | My, —MP||2]

+ Bu(Bn = 8n)llzn — Stn”2 - an(l =28, - 551<2) lz — SZn||2'

It follows that

2¢e
1 —pl < (1=-b,1-2 1 - . — Pl
041 =PIl < ( ( p))( +1_28n>llx ol

+2b,[(f(0) = Py %0 = P) + 1801 — 2l | £ () = p|]- (16)

Next, we split the proof into two cases.
Case 1: Assume that there exists 1y € N such that {||x, — p||} is decreasing for all n > ny.

Therefore, we obtain lim,,,  ||x, — p|| = d. Consequently, we obtain

(1= b)[lltn = val* + 1u(2B = M) | Ay — Ap|I® + 120 — 1) [|Mx,, — Mpl|*]
+ Bu(8n = Bu)l1zn — Stull® + 8,(28, + 8,K> = 1) ||z — Szl

2e,
1-2¢,

< (1-0,0-29) (14 12 )= = i =l

+2b,[{f () = psxn = P) + %1 — 2l [ f (%) = p||]-
We find from the restrictions (d;)—(d,) that

lim |lu, - v, = lim ||Ay, - Ap]|,
n— 00 n— 00
(17)
lim | Mx, — Mp|| = lim |z, — St,|| = lim ||z, — Sz,|| = 0.
n— 00 n— 00 n—00

From ||xn+l - un” = ||xn+1 _Zn” + ”Zn - un”7 ”Zn - un” = bn”f(xn) - Mn” + (1 - bn)”Vn - un”;

141 — zu |l < llzn — St,|| and the restrictions (d3) we get

lim [[%y41 = 24l = lim |z, =, ]| = lim_[lx,1 — || = 0. (18)
n—00 n—00 n—00

Page 10 of 23
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Observe that

ltn = pI? = |JE 3 = 2nyn) = JE. (0 = 2nAD)||*
= ((yn - )”nAyn) - (P - MAP): Up _p>

1 1
= EHO’n — ApAy,) — (p—)\,,Ap)”2 + §||Mn —pl?

1
= 5 10n = 209) = (0 = 2Ap) - (st -

IA

1
S L =PI = I = [ 010 = 102) ~ Ay~ Ap) I°]

1 2 2 2
= E[Hyn =pI” + = pII° = 1yn — vnll” + 200 (Y — U, Ay — Ap)

- 22\ Ay, - Apl1*),
from which one deduces that
letw =PI < Ny =PI = Iy = wnll® + 2X119 — |l | Ay, — Apll. (19)

Using Lemma 1.2 and (4), we have

lyn —P||2 = ” T, (%, — ruMx,) = T, (p - VnMP)Hz

= ((xn — ryMx,) — (10 - rnMp)ryn _p>

1 1
= |G = rudz,) - (p = ruMp) |? + 5l =pll’
——|| n = M) = (0 = ruMp) — 3~ p) |
< E[nxn =PI + 13 = pI? = || G = y) — 270 (Mx,, — Mp) %]

1
= §[||xn —P”z + ”yn —P||2 - ”xn _yn||2 + 2rn(xn _ynern —MP>

— 2| Mz, — Mpl|*].
It follows that
1y = PI? < 1% = PI* = 110 = 3l + 27 (%5 = Y, M — Mp). (20)
We have from (7), (12), (14), (19) and (20)

%1 = 1% = [Baf @) + (1= B)vs —p|°
< b|f ) —p|* + (A =B v - pl?

< b |f o) —p|2+ (1 h>(1+ )[nxn—pntnyn—unnz

1- 2

+ 2)"n||yn - un” ”Ayn —AP” - ”xn _yn” + 2rn (xn _ymen —MP)]

bn(”f(xn) _f(p)” + Hf(]ﬂ) —P||)2 +(1- bn)(l + 1 382}18 )[”xn —P||2
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—lym — l'in”2 + 20|90 = ||l Ayn — Ap|l = 1%, _yn||2
+ 27 (X — Y M, — Mp) |

< ba(plxn - pl + |[f () - p])* + —bn)(l +7 38;8 )[nxn -pl’

- “yn - un”z + 2)“n||yn - un” ”Ayn —AP” - ”xn _yn||2
+ 21y (% — Y, My, —Mp)]

< b (0%, = Pl + |[f @) - 2| > + 201120 - Il |[F () - P])

2e,
+(1_bn)|:<1+ )”xn —P||2—||yn—un||2

1-2¢,
+ 20|y — un |11 Ayn — Ap ||

= ll%x _ynllz + 21, (% — Y, My, —MP>:|
< bu(p(L+ Pl = pII? + (14 P) [ (0) - p||*)

2e,
+(1 —bn)[<1 1 _28n)llxn =1 = llyn = unl®

+ 20 lyn — unll | Ayn — Apl|

— (1% = ull® + 27 (% = Yr Mk, —Mp)}

< (1 + f;g )(1—19,,(1 — p(1+ ) llsn = pI1* + b1 + P) () - p||*

2e, 9
+(1=b,)| 1+ T 2 205 llyn = unll Ay, — Apll = lyn — unll

2¢y, 5
+(1+ 28y (Xn — Yy My, — Mp) — || %0 — yull” |-
1-2¢,

Consequently, we obtain

(1- bn)(||yn - Mn”z + [l _yn||2)

2e, 2
- <1 - 28n)(1 —ba(1-p(1+ )12 — pl

~ 1 = plI? + b1+ D) |f(0) - |

; (1 ‘o ) (22l = sl Ay, — Apl
+ 21y (X — Vi My, — Mp)].
We find from (17) and the restrictions (d3) and (d,) that
Tim 1y, = sl = Tim [, = 3] = 0. 1)

We have from [|x, — xu11[l < %0 = Y ll + 70 — teall + lt4 — %4111 and (18) that

lim ||, — %410 = 0.
n—0oQ
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Next, we show that

lim sup(f(p) — P %y —p) <0,

n—00
where p = Pof (p). The existence of g is justified since Py, is nonexpansive and f is a con-

traction, then Py, is a contraction so it has a fixed point. To show it, choose a subsequence
{2} of {x,} such that

11;28010113(1‘ ) -pxu—p)= Jim {f ) - p,xn; - p). (22)
Since {x,} is bounded, there exists a subsequence {x,,jk} of {x4;}, converges weakly to u.
Without loss of generality, we assume that %n, — u. Since [[x, — yu|l — 0 as n — oo we
obtain y,; — u. Since {y,,} C C and C is closed and convex, we obtain u € C. First, we
show that u € F(S). Then, from (17) and Lemma 1.4, we have u € F(S). We now show
u € GEP(F,M). By y,, = T}, (%, — ruMx,,), we know that

1

Fu,y) + (M, y — Yu) + -

Y=Yy —x1) =0, VyeC.
It follows from (A,) that
1
(Mx,y = yu) + — =Y Yn = %) = F ), VyeC.

Hence,

Ynj — %n;

(M y = y;) + <y ~ I > >F,yn), VyeC. (23)

"

FortwithO<t<landye C,lety, =ty+(1—-t)u.Sincey € C and u € C, we obtain y, € C.
So, from (23) we have

e = Yy Mye) = (Ve = Ynjp My1) = (Ve = Yy M)

Yy — X,
_<_yt—ynj: Y n’>+F(J/t:J’n,»)
7j
= (yt _yn/:Myt _Myn/> + (yt _yn/,Myn/ _Mxnj>
Y — X,
—<yt—yn,, : ’>+F(yt,yn,-).
nj

Since ||y, — %y || — 0, we have My, — Mxy; || — O. Further, from the inverse strongly
monotonicity of M, we have (y; — yu;, My, — Myy;) > 0. It follows from A4 and y"%lxn’ —0

and y,; — u that we have

(e — v, My;) = F(y, u),

Page 13 of 23



Rezapour and Zakeri Advances in Difference Equations (2020) 2020:462 Page 14 of 23

asj — oo. From (A1), (A4) we have

0= F(yt,yt)
= tF(y,y) + (1 = )F(ys, u)
<tF(yu,y) + (1 —t){y; — u, My,)

= tFyuy) + (1= Oty — u, My),
and hence
0 < F(ys,p) + (1= ){y — u, My,).
Letting ¢ — 0, we have, for each y € C,
F(u,y) + (1 = t){y — u, Mu) > 0.

This implies that # € GEP(F, M). Next we show u € (A + B)™1(0). Due to (a), there is a
subsequence {)‘”ik} of {)»nj} such that )‘”ik — A* € [¢,d]. Without loss of generality, we
assume that An; — A*.From Lemma 1.7, we have
”xnl. —]f* (1 - )»*A)xn/. ”
= Mty =ty I+ 175, (= Doy Aoty = J3% (1 = 27 A) i |
= Nty = s+ |5, (= doy )iy = T, (1= 2" A)e |
B B *
+ | T, (I = 2*A)xy, = T3 (I = 1*A) s |
< oty = thg ) + [y = 27 Ay |

A = A*
A*

B
“]A* (- )‘*A)x"/ ~ (I~ )\*A)x,,/, ”
This implies that
. B

Jim %, = J5 (I = A*A) | = O.
Since /(I — 1*M) is nonexpansive, the demiclosedness for a nonexpansive mapping im-
plies that u € F(J5.(I — A*A)), that is, u € (A + B)™1(0). Finally we show u € N~1(0). Since
lleqll = 0and ||x, — V.|l = |4y — vull = 0 as m — o0, we have Vi = U and

”xnj + e}’lj _]SIZ(‘XVI]‘ + enj)” S ”xn, - V}'lj” + ”enj” - 0

From Lemma 1.1, we have 0 € N(u). This implies u € §2. Due to (22), we arrive at

lim suplf (p) — p, % — p} = lim {f(p) ~ p.20s; = p) = [f () = p 1 = p) < 0.

n—0o0
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Since limy 00 by = 0, Y oo by = 00, limy, 00 X441 — %4l = 0 and _ % &, < +00, we obtain
from Lemma 1.5 and (16)

lim ||x, —p| =0.
n— o0

Consequently, x, — p = Pcf (p).
Case 2: Assume that there exists a subsequence {;} of {n} such that

%, =PIl < [1%;41 =PI
j j

for all j € N. From Lemma 1.9 there exists a nondecreasing sequence {tx} C N such that

tp — oo and

g =PIl < lxge1 —pll - and lxx = pll < %y —pll (24)

for all k € N. Since lim,_, b, =0 and Y, &, < +00 we can obtain from (17), (18) and
(1)

lim ”xtk _Ztk ” = lim ”xtk _ytk ” = lim ”xtk - Vtk”
k— o0 k— o0 k— o0
= lim 1z, — Tz || = lim [0 — 5[] = 0.
k— 00 k— 00
From Case 1, we also have

limsup(f(p) — p, %, —p) <0 (25)

k— o0

Using (16) and following the methods used to get (16), we obtain

2¢&4,

= ay —pI*> <(1- btk)<1 + )IIxzk -plI” +2b, (f (V) - p.2xy, — P)

1- 28tk

+2by, (%441 — %2, || |[f(xe) = || + £l — pI1?)
2e
= (L= by (1=20)) Iy =PI 4 3L+ 204 {f () - pr ~ )
k

+ 26y 1y 01 — x| f () = 1| (26)

where L > 0 is a sufficiently large number. This implies that

251;]( L
1- 28tk

+ 2bt/<(f(p) — DXy —P) + 2bt;< ||xt;<+1 — Xy Il Hf(xtk) —P”~

by (1= 2p)llxy = plI* < lIxy = pI* = g1 = pI* +

Since by, >0, we get from (24)

2
(1= Pty = pIP < =L+ 2{f(p) = pu = ) + 21 =4 [ ) -

73
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Since lim,—, o [|%,41 — %,]| = 0 and Y% &, < +00, we obtain from (25) %, —pll = 0 as
k — oo. From (26) we have ||x;, .1 —p|l — 0 as k — 00. Using (24), we obtain limy_, o [|xx —
pll = 0. Therefore, from the above two cases, we can conclude that {x,} converges strongly
to a point p = Pof (p), which satisfies the variational inequality ((I — f)p,x — p) > 0, for all
x € £2. The proof is complete. O

If f(x) = u € C in Theorem 2.1, then we have the following result.

Corollary 2.2 Assume that C is a nonempty, closed and convex subset of H, F is a bi-
Sfunction from C x C to R satisfying (A1)-(A4), M is an a-inverse strongly monotone map-
ping from C into H, A is a B-inverse strongly monotone map from C into H, B and N
are two maximal monotone operators on H such that their domains contained in C and
S : C — C is a Lipschitz pseudo-contractive mapping with Lipschitz constants K such that
2 =F(S)N(A + B)"1(0) N N~1(0) N GEP(F, M) # . Assume that {b,}, {B,} and {5,} are

some sequences in (0,1) and {x,}, {y,}, {u,} and {z,} are the sequences generated by

xo € C,

Fuy) + (M3 = Yu) + 529 = Y Jn = %0) 2 0, V¥ €C,
tn = T2 n = *nAAYn)s

Zy = by + (1= b,)JN (uy + ey),

X1 = (1= Bu)zn + BuSBnzy + (1 -8,)Sz,), VYn=0.

If the conditions (d1)—(d4) hold, then the sequence {x,} converges strongly to a point p € §2

which is the unique solution of the variational inequality (p — u,x — p) > 0 forall x € 2.
Now, we discuss weak convergence of the sequence in the new iteration.

Theorem 2.3 Assume that C is a nonempty, closed and convex subset of H, F is a bi-
function from C x C to R satisfying (A1)—(A4), M is an a-inverse strongly monotone map-
ping from C into H, A is a B-inverse strongly monotone map from C into H, B and N
are two maximal monotone operators on H such that their domains contained in C and
S : C — C is a Lipschitz pseudo-contractive mapping with Lipschitz constants k such that
2 =F(S) N (A + B)"1(0) N N~1(0) N GEP(F, M) # . Assume that {b,}, {B,} and {5,} are

some sequences in (0,1) and {x,}, {y,}, {u,} and {z,} are the sequences generated by

X0 € C,
F(me) + (Mxn,y_yn> + é(y_ymyn _xn) >0, Vy eC,
Uy = ]}i (yn - )\nAyn)¢ (27)

Zn = bnxn + (1 - bn)]sl:,](un + en)!

Xne1 = (1= Bu)zn + BuS(Bnzy + (1-8,)Sz,) VYn=>0.

If
(dy) O<c<A,<d<2B,0<a<r,<b<2q,

(dy) O<c<B,<8,<d< ﬁ,sn>s>0,
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(d3) lleaqll < %n max{||u, _]S]:l[(un +e,), “]g(un +e,) -pl} with Zzozo En <00,

then {x,} converges weakly to an element p € 2.

Proof Let p € 2. Similarly, from (6) and (7) we obtain

Iy = PI? < 1% =PI + 1y = 20) | M, — Mp|?

2
< % = pl
and

s = pI* < 1% = PII> + An(h — 28) 1| Ay, — AplI?

< |l —plI*.
We also conclude from (11) and (12) that

[6s1 =PI < ll2n = pI* = 8,(1 = 28, — 82K>) |1z, — Szul?
+ BB = 82) 120 — Stull*. (28)

Put v, =]ff1 (u, +e,) for all n > 0. From (14), we have

En

1-2¢,

2¢, 9
<1+ - .
< ( 1_28n)||xn Il

These have already been proved in Theorem 2.1. Since 0<c< 8, <8, <d <
n > 1, we conclude from (27), (28) and Lemma 1.6 that

i —pI* < (1+ )len = pII* = Ny = vall?

1
m for all

= |1 —plI®

< llzs = plI* = 8,(1 - 28, - 87K?) |12, — Sz, |I®
+ Bu(Bn = )1z — St

= [Batn + (L= by = p||* = 84(1 = 28, — 82K?) |2, — Sza®
+ BulBu = 80) 2w — Stull?

< bullxw = pI* + (1= b)) lve = plI> = (1 = by)bullxs — vall?

= 8,(1 =28, = 82K*) 121 = Szull* + Bu(Bu — 8n) 1 2n — Stall®

2¢e
<bulx,—pl*+ (1 —bn)[(l +— )nxn -pl? = llu, —vnuz}

1-2¢,
- (1 - bn)bn”xn - Vn||2 - 8n (1 - 2671 - 851<2) ”Zn - SZ,,”Z
+ Bu(Bn — 8u)llzn — St

2e,
= <1+ 1-92¢ (l_bn))”xn _p||2_(1_bn)(||un_vn”2+bn||xn_vn”2)

= 8,(1 =28, = 82K%) 121 — Szull* + Bu(Bu — 8u) 12w — Stall®
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2¢ey
§<1+1 2% )” Xn p”z_(l_bn)(”un_vnnz+bn||xn_vn”2)

—8,(1 =28, = 82K) 12y — Szull* + BB — 1)1z — Stull?

2e,
<(1+ 2, 29
_< — )nxn —pll (29)
Foreveryn=0,1,2,..., since Zn 0 8,, < 00, we obtain
o0 o0
262 262
My := " _<oco and M;:= 1+ a <00
0 21—253 ! H( 1—28%)
n=mg n=mq

Hence for each integer n > my,

2¢?
%041 — pII* < (1 + "82) % = pII>

l n
)II X1 — Pl
-1

(1 2¢? ) 262
+ +—
- 1-2¢2 1-2¢

< - 1 812 ” ”2
+ X
Ny 1- 2812 mo =P

28? 2 2
1+ 1_—28? 1% — PII* = Kill%me — £II*

SN»—-

T
3
(=)

IA
.:8

15

i
3
(=}

Therefore, {||x, — pl||} is bounded. So, {x,} is bounded and so are the sequences {y,}, {1}
and {z,}. Setting K := sup,,-, [|%, — p||, we obtain from (29)

2
[%60s1 =PI < 1% — pI* + —25 K>, Vi > my.
1-2¢2

n

Thus it follows that, for all n, m > m,,

2 2 28;%+m 2
”xn+m+1 —19|| =< ”xn+m —P” ﬁ
n+m
262 262
2 1 2 2
= ”xn+m—1 —P” + n+gl K*+ 1_ ;+;n K
1-2¢ n+m 1 n+m
0
2 2
<lwu-pl*+ ) 25K
1-2¢2
n=mo

< 00 we obtain

Since Y -

n0122

2
b 1<2.

limsup ||, — pl* < llx, — p* + Z
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This implies that for every p € £2, lim,_, », ||, — p||* exists. From (29), we have

8a(1 =28, — 82K2) 120 — Szull® + Bu(8 — Bu) 1z — Stull*

+ (1= b)) (et = vall® + byl = vill?)

2¢e
< <1 + _2’“8n>||xn =PI = e — I
We find from the restrictions (d;)—(d3) that
lim ||lu, — vyl = lim [x, — vyl = lim ||z, — St,|| = lim ||z, — Sz, = 0. (30)
n—00 n—00 n—00 n—00

From ||%,1 — sl < %pe1 — 2Zull + 120 — thnlls 1120 — th || < Dull®n — tnll + (1 = b)) [V — unll,

”xn+1 _Zn” S ”Zn - Stn“ and ”xn - un” = ”xn - Vn” + ”Vn - un” we get
lim %41 = 24l = 1im [z, — e, || = im {1 — w4 || = lim |x, — ]| = 0. (31)
n—00 n—00 n— 00 n—00

Also from (%41 = %ull < %041 — Zull + 120 — %]l and [[%, — z4 |l < (%0 — uull + |26, — 24|l We

obtain
lim ||x, —z,|l = lim %41 — %] = 0. (32)
n—0o0 n— 00

Since {x,} is bounded, there exists a subsequence {xn,,} of {x,,} converging weakly to u.
Since ||x, — y4|| = 0 as n — 0o we obtain Yn, — u. Since {y,;} C C and C is closed and
convex, we obtain u € C. First, we show that u € F(S). Then, from (30) and Lemma 1.4,
we have u N F(S). Using the same argument we had in Theorem 2.1, we get u € GEP(F, M)
and u € (A + B)"1(0). In a similar way, we have 0 € N (). This implies u € 2.

Let us consider the uniqueness of the weak cluster point of {x,}. Suppose there exist
two weak cluster points # and # of the sequence {x,}, then & and # belong to §2 and the
sequences {||& —x,||} and {||&z — x, ||} converge; i.e., there exist f;’, B € R* such that

~ -

lim & —x,| = B, lim ||&z—x,| = B. (33)
n—+00 n—+00
Since
N 2 _ = 2 AA A =2
lloe = x| = Ntd — |7 + 20 — th, 1t — 14) + ||11 — 0|7,

from (33), we have

lim (x, — &, &t — i) :1(52—32—”&—&”2). (34)

n—+00 2

Because # is a weak cluster point of {x,}, which implies that

— N

B - B = llie—ull”. (35)

Reversing the roles of p and p, hence 2 — B2 = it — &||%, Combining this with (35), we
have ||&z — u|| = 0, i.e., & = i, which is a contradiction. Therefore, there exists an unique
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weak cluster point of {x,}.Then {x,} is weakly convergent to an element of £2, and this

completes the proof of Theorem 2.3. 0

Remark 2.1 Theorem 2.1 and Theorem 2.3 improves and extends the result in Ceng, Wu,
Yao ([21]), Han, He ([20]) and Tian, Wang ([22]).

Let I¢ be the indicator function of C defined by /¢ (x) = 0 whenever x € C and I¢(x) = 0o
otherwise. Recall that the subdifferential d/¢ of I¢ is a maximal monotone operator since
I¢ is a proper lower semi-continuous convex function on H. The resolvent ],a e of olc for
ris Pc and VI(C,A) = (A + dIc)"1(0), where A is an inverse strongly monotone mapping
of C into H ([40]). We obtain the following result.

Theorem 2.4 Suppose that C is a nonempty, closed and convex subset of H, F is a bi-
Sfunction from C x C to R satisfying (A1)—(A4), M is an a-inverse strongly monotone map-
ping from C into H, A is a B-inverse strongly monotone map from C into H, B and N are
two maximal monotone operators on H such that their domains contained in C,f : C — C
is a p-contractive map with p € (0, %) and S : C — C a Lipschitz pseudo-contractive map-
ping with Lipschitz constants K such that 2 = F(S) N VI(C,A) " N~1(0) N GEP(F, M) # @.
Assume that {b,}, {B,} and {3,} are some sequences in (0,1) and {x,}, {y,}, {4,} and {z,}

are the sequences generated by

x0 € C,

F(my) + (M, y = Yu) + 50 = I Yu = 2n) 20, Vy€C,
Uy = Pc(yy — MuAyn),

2y = buf () + (1= b)) (w + €4),

Xns1 = (L= Bu)zu + BuS(nzn + (1 = 6,)S2,) Vn>0.

If the conditions (d1)—(da) hold, then, {x,} converges strongly to a point p € 2 which is the
unique solution of the variational inequality (I — f)p,x —p) > 0 forall x € $2.

Proof Putting B = dl¢ in Theorem 2.1, we know that J;, = Pc for all A, > 0, we obtain the

desired result. O

Remark 2.2 Theorem 2.4 improves and extends the result in Takahashi, Takahashi ([13])
and Su, Shang, Qin ([41]).

Theorem 2.5 Suppose that C is a nonempty, closed and convex subset of H, F is a bi-
function from C x C to R satisfying (A1)—(A4), M is an a-inverse strongly monotone map-
ping from C into H,  : C — C is a B-strict pseudo-contraction, N is a maximal monotone
operator on H such that its domains contained in C, f : C — C is a p-contractive map with
o € (0, %) and S : C — C is a Lipschitz pseudo-contractive mapping with Lipschitz con-
stants K such that 2 = F(S) N F(y) N N~1(0) N GEP(F, M) # . Assume that {b,}, {B,} and

{8,} are some sequences in (0,1) and {x,}, {y.}, {u,} and {z,} are the sequences generated
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by

xo € C,

F(y) + M,y = Yu) + 3V =Y n = %) 20, ¥y € C,
un = (L= 2n)yn + XY yn,

Zn = buf () + (1= b)Y ( + €4),

Kne1 = (1= Bu)zn + BnS(8nzn + (1 - 8,)Sz,) Vn>0.

Ifthe conditions (d1)—(da) hold, 0 < c < 1, <d < 1- B, then {x,} converges strongly to a point
p € 2 which is the unique solution of the variational inequality ((I — f)p,x — p) > 0 for all
xes.

Proof Putting B=0Ic, A =1—1y,weseethatAis %—inverse strongly monotone. We also
have J,,, = Pc for all A, > 0, F(y) = VI(C,A) and Pc(y, — AnAYu) = (1 = 20)Vu + 2nyu, by
Theorem 2.1 we obtain the desired result. O

Now, we provide an example to illustrate our first result.

Example 2.1 Let H = R with Euclidean norm and usual Euclidean inner product. Let C :=
(-00,1], Sx = .55, Bx = log(1 —x), Ax = 2x, B < L F(x,9) =y —x N(x) = log(l - &%), a« <

= 3
1 and Mx = x — 1. Clearly, S is a Lipschitz pseudo-contractive mapping with Lipschitz
1
10’
operators, F a bi-function from C x C to R satisfying (A1)—(A4), M an «-inverse strongly

monotone mapping and 0 € N=1(0) N F(S) N (A + B)~1(0) N GEP(F, M).

constants K < —, A a B-inverse strongly monotone mapping, B, N maximal monotone

3 Conclusion

As is well known, many things need to be optimized. Numerous techniques and methods
have been used to optimize a variety of issues. This has even been used to solve some
differential equations. In this work, we introduced a new iterative method for finding a
common element of the set of fixed points of a pseudo-contractive mapping, the set of
solutions to a variational inclusion and the set of solutions to a generalized equilibrium
problem in a real Hilbert space. We provided some strong and weak convergence results
as regards the common solutions. Finally, we provided an example to illustrate our first

main result.
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