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1 Introduction

One way mathematics helps economics is to become more powerful in modeling theory
so that different types of processes with distinct parameters can be written in mathemat-
ical formulas. In this case, different software can be developed to allow for more cost-free
testing and less material consumption. One of basic methods in this way is working with
fractional calculus. Nowadays, many researchers are studying advanced fractional mod-
elings and their related existence results and qualitative behaviors of solutions for distinct
fractional problems (see, for example, [1-5]). In recent decades, fractional hybrid differen-
tial equations and inclusions with complicated boundary value conditions have achieved
a great deal of interest and attention of many researchers (see, for example, [6-21]). Also,
there are many works on the fractional Hadamard derivative and its applications in differ-
ent fields (see, for example, [22-26]).

In 2010, Dhage and Lakshmikantham [27] formulated a new category of differential
equations called hybrid differential equations and studied properties of the solution for
this kind of differential equation. In 2011, Zhao et al. [28] extended Dhage’s work to frac-
tional order and studied the corresponding hybrid fractional differential equations. After
that, Baleanu et al. [29] derived some existence criteria and the dimension of the solution
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set for a novel category of fractional hybrid inclusion problem

ey o(t) B B
Dm<A(t,Q(t),Ig}Q(t),...,Igfg(t))) e ¥ (t 00, Lyt o),....Iy" o), (¢t <€(0,1])

furnished with terminal conditions 0(0) = ¢ and o(1) = gj so that v € (1,2], “Dy. and Z;
represent the Caputo derivative operator of order v and the Riemann-Liouville integral
operator of order y € {a;, j} C (0,00) fori=1,...nandj=1,...,m, respectively.

Some years later, Ullah et al. [30] derived a new existence result for the fractional hybrid
BVP formulated as follows:

Dy, (L9 L0 — g1, 0(8), (¢ €0,1)),
(L), o =0, (290D, =

so that /1 € Cg\j0;([0, 1] x R), f and g are continuous real-valued functions on [0,1] x R,
and D, illustrates the Riemann—Liouville derivative of order « € (0, 1].
By utilizing the ideas of the aforementioned articles, we design the Caputo—Hadamard

fractional hybrid differential equation

@
D (o) - O o) (<lie), v

endowed with the hybrid fractional Hadamard integral boundary conditions

( tQ(t))lt 1= CI—Il)l+ A(tQ )|t 1,
ADv (g o) i=e = DL (Fgmy) e 2)

"Iz ety @“ >|¢e= fl(ln‘f)ﬂl =0,

sothaty € (2,3], u >0, I + illustrates the Hadamard integral of order x and the function
® :[l,e] x R — R is continuous and A € Cr\o;([1,€e] x R). In the following, we review

the corresponding hybrid fractional Caputo—Hadamard inclusion problem

(®)
Moy () v lea), (e, ®

furnished with hybrid fractional Hadamard integral boundary conditions

( tg(t )|L‘ 1= CHDl (A(tg )|t 15

Cﬂwﬁ)u .= CH%(ﬁm o @)
M (895 e = 7 7 (In )"~ (5£95) % =0,

sothat ¥ : [1,e] x R — P(R) is a set-valued map equipped with some required properties.
To achieve the main goals of this manuscript, the techniques of the fixed point theory are
employed to prove the theoretical results. Our investigation involves two folds in which
we first deal with a hybrid differential equation and then with its corresponding hybrid
differential inclusion. It is worth mentioning that the proposed hybrid problems (1)—(2)
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and (3)—(4) differ from the newly defined ones. We believe that our hybrid problems in-
volve some types of special cases and this can extend to more general hybrid problems.
The fractional hybrid modelings are of great significance in different engineering fields,
and it can be a unique idea for the future research between various applied sciences.

The content of this article is arranged as follows. In Sect. 2, some required concepts
in this regard are recalled. Section 3 is devoted to proving the main theorems relying on
some mathematical inequalities and two versions of fixed point theorems due to Dhage.
At the end of the paper, we give two numerical examples to support the applicability of
our findings.

2 Preliminaries

Prior to proceeding to reach the main purposes, we first recall some essential auxiliary
concepts which are needed throughout the paper. Let y > 0 and assume that the real-
valued function g is integrable on (a, b). In this case, the Hadamard fractional integral of
a continuous function ¢ : (a,b) — R of order y is defined by 772, (o(¢)) = o(t) and

t (y-1) d
"7 (e0) = 75 | (h{) 0

provided that the RHS integral is finite-valued [31, 32]. Note that, for each y;, Y, € R*, we
have "Z/HT2o(t) =" /1" o(t) and 1T} (In L) = %(ln Ly for > a [32]. It is
evident that

1 t 4!
HI;’ll =—(In—
'(y, +1) a

for all £ > a by letting y, = 0 [32]. Now, let n = [y] + 1 or n — 1 <y < n. The Hadamard
fractional derivative of order y for a function g : (a,b) — R is defined by

1 A\ [ e\ ds
"Di(e®) = Tq-y)('f&) / (1“5) N

provided that the RHS integral has finite values [31, 32]. The Caputo—Hadamard fractional
derivative of order y for an absolutely continuous function ¢ € ACg([a, b]) is defined by

o 1 tro A\ dN"  ds
Ptet) =gy [ (n5) (o) @93

if the RHS integral exists [31, 32]. Again, let 0 € AC;([a,b]) so that n —1 <y <n.In [31,
32], it has been verified that the solution of the Caputo—Hadamard fractional differential
equation “¥D”, (o(t)) = 0 has general solutions of the form o(f) = Y/ ¢;(In L), and we
have

n-1

2
t t t
HTV.CHDY o(t) = 0(t) +co + 1 <ln —) +Cy (ln —) FootCpl (ln —)
a a a

for any ¢ > a.
Here, consider the normed space (X, | - || x). Then all subsets of X, all closed subsets
of A, all bounded subsets of A, all convex subsets of X, and all compact subsets of X" are
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denoted by collections P(X), Bis(X), Pana (X), Peva (X), and By (X)), respectively. A set-
valued map ¥ is convex-valued if, for each p € X, the set ¥ (p) is convex. The set-valued
map ¥ has an upper semi-continuity property whenever, for every o* € X, ¥ (p*) belongs
to P (X) and, for each open set O with ¥ (0*) C O, there is at least a neighborhood V§
of o* provided that ¥ (V) € O [33]. Moreover, o* € X is a fixed point for the set-valued
map ¥ : X — P(X) whenever o* € ¥ (o*) [33]. The notation FIX(¥) represents the set
of all fixed points of ¥ [33]. Consider the metric space X furnished with the metric dx.
For every E;, E; € P3(&X), the Pompeiu—Hausdorff metric PH, : B(X) x P(X) - RU {0}
is defined by

PHa (E1, Ex) = max| sup div(a, Ex), sup du(Er,an)],

areEy azeEy

where dx(Ey,a,) = inf, cp, dx(a1,a2) and dx(ay, Ey) = inf,,cp, dx(a1,a2) [33]. We say
that the set-valued function ¥ : X — P(X) is Lipschitzian if PHy, (¥ (01), ¥ (02)) <
I*d x (01, 02) holds for each g1, 0; € X, where [* > 0is a Lipschitz constant. A Lipschitz map
¥ is said to be a contraction whenever 0 < [* < 1 [33]. Furthermore, ¥ : [1,e] — P;s(R) is
a measurable function if the mapping ¢ — dx (r, ¥ (¢)) is measurable for all 7 € R [33, 34].
The graph of ¥ : X — P(Q) is defined by Graph(¥) = {(01,02) € X x Q :5* € ¥(0)}
[33]. Note that the graph of ¥ is closed if, for arbitrary sequences {0, },>1 belonging to X
and {s,},>1 belonging to Q with 0, — zp, s, — S0, and s, € ¥ (0,,), we have sy € ¥ (0o) [34].

A set-valued operator ¥ has the complete continuity property if the set ¥ (V) has the
relative compactness property for all W € Pj,,4(X). Let & : X — P5(Q) have the upper
semi-continuity property. Then Graph(¥) € X x Q is a closed set. On the other hand,
assume that ¥ has a closed graph with the complete continuity property. Then ¥ has the
upper semi-continuity property [33]. We say that ¥ : [1,¢e] x R — B(R) is a Caratheodory
set-valued map if the mapping o — ¥ (¢, 0) is upper semi-continuous for almost all ¢ €
[1,e] and the mapping ¢ — ¥ (t, 0) is measurable for each ¢ € R [33, 34]. In addition, a
Caratheodory set-valued map ¥ : [1,e] x R — B(R) is called £!-Caratheodory if for each
r> 0 there is ¢, € L. ([1,€]) provided that

|¥(t0)| = SI[JIP]{|Q| :q €W (50)) < (t)
te(le

for almost all £ € [1, e] and for each |g| < r [33, 34]. All selections of ¥ at ¢ € Cg([1,e]) are
defined by the following set:

(SELYw = {0 € LE([Le]) : 0(0) € ¥ (t,0(8)), ace. £ €[1,e]}

[33, 34]. As it has been verified before in [33], we have (S£L)y , # ¥ for all o € Cx([1,€])
whenever dim X < co. We need next results.

Theorem 1 ([35]) Consider the Banach algebra X. For all p € R*, consider the open ball
V,(0) and its closure Vp(O). Assume that @1 : X — X and @, :VP(O) — X are two opera-
tors satisfying:
(i) @ is Lipschitzian so that I* is a Lipschitz constant,
(i) @D, is completely continuous,
(iii) 2*A <1, where A = [|®2(V,(0)) || x = sup{|| P2kl x : k € V,(0)}.
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Then either (al) the operator equation ®1kdyk = k has a solution belonging to Vp(o) or
(a2) there exists v* € X with ||[v*|| x = p so that agD,v* Dyv* = v* for some o € (0,1).

Theorem 2 ([36]) Cousider the separable Banach space X, an L-Carathéodory set-
valued map W : [1,e] X X — Bonp,evs(X), and the linear continuous map & : L, ([1,€]) —
Cx([1,e]). Then

Eo (‘S‘Sﬁ)'ll : C)(([l,e]) - mcmp,cvx(c){([lx e]))

is an operator which belongs to Cx([1,e]) x Cx([1,¢]) defined by o > (E o (SEL)y)(0) =
E((SEL)w o) having the closed graph.

Theorem 3 ([37]) Consider the Banach algebra X. Assume that there are a set-valued
map Py : X — Py eve(X) and a single-valued map @, : X — X satisfying:
(i) @1 is Lipschitzian where [I* is Lipschitz constant,
(i) Do is compact and upper semi-continuous,
(iii) 20*A <1 with A = | @5(X)].
Then either (a'l) there is a solution belonging to X for the inclusion k € ®1k®zk or (a'2)
O* = {v* € X|agv* € @1V Dyv*, a9 > 1} is an unbounded set.

3 Main results

In this part of the paper, we intend to state our main theoretical findings on the exis-
tence results. To reach this aim, we consider X’ = {o(¢) : o(¢) € Cr([1,€])} equipped with
the supremum norm |[|o||x = sup,;, |0(¢)| and the multiplication action on the space X
defined by (o - 0/)(t) = 0(t)o'(¢) for all g, 0’ € X. Then an ordered triple (X, ] - || x,) is a
Banach algebra. In this moment, we present an essential lemma which converts fractional

BVP (1)-(2) into integral equation.

Lemma 4 Assume that & belongs to X. Then oq is a solution for the hybrid Caputo—

Hadamard equation

CH1yy o(?) =5
DY, (m> =a(t), (ellel,y e (23] ()

furnished with hybrid Hadamard integral boundary value conditions

( o(?) ) =CHD+< o(?) >
At o) )], “\ag oo/,
CHpy., o(?) ) _CHp2, ( o(®) )
! (A(t,g(t)) ree "\ At o®) /.,
e -1
H:Z-/L+ o(t) ) _ 1 (l f)“ ( o(s) )%z
! (A(tye(t)) tee F(M)/l g A(s,00) ) s 0

iff the function oy is a solution for the following Hadamard integral equation:

t y-1 d
Q(t)=A(t,Q(t))[%y) /1 <1n§) &0

(6)
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2+ w)2(ng)> —2(1 +In¢) < e)y—{ ds
+ In
1

2T (y - 1) s

2(1+1In¢) - (2+ p)2(Int)? [° e V—i()ds
* 2y —2) /1<n5> I

N

7)

N

Q+w@d+u) A +wp)(nt)? [¢ 1 yHu-l ()ds
- 2I(y + ) /l(n > S_]

Proof Let gy be a solution for hybrid equation (5). Then the general solution of homoge-

neous equation (5) is obtained by the equality ét'og(é =HTV a(t) +m + i (Int) + 7y (In 1)

where 715, i1}, iy € R. That is,

t y-1
00(t) = A(t00(0)) [%y) /1 (ln ;) &(s)% b+ (0 ) + rh;(lnt)z]. ®)

Now, we employ the following integro-derivative operators of arbitrary orders on both

sides of equation (8), and we get

CH 00(t) 1 ‘ot r2_ ds

DF( A, Qo(t)>> <y—1>/1 (1“s> Q(s)-- + 75 + 2y (In),
CHy2 00(2) ds
or (A(t Qo(t))> I'(y- 2)/ < ) 01(5)—+2m2,

+u-1
HK 00(2) ): 1 < 5)“ g (In )~
! <A(t,go(t)) F(V+u)/1 lns &(s) °F(1 w)

., (Inpt  2(lng)+?
iy + 7 .
r2+u) r'(3+u)

Corresponding to the boundary value conditions, we obtain

cx o 1 el e\"?. ds 1 e/ e\'2. ds
o= ML= F(y—z)/l(ln3> “(S)Y'F(y—l)/l(m?) 45

and
e @ ool 0% @+m? [ e y_?’v()ds
"3 - 1) 1(“§> s Ty -2) 1(“§> Iy
rG+up) [ e y”‘_lv()ds
2Ty + ) (n;) e

By inserting the values 713, 7117, and 715 into (8), we get

t y-1 d
Qo(f):A(t,Qo(t))[%y) /1 (mf) &0

(2+p)2(ne)2 =21 +1Ing) [¢/. e\' ™. .ds
' 20y 1) /1 (ln§> s

21 +1Int) - 2+ p)2ne)* ¢/ e\’ 2. ds
i 20 (y -2) /1 (ln§> O
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N

2+ u)1+ )1+ w)(Ing)? /(1 e)W—l . ds]
- n .
1

2T (y + ) )y

This means that g is a solution for integral equation (7). On the contrary, it is easy to check
that oo satisfies fractional hybrid BVP (5)—(6) if oo is a solution for the integral equation

of fractional order (7). O
Now, we derive our first result about the existence of solutions of problem (1)—(2).

Theorem 5 Suppose that A is a nonzero continuous real-valued function on [1,e] x R and
O € Cr([1,e] x R). Furthermore, assume that the following statements hold:
(C1) There exists a bounded real-valued map 0 : [1,e] — R* so that, for all 01,0, € R, we
have | A(t,01) - A(t,02)| <0(t)|o1 - 021;
(C2) There exist a continuous function ¥ : [1,e] — R* and a continuous nondecreasing
map & : [0,00) — (0,00) provided that |O(t,0)| < ¥ ()& (|lell) for t € [1,e] and for
any o € R;
(C3) There exists a number p € R* so that

A"MYE(llell) ©)
1-0*My*&(lloll)
where A* = sup,c(; o |A(Z,0)], ¥* = sup,(y ) ¥ ()], 0% = sup,c(1 ) 10(2)], and
i 1 Q+u)?+4 4+@2+p)? I(3+w) (10)

Ty+1)  2ry) @ 2fy-1 2l +p+l)
IfG*Ml/f*%'(”QH) < 1, then hybrid BVP (1)—(2) has a solution on [1,e].

Proof Construct the closed ball VP(O) :={o(t) € X : |lellx < p}, where p satisfies (9). In

view of Lemma 4, we define operators @1, @, :V,(0) — X by (@10)(¢) = A(¢, 0(¢)) and

t y-1 ds
(@20)(0) = %y) /1 (mf) 0(5.06)

Q2+ w)?2(nd)> =21 +1Ing) [¢f. e\’ ds
+ 2Ty =D /1 <ln ;) @(s,g(s))?

21 +Int) - 2+ p)2(n)? [¢f. e\’ ds
+ 2Ty ~2) /1 <ln ;) O(S,Q(S))?

Q+ w1+ )1+ p)ne)? [ef. e\’ ™! ds
B 2 (y + 1) /1 (1“5) ©(5.005)) -

Obviously, o € X as a solution for hybrid BVP (1)—(2) satisfies equation @;0®50 = 0. By
considering the assumptions of Theorem 1, we prove that such a solution function exists.
First, we want to show that @, is Lipschitzian with constant 6* = sup,(; ,; |6(¢)|. Let 01,02 €
VP(O). Hypothesis (C1) yields

[(@101)(8) = (@102)(B)] = | A(t, 01(8)) — A(t,02(8)) | < 0(B)|01(E) - 02(2)

Page 7 of 20
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for any ¢ € [1,e]. Hence, we get || @101 — P102||x < 0*|l01 — 02| x for every 01,0, € 90(0).
This means that the operator @; is Lipschitzian with constant 6*. Now, we establish the
complete continuity of the operator @, on V,(0). We first need to check that @, is con-
tinuous on Vp(O). Let {0,} be a convergent sequence belonging to V,,(O) so that g, — o,
where o € Vp(O). Because of the continuity of the function ® on [1,e] x R, we conclude
thatlim,_, o O (¢, 0,(2)) = O(t, o(t)). By utilizing the Lebesgue dominated convergence the-

orem, we obtain

t y-1
lim (@20,)(t) = %7/)/1 (ln S) nli)r{.loO(s,Qn(S))

2+ w)2(n)? - 2(1 Int) , ds

+ 1 2; +1In ( j) Jlim ©(s,00(9)) —

21 +1nt)— (2 + ,u)z(lnt)z el e\ ds

+ 2F(y —2) ‘/1 <ln ;) nli)nolo()(s, Q,,(S)):
Q@+ WA+ WA+ p)(Ine? fof e\ ds
- 20 (y + ) /1 (ln§> Jim, ©(s0.) 7

1 tror\"! ds
= mﬁ (ln ;) @(S,Q(S))?

2+ w)?(nt)> -2(1 +1np)
i 2T (y - 1) f (l _> S’Q(S))

21 +1Ing) - 2+ w)2(nt)? [¢f. e\’ ds
+ 2T —2) /1‘<ln;> @(S,Q(S))?

Q+uw)A+w)C A +wp)nd)? fef e\’ ! ds
BT [(n2) e

= (D20)(2)
foranyt € [1,e]. Therefore, @,0, — ®,0 as n — oo and thus @, is continuous on Vp(O). In

the sequel, we must prove that @, is uniformly bounded on Vp (0). To do this, let o € Vp (0).

In view of assumption (C2), we have

t y-1
@00/ < 5 [(m8) lofs.ee)<

e -2
2+ 1IN0 + 2(1 + Int) l(mf)y 00|

2 (y - 1) se@)l
2(1+1n¢) + (2 + p)2(Int)? [° e V‘3‘@( ())‘§
* 2 (y - 2) /1(ns) HeRITS
Q+m)A+m)CA+p)ng)? fef e\ ™! ds
' 20y + 1) /1 (IHE) eI
(Int)Y 2+ wn)*(ne)? +2(1 +1ng)
_mlﬂ(t)é(”QH)‘* 2T (y) W(t)s(”QH)
21 +1 2+ w>2(Int)?
At + @+ 08 e 1)

2r'(y - 1)
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2+ WA+ 1+ p)(Ing)?

Wy +p+1) v (05 (llell)

for each ¢ € [1,e]. Hence ||®20|lx < ¥*&(||lol)M, where M is represented in (10). This
implies that &, (V,,(O)) is a uniformly bounded subset of X'. Moreover, we show that @, is
equicontinuous. Let £, £, € [1,e] so that t; < £, and ¢ € V,, (0). Thus, we obtain

[(®20)(t2) - (@20)(t1)]

A 6\ d
“r  L(m2) - (n) JesenlS

t -1
- (n2) 0600 2

(2 +10)%[(Int)% — (In£1)?] + 2[Int, — Int;] /‘
1

e\’ ds
In ;) |@(S,Q(s)) | "

2I'(y - 1) (
-3
At o e o) (1, )
Q+w)A+ w1+ w(Ins)? - (nu)?] [of e\ ! ) ds
' 2I(y + 1) / (lﬂ;) [©(s00)|

1 t1 t t y-1 . ds
ETV)/I [(l ?) (1“;) ]w §(llel) ~
1

b tz -1 % dS
(111:) 1W%‘(IIQII)?

+—
F()’) 51
2+ w2[(In6)? - (Inty)?] + 2[Inty — 1 e ds
( +u)*[(Inty) Zlf(r;/tl_)l]; (Int, ntl]/l (lng) ve(lel) =
21 _1 9 2 1 2 1 2 e y-3 ds
[Iltz Iltl] +2(F‘|('yﬂ) ;()Iltz) (ntl)]ﬁ <1n§) I/I*g(HQ“)?

L CrmA+ WA+ ping)” - (nn)?] (€0 e yeul d&
20 (y + ) /1 (lng> vré(llel) —

Hence, the RHS of the above inequalities tends to 0 free of ¢ € VP(O) as t; — tp. Thus,
[(D20)(t2) — (P20)(t1)| — 0 as t; — t, and so P, is equicontinuous. Therefore by utilizing
the Arzela—Ascoli theorem, we find that @, is completely continuous on Vp(O).

In the next step, by considering hypothesis (C3), we may write

A=[®,(V,(0)] = Sl[llp]{! ®50)(1)] : 0 € V,(0)}

o ) 1 Q+u)?+4 4+Q+p)? I'(3+w)
= ¥7¢(llel [F(y+1)+ ar(y) | 2@(y-1) +2F(y+u+1)]

=y*E(lel)M

Setting [* = 6%, we get Al* < 1. Thus, one of conditions (a1) or (a2) in Theorem 1 holds.
Let o € (0,1). We claim that k satisfies the equation o = ao®;0P,0. Hence, ||| = p and

lo(®)|

Page 9 of 20
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= | (P10)(1)||(P20)(2)| = 20| A (2, 0(0))|

y-1 ds
’rm (1“ ) ebew)S

2+ w)?*(nt)*>-2(1 +1Int ne)
s

2I(y -1) )/6 s
- (m9)

(1

2(1+1nt) = (2 + u)*(Int)? ‘3(1
1
)

y-2 d

O(s,009) =
-3 d
@(w@)){

1
1
)

2I'(y - 2)
Q+w)A+m)C A +p)Ine)? [ef. e\ ™! ds
} 20 (y + 1) / <1“ E) oo

<(|A(to®) - At,0)| + | A, 0)|

! t £\ ds
g (Ty)/l (1“;> 6(s,0)|~

2+ w)2(ne)? +2(1 +1nt) [© -2 ds
+ il 2;(yjl) o 1 (Ing) |@(S,Q(S))|?

21 +1Ing) + 2+ p)2(ne)? [¢f e\’ ds
+ 2Ty ~2) /I(ln;) |()(s,g(s))|:

Q+u)A+p)CA+pw)Int)? fof e\’ ! ] &
' 20 (y + 1) /1 (hl;) |O(S,Q(s))|?>

< (0®]o®)] + a*)My ()& (llell)
< (0*llell + A*)My*E(llel)-

< _A*My*Edlel)
This yields p < = o*My*(lel)

(a2) in Theorem 1 is not valid. Thus, condition (41) in Theorem 1 holds and so hybrid
BVP (1)—(2) has a solution. a

, which is impossible due to inequality (9). Hence, condition

In what follows, we are going to provide another essential result for the fractional hy-
brid inclusion problem (3)—(4). Existence results herein are carried out in the light of the

assumptions of Theorem 3.

Definition 6 We say that the function o € ACg([1,e]) is a solution for the hybrid in-
clusion BVP (3)-(4) whenever there exists an integrable function ¢ € L} =([1,e]) with
U (t) € W (¢, 0(t)) for almost all £ € [1, e] satisfying

( o(?) ) =CHID+< o(t) )

Alt, o) )|, "\ o) /)|,

CH N Q(t) ) :CH 2< Q(t) )
P (A(t,gu)) P Ao ).

o). o] () () -
HIM —
<A(t o)) lie T / s A(s, 0(5))

t y-1 d
Q(t)=A(t,Q(t))[%y) /1 <1n§) 96

and
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2+ w)2(ne)>-2(1 +1nt) [© < e)H ds
+ In - BH(s)—
2r(y - 1) 1 s

. -3
+2(1+lnt)—(2+u)2(lnt)2/1 <1n§)y 19(5)%

2I(y —2)
(2 + //L)(l + M)F(l + ,bL)(ln t)Z e e y+u-1 ds
B 20 (y + 1) /1 (111 ;) ﬁ(s)::|

forany ¢ € [1,e].

Here, we can formulate the desired theorem on the existence of a solution function of
the above form.

Theorem 7 Assume that the following statements are valid.
(C4) There is a bounded real-valued function 0 : [1,e] — R* such that, for all 01,0, € X
and t € [1,e], we have | A(t, 01(2)) — A(t, 02(1))] < 6(B)|01(2) — 02(2)].
(C5) The convex and compact-valued multifunction ¥ : [1,e] x R — Beup,cvx(R) is L
Caratheodory.

(C6) There is a map q(t) € L1([1, €], R*) such that
¥ 0)| =sup{®]: 9 € ¥(t,0(t)} <q()

forany o0 € X and almost all t € [1,e]. Here, ||q|| 1 = ff lq(s)| ds.
(C7) There is a number p € R* so that

A*Ml|qll o1

—_—, (11)
1-0*Mllqll 1

where A* = sup,c(; .1 |A(£,0)], 0 = sup,c[ 10(2)], and M is illustrated by (10).
In this case, the hybrid inclusion BVP (3)—(4) has a solution whenever

0*M 1
gl z1 < 5

Proof To transform the hybrid inclusion BVP (3)—(4) into a corresponding fixed point
problem, we formulate the set-valued map G : X — B(X) by

G(o) = {g € X : g(t) = k1 (t)forallt € [l,e]},

where
At 0Oy [{ (1~ (9)®
210 )2 — _
T = e AL
= _ 2 (1n £)2 B
+ HEROLE R [{(In )7 0(9) ¢

2
- Gl {9 (9 F], 9 € (SELw,

It is evident that each fixed point of G is a solution for the hybrid inclusion BVP (3)—(4).
Now, we split the operator G into two parts as @1 : X — X and @, : X — P(X) given by

Page 11 of 20
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(10)(1) = At 0(1) and (@20)(¢) = {¢ € X : £ (¢) = k2(2)}, where

1 t tyy-1 d
Wfl(ln;)y ﬁ(s)?s
(2+p)%(In6)2-2(1+Int) fe -2 ds
+ —2F(y—1)2 : [{(n¢)r2p(s)L
2(1+In0)-2+p)%(np)? e -3 d
+nzr(;f_lé) = [{n $)7 P9 ()T

r Inz)? -
— Lol ggine (i ey -l (s) L, 9 € (SEL)w,

Ko(t) =

forallt € [1, e], respectively. Thus, we have G(0) = @10®;0. In this moment, we must show
that @, and @, satisfy all the hypotheses of Theorem 3. In view of assumption (C4) and by
a similar deduction in Theorem 5, one can easily verify that @, is Lipschitzian. Now, we
check that @, is convex-valued. Let 01,02 € @,0. Select ¥, ¥, € (SEL)y , provided that

1 i/ t\"'  ds
o0 =5 ) (05) 0%

2+ w)?2(ne)> =21 +1Int) /. e\’ . ds
T arp - /1(1“5) e

201 +1In8) - 2+ w)2(ne)? ¢/ e\ ds
T are -2 J (IHE) e

Q+w)A+wMA+w)(ne? (o e\ ds
- 20 (y + 1) /1 <ln;> v8) > (=12)

for almost all £ € [1,e]. Let A € (0,1). Then one can write

ro1(t) + (1= A)o2(2)

1 [t/ e\ ds
=Ty)/1 (ln;) [)»191(5)+(1—)»)l92(s)]?

. -2
(2+M)2;11112/2:f)(1+1nt) 1 (ln §>” [0:(6) +(1_)\)ﬂ2(s)]%
2 2 pe -
B o) i
2 pe -l
) (z+u)(1z+ru()yf+<1M ; W(int) /1 (lnf)y ’ [ml(sml—k)ﬁz(s)]%

for almost all £ € [1,e]. As ¥ has convex values, so (SEL)y , is convex-valued. This yields
A1 (8) + (1= 1)D2(t) € (SEL)w,, forany ¢ € [1, €], and so P,0 is a convex set for each o € X.

To confirm the complete continuity of @, we need to verify the equicontinuity and
uniform boundedness of @,(X). For this reason, we first check that @, maps all bounded
sets into bounded subsets of X'. For a number p* € R*, construct the bounded ball V,« =
{o € X :llollx < p*}. For each o € V,+ and ¢ € P40, there is a function ¥ € (SEL)y
provided that

1 troe\Th o ds
S ACH

2+ wp)?2(ne)*> =21 +1Int) (/. e\'™> ds
' 2Ty -1) /1 (ln E) ey
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21 +1Ing) - 2+ w)2(ne)? [¢f. e\’ . ds
’ 2y -2) /1 (m?> 55

Q+uw)A+w)CA+w)ne)? fef. e\'™ '  ds
S () e

for each ¢ € [1, e]. Then we get

1 [t/ e\t ds
|§(t)|§m/l. (ln;) |79(3)|?

2+ w)2(In6)* + 2(1 + In?) 9<ln E)V—2|ﬁ(s)| ds
2I'(y = 1) s s

21 +Ine) + 2+ w)2(ne)? [¢f. e\’ ds
' 20y -2) /1 <ln§) i

Q+uw)A+ ) CQ+p)ne)? fof e\t ds
' o (m5) bl

1 Lo\ ds
<7 () a5

e -2
| 2+ wAeP +2(+ Ino) /1 (mf)y q<s)%

2l (y -1)
21 +1nt) + (2 + u)*(Int)® ¢/ e ds
20(y -2) /1 (lnE) e
Q+ )1 +)C 1+ p)(Int)? [ n® veu-l ( )ds
" 2I'(y + i) /1(11;) ™y
2+u)2+4 4+ (2 + p)? I'(3+pw)
< [ + ]Ilqulc1
()/+1) 2I°(y) 2r(y -1 2y +pu+1)
= Milqliz1,

where M is illustrated by (10). Thus, [|¢] < M| |qll c1, and this implies that @,(X) is uni-
formly bounded. In the sequel, we establish that the operator @, maps bounded sets into
equicontinuous sets. Let ¢ € V,» and ¢ € @,0. We select ¥ € (SEL)y , so that

1 ¢ A ds
“t):m/ (“‘s) ey

2+ w)?(ne)?-2(1 +1np) e\’
¥ 2T (y - 1) / ( E) B )_

21 +1nt) - 2+ p)*(ne)* ¢/, e\’  _ds
' 2 (y -2) /1 (ln§> v

Q+u) 1 +w)C 1+ wpInp)? [¢ e)y”‘ boods
_ InS &
2I(y + 1) /1 <ns ﬁ(s)

for each t € [1,¢e]. Let t1, ¢, € [1,€] so that t; < t,. Then we write

() - ¢(t1)]
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1 4 t v-1 th -1 ds
=i [ (%) -(0%) Jrers

1 f2 t2>’/_1 ds
+— In = D(s)|—
F(V) 151 ( N | | S

+ (2+M)2[(lnt2)22_1“(1nt1)2] + 2, —Ins) /e<1nf)y_2|ﬁ(s)|E
(r-1 1A s )

2llnty —Inty] + 2+ w)*[(nt)* — (nty)?] [¢f. e\’ ds
' 2 (y ~2) /1<IHE) OIS

+ 2+ )1 +uw) 1+ wl(nk)* - (Int)?*] /e(ln E)Wﬂlw(sné
20 (y + 1) L\ s ’

1 2 t v-1 t -1 ds
<o | [(0F) () Jao?
1

2 tz)yl ds
f—— [ (n2) 4=
r'(y) ( s) T

2+ w?(nk)? - (nt)?] +2[Int, —Inty] [¢f. e\'> _ds
+ /(m-) q(s)?

2I'(y - 1)
2[lnty —Inty] + 2+ w)*[(Int)? - (Inty)?] [° e 3 ()ds
* 2I'(y —2) /;(n;) qs?
Q+u)1+ )1+ w)(ne)? - (nn)?] [° e y+u-1 ( )ds
' 20 +10) /1(“;) ZObs

<liqll 1[#(111(2))” + #Klnt )Y —(Int )V|
=Wlet oo\ My T+ 2 !
N 2+ w)?*[(Inty)?> = (Int)?] + 2[Inty — Inty]

2I(y)
2[lnt; —Int;] + (2 + w)?[(Int)? - (Int;)?]
" 2Ty -1)
.\ Q2+w)@+pu)l A+ p)(nk)* - (In tl)zl}
2 (y + o+ 1) ’

Notice that the RHS of inequalities converges to 0 free of o € V,« letting t; — t,. With
due attention to the Arzela—Ascoli theorem, we realize that @, : Cr([1, e]) — B(Cr([1,€]))
is completely continuous. Now, we intend to show that @, has a closed graph and this
confirms the upper semi-continuity of @,. To reach this goal, assume that g, € V,+ and

Cn € ©20, so that o, — 0" and ¢, — ¢*. We claim that ¢* € @,0*. For each n > 1 and

Cn € P20y, we select U, € (SEL)y o, provided that

1 [t/ \"! ds
Cn(t)=m/; (111;) ﬁn(s)?

2+ w)2(Ing)> - 2(1 +Int) 6<lng)y—2ﬂ( ds
s n

2r(y -1) 1

21 +Int) — 2+ p)2(ne)? [¢f. e\’ ds
' 2r(y -2) /1 ( ) P
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Q+u)A+w)C A +w)nd)? [ e\ ™*! ds
- 20+ 1) f(m5)

for any ¢ € [1,e]. It is enough to show that there is 9* € (SEL)y o+ so that

. 1 tro\"t L ds
¢ (t):mfl <1H;> 24 (S):

@+ w2(Ine)> —2(1+1Ing) [¢f e\' >, ds
' 2r(y - 1) /1(1“§> iy

21 +1Int) — 2+ w)?(ne)> [¢f e\, ds
' 2r(y -2) /1(111;) i

Q+m)(1+w) (1 +p)(Ing)* [° e\ V1 s
) 200y + 1) [(n¢) " w0

for any ¢ € [1, e]. Define the continuous linear operator = : /j]}%([l,e]) — X = Cgr([1,€]) by

t y-1 ds
E@)(0) = o(6) = %y) /1 (ln§> 96)

Q2+ wu)?2(nd)> =21 +1Ing) [¢/. e\’ ds
' 2T (y - 1) /1<IHE) e

21 +1Int) — 2+ p)2(ne)* ¢/, e\’ . ds
' 20 (y -2) /1<ln§) YO

Q+w@+u)CQ+p)Ind)? f¢f. e\"™ 7 ds
2 + ) J (1“§> no

for each t € [1, e]. Hence,

t y-1
H;n(t)—;*(r)H=H# (mf) (20(6) - 0*() 2

I'(y)Ji \ s s
2(lnp)? - 1 e y-2 ds
+ 2+p) ;;2} _f)(1+ nt) /1 (ln S) (ﬂn(b‘)—ﬁ*(s))?
1 - 2(Int)2 e y-3 ds
B [ OV i
@+ )1+ p)C (1 +p)(ne)® e e\ s
. e B /1 <ln ;> (9205 = 97(6))
—0

letting n — oo. By applying Theorem 2, we deduce that & o (S£L)y has a closed graph.
Since ¢, € E((SEL)y ,) and 0, — 0%, so there is 9* € (SEL)y o+ such that

. 1 troe\"T L ds
¢ (t):m/l <111;> 14 (S)?

@2+ u?(ne? -2(1+1Int) [¢f. e\' > . .ds
' 2r(y - 1) K(ln_> Y
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21 +Int) — 2+ w)*(ne)®> [¢( e\’ . ds
* 2y -2) /1(1“§> i

Q+u)d+m)C(1L+w)ne)> [of e\'™ " _ ds
- 20 (y + ) /1 <1n ;) v (S):

foranyt € [1,e]. Therefore, ¢ * € ®,0* and so @, has a closed graph. This concludes that @,
is upper semi-continuous. Since the operator @, has compact values, thus @, is compact

and upper semi-continuous. In view of hypothesis (C6), we have

A =@ X)] = Sl[llp]{|¢2Q| ro€ X}
te(le

- 1 QR+u)?+4 4+Q2+u)? I(3+p)
_[F(V+1)+ 2I°(y) * 2I(y - 1) +2F(y+u+1)i|||q”£1

=Mlqllz-

Setting [* = 0%, we get Al* < % Now, by applying Theorem 3 for @;, we find that one of
conditions (a'1) or (a'2) is valid. We claim that condition (4’2) is invalid. By considering
Theorem 3 and hypothesis (C7), assume that g is an arbitrary element of O* with ||o| = p.
Then wpo(t) € @10(t)P20(t) for each ap > 1. Select ¥ € (SEL)w . Then, for each o > 1,

we have

1 1[4 e\ ds
Q(t):a_oA(t’Q(t))[Ty)/l (ln;> 19(5)?

Q+ w221 +Int) ¢/ e\’ . ds
' 2T (y - 1) /1 (ln E) i

21 +Int) - 2+ p)%(ne)* ¢/, e\’ . ds
' 20 (y -2) /I<ln3) i

C+w@+w)CQ+pw)Ind)? fef. e\"™ 7 ds
) 20 (y + 1) J (IHE) ﬁ(s)ﬂ

for any ¢ € [1, e]. Thus, one can write

1 1 [t e\ ds
|- (o) 5 [ () oIS

2+ p)2(ne)? +2(1 +1ng) [/ e\’ ds
' 20 (y - 1) /1<1“3> 2615

21 +1Ing) + 2+ w)(ne)? [¢f. e\ ds
' 2r(y -2) /1 (I"E) i

Q+uwA+ )1 +p)Ine)? fef, e\ ™! ds
+ 2 (y + ) /1. <]n ;) iﬁ(s)|?i|

1 troe\' ds
~[|A(6k®) - A0+ |A(t,0)|]|:m/1 (m;) ok

2+ p)2(ne)?+2(1+1Int) [¢f. e\’ ds
i 20 (y -1) /1 (lni) i
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21 +1nt) + (2 + n)*(Int

(2020) 2020:455

2 (y -2)

2 pe y-3 d
)/l(mg) |19(S)|?S

Q+u)A+uw)C A +r)nd)? [ e\’ ! ds
* 20y + 1) /1 <ln5) PO ]

1 [t b d
5[9*||k||+/‘*][m/1 (ln£> 61(5):5

N 2+ w)*(Int)? +2(1 +1n¢) /e<ln E)V_Zq(s)é
1 N N

2r(y - 1)

2 2 pe -3
+2(1+lnt)+(2+M) (Int) j(lng)y q(s)%

2I'(y -2)

2+ )1+ ) (1 +p)(Int)* [ A ! ()ds
' 2T (y + ) /I<n§) qs_}

<[0%6 + A*]Mlql o1

5 < Alal Ll
= 10°Mlqll ,

condition (a'2) of Theorem 3 is not vahd Thus, 0 € @10P,0. So, it is verified that G has a
fixed point, and thus the hybrid inclusion BVP (3)—(4) has a solution. (N

for any ¢ € [1,e]. Hence, . According to condition (11), we conclude that

4 Examples
To demonstrate the consistency and applicability of the obtained results, two illustrative

numerical examples are provided herein.

Example 1 Corresponding to the proposed hybrid BVP (1)—(2), we formulate the hybrid
fractional Caputo—Hadamard differential equation

057(2+1) (t €1, e]) (12)

3 3+|Q t)\

CHD2‘08< Q(t) ) _ (t +1)*cos(o(2))
v +0.112

981

endowed with the hybrid Hadamard integral boundary conditions

(v a——)=1 = i+ (g L) e=1
57(t+1) 0.57(¢+1) ’
Flo(o] tO-112 3 3‘()‘ +0.112
CH _ CHTYy2
Dﬁ(m)lt e = Dp(m)h er
3 3ele@l 3 Bele@] (13)

HIO+92( g(?) ) pze

0.57(¢+1 t =

73“ ) el +0.112

092 1 ols) ds _
092 fl 057(s+1) I@‘(()\)‘ 0112) =0,

so that y = 2.08 and u = 0.92. Define the nonzero real-valued continuous map A on
05

[1,¢] x R as follows: A(z,0(¢)) = % S80L 1 0,112 with A* = sup,c(; o |A(£,0)] = 0.112.

Furthermore, define the continuous map ® : [1,e] x R — R* by &(¢,0(¢)) = %"f(m)

Now, put 6(¢) = 2571 “1 ) and ¥ (¢) = tgsll Then we get 6* = sup,(; ) [0(¢)] =~ 0.7049, y* =

SUP,e1 [V (8] = (85811 ~0.01403, £(Jlo|l) = 1, and M ~ 13.4852. Choose p > 0.024449. On

the other hand, notice that * My *£(||o||) =~ 0.1333 < 1. Now, by utilizing Theorem 5, the
hybrid fractional Caputo—Hadamard BVP (12)—(13) has a solution.
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Example 2 Corresponding to the proposed hybrid BVP (3)—(4), we formulate the hybrid
Caputo—Hadamard inclusion BVP:

o(t) lo(t)] 3[30(2)]
+0. 007) < [1 o) " 08, 81+ 30)) 1'625} a4

CHDZ .35 (

t|sino(t)|
1200(1+|sino(t

furnished with the hybrid Hadamard integral boundary conditions

(&) _CH
( tlsing(g) 0007)|t 1= Dl*( [‘qng([ 0007)|t 1
1200(1+[sin o (#)[) 1200(1+[sin o(#)[)
CH o(t) _ CHTy2 g(t
Dl*( Hsino(®)] 0007)|t e~ D1+( t[sino(t) 0007)|t er
1200(1+sino @) T 1200(1+\>mg G (15)
HIO.78( o(t) )l
1* t[sino(t)] +0.007 t=e
1200(1+\>mg t)\)
_ 1n_078 1( 0l )Qz()
r 0.78 fl s[sino(s)]
0.78) S 1200(L+[sin o) +0-007 §

sothatt € [1,e], y = 2.35,and u = 0.78. Consider the nonzero real-valued continuous map

A on [1,e] x R given by A(t,0(t)) = % +0.007 with A* = sup,.(; . | A, 0)| =

0.007. Define the set-valued map ¥ : [1,e] x R — PB(R) by

qf(t,g(t)):[ lo(8)] 08 3130(2)|

.8, 1.625 .
T+ 10 8+ 3o ]

If0(2) = then 6% = sup,; ; 10(¢)] = =~ 0.002258. Since

1200’ 1200 -
t 3130(t
Z] < max[M cog _J13e®l 1.625] <2
1+ o) 8(1 + |30(8)])

for all ¢ € W (t,0(t)), we get | (t,0(t))| = sup{|?]|: & € (¢t 0(2))} < 2. Put ¢(t) =2 for
any ¢ € [1,e]. Then ||q| o1 = ff lg(s)| ds = 2(e — 1) ~ 3.42. Hence, we obtain M ~ 12.1327.
Now, select o > 0 with p > 0.32035. Then 9*]~\/I||q||£1 =~ 0.09336 < % Now, by applying
Theorem 7, the hybrid inclusion BVP (14)—(15) has a solution.

5 Conclusion

It is known that the most natural phenomena are modeled by different types of fractional
differential equations and inclusions. This diversity in investigating complicate fractional
differential equations and inclusions increases our ability for exact modelings of more phe-
nomena. This is useful in making modern software which helps us to allow for more cost-
free testing and less material consumption. In this work, we investigate the existence of
solutions for a hybrid fractional Caputo—Hadamard differential equation and its related
inclusion problem with hybrid Hadamard integral boundary value conditions. In this way,
we use some Dhage’s fixed point results in our proofs. Eventually, we give two numerical
examples to support the applicability of our findings.
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