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1 Introduction
The subject of g-difference equations was introduced by Jackson in the first decade of
the last century [1]. The fractional calculus provides a meaningful generalization for the
classical integration and differentiation to any order. It is known that working on quantum
calculus is equivalent to traditional infinitesimal calculus without the notion of limits. In
last decades, some researchers studied g-fractional difference equations [2-5]. Later, g-
fractional boundary value problems have been considered by many researchers (see, for
example, [6—13]). Nowadays many researchers focus on applications of fractional calculus
[14—25] or analytical studies [26—36].

In 2013, Baleanu et al. investigated the coupled system of multi-term singular fractional

integro-differential boundary value problem

Dt [K](8) + wa (8, k(2), 1(2), Y1 [K1(6), Wau [11(0),
DILIKI(8), DI [11(8), DI [1(8), ..., D [11(0)) = O,

DG 1(0) + wat, k(0), 1(8), Y2 K1(0), Y l1)(8),
D1, DY [K(6), DY KI(E), ..., Dy [K](8) = 0,
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via boundary conditions k?(0) = {?(0) =0 for 0 <i < n -2, Dgi [k](1)=0for2<8; <n—1,
o] — 81 zl,andDg%[l](l):Ofor2<52<n—1,02—82z1,wherenz4,n—1<ai<
n0<ao<1,1<Bj<2fori=1,2andj=1,2,...,m, y; is positive-valued continuous
functions on [0,1] x [0,1] (;,j = 1,2), ¥ij[k](¢) = fot vii(t, r)k(r) dr, wi, wy satisfy the local
Caratheodory condition on [0, 1] x D(w;, w, € Car([0,1] x D)), where D C R"*> and w;
may be singular at the value zero of all its variables [37]. In 2016, Taieb et al. reviewed the
fractional coupled system of nonlinear differential equations

D7KN(E) + 307, wilt, k(2), U(2), DPKI(8), D2 [1)(2) = 0,
D7 I)(8) + 377, wailt, k(0), 1(2), D [K](2), D2 [1)(2) = O,

with boundary conditions k(0) = k§, {(0) = [, kK'(0) = k”(0) = ['(0) = I”(0) = 0, K'(0) =
J*[k](a1), and I”'(0) = J**[k](a2), where t € [0,1], m € N*, o; > 0, 0; € (3,4), a; € (0,1),
D%, D¥ are the Caputo derivatives and J% are the Riemann—Liouville fractional integrals
[38]. In 2017, El Abidine studied the coupled system of nonlinear fractional equations

D7 K](t) = wii(t, 1(2), D [1(2)),
D7 [1)(8) = wailt, k(2), D2 [K](2)),

with boundary conditions k(0) = k(0) = 0 and (0) = I(0) = 0 for 1 <j < m — 2 with
m > 2, where t €e R* = (0,00), m—1<0;, <m, B; €(0,3) fori=1,2,0<B; <0,-1,0<
B2 < o1 — 1, the differential operator is in the Riemann—Liouville sense and w; are Borel
measurable functions in R*3 satisfying some conditions [39].

By using the main idea of the above works, we investigate the increasing variables -
dimensional singular system of fractional g-differential equations

D ki )(0) = w8,k (2),

“Dg*lka](8) = wat, ki (2), ko (), W

Dy lkml () = win(t, ki (2), ka(2), - .., k()

with boundary conditions ;(0) = 15y, ki(j)(O) =bjfor j=0,1,...i -2 and 2 < i < m,
CD,‘;i’lki(l) =0for¢q,€[i-2,i—1land 2 <i <m, wheret €] :=(0,1], m > 2, 0; €
(i-1,i) for 1 <i<m, ”’D;i denotes the Caputo fractional g-derivative of order o,
w; 1 J x RE = R are continuous, w;(t, k1, ks, ..., k;) may be singular at ¢ = 0 of its space
variables, lim,_, o+ w;(t,k1,ko,...,k;) = 00, and there exists 0 < ay,...,a,, < 1 such that
1w, ..., t%"w,, are continuous on J := [0, 1].

2 Essential preliminaries

Throughout this article, we apply the time scales calculus notation [40]. In fact, we con-
sider the fractional g-calculus on the time scale Ty, = {0} U {t : ¢ = £oq"}, where n > 0,
to € R,and g € (0,1). Let a € R. Define [a], = % [1]. The power function (x —y)((ln) with
n € Ny is defined by (x — y)f;') = [1iZe(x = yg*) for n > 1 and (x — y)fio) =1, where x and y
are real numbers and Ny := {0} UN [1, 2]. Also, (x — y)f;’) =% [Too(® — ") 1 (x — yg***)
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Algorithm 1 The proposed method for calculated (a — b)g")

1 function p = powerfunction(a, b, n, Q)
2 %$Power Gamma (a-b) " (n)

3 s=1;

4 if n==0

5 p=1

6 else

7 for k=1:n-1

8 s=s* (a-b*g"k)/ (a- bxg” (alpha+k)) ;
9 end

10 p=a®alpha * s;

11 end

12 end

Algorithm 2 The proposed method for calculated I, (x)

function g = gGamma (g, X, n)
%g-Gamma Function

p=1;

for k=0:n

p=p* (1-g” (k+1))/ (1- " (x+k));
end;

g=p/ (1-q) "~ (x-1);

end

® N R W N e

Algorithm 3 The proposed method for calculated (D,f)(x)

function g = Dg(gq, x, n, fun)

if x==0

g=limit ((fun(x)-fun(qg*x))/((1-q)=*x),x,0);
else

g=(fun(x)-fun(qg*x))/ ((1-q) *x) ;

end;

end

R

for « € R and g # 0. If y = 0, then it is clear that x® = x* [6] (see Algorithm 1). The
g-gamma function is given by I',(z) = (1 — 9)*V/(1 - g)*"!, where z € R\{0,-1,-2,...}
[1]. Note that I'y(z + 1) = [2],1(z). Algorithm 2 shows a pseudo-code description of the
technique for estimating g-gamma function of order n. The g-derivative of function f is
defined by (Dyf)(x) = LHLE and (Dgf)(0) = lim,—.o(Dyf)(x), which is shown in Algo-
rithm 3 [2, 3]. Furthermore, the higher order g-derivative of a function f is defined by
(DAf) () = D,,(D;‘1 '£)(x) for n > 1, where (Dgf) (%) =f(x) [2, 3]. The g-integral of a function
f is defined on [0, 6] by I,f (%) = [; f(s)dgs = x(1 - q) Yo 4"f (xg") for 0 < x < b, provided
the series absolutely converges [2, 3]. If x in [0, T], then

[ 0rdr =18 - 10 - -0 3 (1 (1) - o)),

k=0

whenever the series exists. In addition, we can interchange the order of double g-integral
by fot Jo h(r)dgrdgs = fot f;rh(r) dgsd,r [41]. Actually, the interchange of order is true

Page 3 of 32
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t t t
/ / dgsdyr= / (t —qr) " Vh(r) d,r
0 Jgr 0

=t(l-gq) Z qih(qit) (¢- q”lt)

i=0
=2(1-9)" Y _q'h(q't) (Z qi) :
i=0 i=0

In addition the left-hand side can be written as follows:

i

t pr . ry
/o/oh(S)ququZt(l_q);ql/o h(r)d,r

_ t2(1 _ q)Z Z ZqHZjh(qut). (2)

i=0 j=0

The operator I is given by (I0h)(x) = h(x) and (I}h)(x) = (I,(I;"'h)(x) for all n > 1
and & € C([0, T]) [2, 3]. It has been proved that (D,(I;/))(x) = h(x) and (I,(Dgh))(x) =
h(x) — h(0) whenever % is continuous at x = 0 [2, 3]. The fractional Riemann—Liouville
type g-integral of the function # on J = (0,1) for o > 0 is defined by Ig [h](t) = h(t)

and

(o 1 ‘ o—
I3 [h)() = o /0 (t—qr)° Vh(r)d,r

Iy

= I a-q79
=t°(1-q) Y g h(t
1 k=0q Hi;l(l—qm) (qk)

for t € J [42]. Also, the Caputo fractional g-derivative of a function / is defined by
“Dy k(1) = TV [DL [ (0)

= m‘/() (t_qr)([a]fafl)pl[la][h](r) dqr,

where ¢t € J and o > 0 [42]. It has been proved that If(I;I" [h])(x) = I,}Hﬂ [A](x) and
Dg [I,‘; [h]](x) = h(x), where «,8 > 0 [42]. Algorithm 5 shows MATLAB lines for
Ty [h] ().

Let (£, p) be a metric space. Denote by P(€) and 2¢ the class of all subsets and the
class of all nonempty subsets of &, respectively. Thus, Pu(E), Ppa(E), Per(E), and P, (E)
denote the class of all closed, bounded, convex, and compact subsets of £, respectively.
For each i, consider the space E; = {ki(t) : k;(¢) € A} endowed with the norm |/k;|lo =
max, 7 |k;(t)|, where A = C(J,R). Also, define the product space £ = E; x --- x E,, en-
dowed with the norm ||(ky,..., k)|l = maxi<i<u |Killco- Then (&,].]]) is a Banach space
[43]. Similar to the idea of the works [44, 45], define the set of the selections of S at k

Page 4 of 32
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S= {k=(k1,k2,...,km)§kiE.A,i=1,2,...,l’l’l}

for all t € J and k = (k,...,k,) € €. One can check that S # @ for all k € £ whenever

dim &€ < 0o [46]. We need next results.

Lemma 1 ([47,48]) The general solution of the q-fractional equation ”D;’ [k](¢) = 0 is given
by k(t) =do + dit + dot® + - + dpy_ 18" for 0 > 0, where d; e R fori=0,1,...,m -1 and

m=[o]+1.

Theorem 2 ([43], Schauder’s fixed point) Assume that (€, p) is a complete metric space, S
is a closed convex subset of £, and N : £ — & is a map such that the set K = {N(k) : k € S}
is relatively compact in £. Then N has at least one fixed point.

3 Main results
Now, we are ready to provide our results about the m-dimensional system of singular frac-
tional g-differential equations. First, we prove next basic result to give the integral repre-

sentation of problem (1).

Lemma3 Let m>2foric{l,2,...,m}, 0; € (i-1,i), 01,...,0m € A, and t € ]. Then the

m-dimensional system

“Dg' lkal(®) = 01(8),

‘D [k,](2) = 02(2), ®3)

DI [k, 1(8) = 0m(2),
under the conditions

kl(O) = 1b07
K©0) =ik, j=0,1,...i-2, @
“Dilk(1)=0, i-2<ga1<i-12<i<m),

has a unique solution k = (ky,ka, ..., k), where

I;i [0:](2) + 1bo, i=1,
k(O = Tgo)(0) + Y2 Yo (5)

Tq(i=6i1) 4ie i—Ci- X
- q(;——lg)!ltl 17075 0](1), 2<i<m.

Proof By using Lemma 1, we obtain the fractional g-integral equation

i-1
ki(t) = I [0i)(8) = Y idyt (6)
j=0
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forl <i<m.Let

1do 0 0 0 0 0
2dp 20y 0 0 0 0
3dg 3dy 3dy 0 0 0
D= e M,,(R).
: 0 0
m-140  ma1d1  mo1do gmads o p1@me 0
me mdl md2 mdS e mdm—Z mdm—l

By using the assumptions, we find k;(0) = —1dy = 1bo, ki(j)(O) =—jlid; = b;forj=0,1,2,...,
i—2and

15()

CPEi-1 . — 79i~Ci-1[ ., _ 7
DY k(D) =T eV - T

di.1=0

fori—2<¢;1 <i—1,where2 <i<m. Thus, 1dy = —1by and

= ;%_{ . i=0,1,...,i-2, o
LTI o)), j=i-1,
for 2 < i < m. By substituting these constants and (7) in (6), we find (5). .
Now, define the nonlinear operator A" : § — S by
N (ky)(2)
No(ky, ko)(t)

Nk ks, .o k(@) = | Nalki ko, k3)(@) | (8)

Nm(k17 kZ) ) km)(t)
where

15" wil(t, ki (2)) + 1bo, i=1,
13 wil(t ki (8),...., ki(t))
+ [0 o) - e
X g wil (1, ki (1), k(1), 2<i<m,

Ni(kl’kZI .. wki)(t) =

forte].

Lemma 4 Let m > 2, 01 € (0,1), 01 > a1, 0; € (i — L,0) for i = 2,...,m, o; € (0,1) for
i=1,2,...,m,f;: ] — R be a function with lim,_, -+ f;(t) = 00, and the maps t*if;(t) be con-
tinuous on J. Then the maps

I3 + o i-1,
k(®) = TR0 + Y2 o

Tg(i=ti1) i i—Ci— .
- LSBT A1) 2<i<m,

are continuous on J.



Samei et al. Advances in Difference Equations (2020) 2020:452

Proof By using the definition of the maps k;(t), we have

% fot(t —qr)iVf(r) dgr + ibo, i=1,

1 t . i-2 ibj ;i
oty a6 f ) dgr ¢ L U
G- i-1
(i=1)y(0i=¢i-1)

X [ (1= gn e () d,r, 2<i<m,

ki(t) =

% fot(t —qr) Vi ifi(r) dgr + by, i=1,
% fot(t — qr)eiVpireify(r) d,r

i
i-2 &tj __ Tyl=giy) i-1
j=1 ! (=g (0i=¢i-1)

X [(1—gr)erta-Dpei@if () d,r,  2<i<m,

+

and by the continuity of the maps t*if;(¢), we get k;(0) = ;bo for i = 1,2,...,m. Now, we

consider some cases.

(I) Lettp =0and ¢ € J. Since t*if;(¢) is continuous, there exist Mj,..., M, > 0 such that

|t%fi(£)| < M, for all ¢ € J. Thus,
|ki(t) - ki(0)]|

|Tq%ﬂ'i) Jo (& = qr)eVreipifi(r) d,rl, i=1,

t 1)
|% fo(t—qr)(gl Vr “irtifi(r)dgr
i-2 ﬁtj __ L(=gi) i-1
j=0 j! (=D (oi=¢i-1)

X fol(t —gr)oitinTDiif(n |, 2<i<m,

+

M; ot i—1) j =
mfo (t—qr)(" Dy-e d,7, i=1,
M; t

7oies Jo (t—qr)iVrid,r

Zg—z libjl g Tal-Gi)Mi iy
j=1 " jt (i-1)g(0i~5i-1)

X fol(l —gr)eitimyeid,r, 2<i<m.

IA

Hence, by using the g-beta function, we get

[ki(6) - ki(0)|

M;t%i~% 1 (03-1) —at; P —
Il“q(ai) fO (1- qr) Lo dqr’ i=1,
Moi=®i 1 (04-1) —0;
<] T4l fo (1—gry =i dgr
= i-2 libjl ;i
+ Zj:l ;_!t]
Ty(i=8i-)MiBg(0i—¢i-1,1-04) 4j1 i
<i<
* -1y (0i=¢i-1) £ 2sism,
Mqu(ai,l—(xi)tai_ai -1
Fq(gi) ’ =5
M;Bg(0;,1—a;)t%i ™% i-2 libjl
< ibqloj i AN
- Ty(0y) Zl:l 7
Tg(i=4i1)MBg(oi=¢i-1,1-0) i1 :
<i<
(i-1)!g (03 =¢i-1) £, 2=i=m,

which, by assumption o; > «; and the fact o; > «;, tend to zero as £ — 0 for i =

12,...,m.
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(II) Let ¢y € (0,1) and ¢ € (£p, 1]. Then we have

|ki(t) — ki(to)|

e fé (- qr)<"f-“r-“fr“wr> dyr

1"q o) (to —gr) i Vpireifi(r) d,r), i
[Tt Jo (€ = an) = Dr=eirifi(r) dgr
= _ Fq} - to(t0 _ qr)(ui—l)r—airotifi(r) dqr|
+30% ‘],f -ty
(i e GRS

x| f1(1 = gre-sDpeeif(ydorl,  2<i<m,

Il
—_

+

T, a,) [fo (¢ = gn) i Vreidr
- fo (to — qr)oVr=id,r], i=1,
a)[fo (t —qr)iVreid,r
— [t — qr)eiVri d,r]
Y 'jj‘(ﬂ )
TG 1)('1‘;; i1 (tl t-tp )
X fo (1- qr)("l Ga-bptid . 2<i<m.

IA

Hence,

|Ki(8) = ki(to) |
M;By(os1-er) 01— .
;I“Ezia, i Ly s i=1

M;By(0i,1-0}) 5, o~
Iy(o) e

i-2 libjl /i j
+ Zi=0 lj!/ (tj - t{))
Ty(i=¢i-1)MBg(0i~¢i-1,1-;)
(i-1)g(0i=¢i-1)

x (£71 = £, 2<i<m,

IA

which similar to case I tends to zeroast — 0 fori=1,2,...,m.

(III) Let#y =1andt € [0,%). By using similar arguments as in the previous case, one can
obtain

|ki(t) — ki(to)|

MBqa,l ;)

Iy(oi) ( taiiai)’ i= 1’
MBq op,1-a;) O
) ( — i l)

IA

2 libj|
le 0 /ll (tl _tl)
( —Ci— l)Mqu(”t =i-1,1-0;)
(i=1)'Tg(0i=gi-1)

x (t(i)_l -, 2<i<m,
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which similar to the previous case tends to zero as t — 1 for i = 1,2,...,m. This completes
the proof. O

Lemma 5 Let m > 2, 01 € (0,1), 01 > a1, 0; € (i — 1,i) for i = 2,...,m, o; € (0,1) for
i=1,2,...,m w;: ] x Rl > R be a function with lim;_o+ w;(t,...) = 0o, and t*iw;(t) be
continuous on J x Ri. Then the operator N : S — S defined by Eq. (8) is completely contin-

uous.

Proof Let (ok1,0ka, ..., 0ky) € S with
(k1 kzs ... k) = (ok1s ok - 0kim) || < 1,
and || (ok1,0k2; - .., 0km) || = lo for all (ki,ks,...,k,) € S. Hence,
(ki ks ki) | < 1+ 0o = L.
By using the continuity of the map % p;(t, k1, ko, ..., k), we get the map
t%oi(t, ki, ko, ..., ki)
is uniformly continuous on J x [-/,[]%. For each & > 0, choose A € (0, 1) such that
1w (8, ke (6), ko (), ..., Ki(8)) = £ wi (2, 0k (8), 0k (B), - .., 0ki(2)) | < € (9)
for all ¢ € J whenever ||(k1, k2, ..., k) — (0k1, 0K, - - . okm)|| < A. Thus,

[N ks ko ki) (8) = Noks 0kas - 0k (8) |
= max ||N;(ki, ka, ..., k;)(t) = Ni(oki, 0k, . . 0ki) ()l oo (10)

1<i<m

and

|INi(ky, ko, ... ki) (£) = Nioki, 0ka, - 0k) (@) |
t—qr)\oi~V ¢

ot
max,y fo T,

X |riwi(r, ki(r)) = r¥iw;(r,oki(r))| dgr, i=1,

_pt (=g iV
max;.; f 0 Ty(a7)

X |raiwi(r)k1(r)f .. ‘;ki(r))

= r%w(r, ki (r), ..., oki(r))| dgr

Ty(i-¢io1) £l
F]

1 (1-gr)@i6i-1- Ve
x Jo e

X |r°‘iwi(}",k1(}”),...,ki(l"))

— rYiwi(r, 0k1(r), ..., oki(r)) | dgr,s 2<i<m.

IA

+ maxtej
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Now, by using (9), we obtain

|Ni(ky, ko, ..., ki) (£) = Ni(oky, ok, .. 0ki) ()|

t i o
% max,; [, (£ - gr)eiVrid,r,  i=1,
t L P
- _I‘qim') max,; [y (£ —qr) i Vreid,r
- elg(i-¢i-1)
(i-1)g(0i=¢i-1)
max;; fot(l - qr)("i’fi-l’l)r’“i dyr, 2<i<m,
8Bq1(~:2;71i;ai) maxt57 to'i—otl‘, l — 1,
Bg(oi1-) —a;
R ,fq (Gi)a max,y £
Ty(i=8i-1)Bg(0i=gi-1,1-a;) .
ey P 2SisEm
< SAi)
where A; = % whenever i = 1 and
(- . T(i =g T(1 - ) (11)
o+ l-a)  (i-D)yoi-Ci+1-ap)
whenever 2 < i < m. Now, by applying last result and (11), we get
eA, i=1,
|Ni(ky, ko, ..., ki) (£) = Ni(oky, 0k, .. 0ki) (B) ]| < . (12)

e, 2<i<m.
Also, (10) and (11) imply that

”N[klrkbu'rkm](t) _N[Okl,OkZ;H'IOkm](t) ” <¢ f?fg:nAl

for all ¢ € J. Hence, |N'Tki, ks, ..., kil (£) = N'oki, 0k, . - ., ok] ()| = O as
| k1, Koy, kim) = ok, 0k, -, 0k | = O

Thus, the operator N\ is continuous. Now consider a bounded subset K C S. Then there
exists a positive constant § such that ||(k1, &, ..., k) || <8 for all (ki, ks, ..., k) € K. Since
the maps t%w;(t, ki, ko, ...,k;) are continuous on J x [-8,8]’ for i = 1,2,..., m, there exist
positive constants L; such that

|taiWi(t,k1(t),k2(t);..-yki(t))| <L (13)
for all £ € J and (k, ks, ..., k) € K. Consider the norm

[N Kol @] = max [Nty Ko, k)@ - (14)

Page 10 of 32
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Note that

||]\[i(kl1k2r .. 'rki)(t) ||OO

B t(t—qr)(ai’l)r’ai
max,y fo T,
x |riw(r, k ( ))Id r+ l1bol, i=1,
_ ot (=gt
max,; fo Fq(ai)
x |r¥iwi(r ki (r), ..., ki(r)) | dgr
i-2 libjl Ty(i-¢i1) 1
+ Z] 0 maxte] v+ —(l Ty Max,cy -
(A-gnoi~ti-1Y,~
x fO Iy(0i=¢i-1)

X |raiwi(r;k1(r),~n’ki(r))|dqr, 25151’”

IA

Now, by using (13), we get

|INiky, ko, ..., k) (@B)])

L ¢ 1) ,
Tty MaXeey Jo (6 = qr) = Dridgr + libol, i=1,
L ¢ 1)
< | Tl M%egy Jo(t—ar)etreidgr
- Zi—Z |ibj] . Lily(i=¢i-1)
j=0 ! Iy(0i=¢i-1)
X fol(l —gr)eitimyei gy, 2<i<m,
Lil;(1-a;) s .
m max, ;£ + |;bg, i=1,
I(1-a;) _ 40i—Q;
< Li[m maxte]t e
Ty(i-¢i_1) Ty (1-a;) i-2 libjl .
et Y20 o 2SESm
L»A-+|4b0| i=1,
< (15)
- i-2 |b 2<i<
Z} 0 <i<m.

On the other hand, by using (14) and (15), we get

-2
[N ik inl )] < max 3Ly Ay + ibol, Lidg + Y "]”,"
ma 2

Thus N (K) is bounded. Let (ky, ko, ..., k,,) € K and t;, t; € ] with £; < t;. Then we have

Nk Koo .o ki) (82) = Nk, Ko, ) (81) |

= llgi)fn”Ni(kl:kZ’ oo ki)(t2) = Nilky, ko, .. ki) (@) | (16)
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and
|INi(ky, ke, .. ki) (£2) = Ni(ky, ko, .., ki) (81) |
max, s | fo? = q}q I i, ki) dgr
(0j-1) p=a; .
—fot1 % reiw;(r, ki(r)) dgrl, i=1,
maxtellf (2 q}q;) Siwi(r, ka(r), .. ki(r) dgr
(0;-1) ,
=) ke e a0 k)
i-2 |ibjl i
+3% 7 ((tj tjl)) RIS
1 (1-gr)\9i ¢i—1-1) =
X fo qrfq(ffrii-l)
x [r¥iw(r, ki (r), ..., ki(r)) dgr| dgr, 2<i<m
Hence,
||M(kl1/(2)"'7ki)(t2)_M(klﬂl(Z)"'1/(i)(t1)||oo
Lily(1-a;) i .
I i=1,
Lily(1-o;) ,,0i-a; a;
B RGO (17)
- Zl 2 i b | (tl t])
j=0 “ji
LF( & V(1 D‘z) i— [— .
ooyt~ 25i<m.
Now, by using (16) and (17), we obtain
||N[k1»k2;u~rkm](t2) _N[kl’kbunkm](tl)”
- max Lil(1-o0) (tal o _tin al),
1=izm| Iy(oy +1-aq)
Lirq(l _ai) oj— oi— - |
L)y 3 10
Fq(O'l' +1- O[i) =0 !
L;I,(i— 1- . )
(l Ci- ) ( al) (Ifl{l _tzl—l) (18)
(i- )!Fq(o—t -G+ 1l-a)

The right-hand side of (18) is independent of (ky, ks, ..., k) and, by assumption o7 > a3
and the fact 0; > @;, tends to zero as t; — t,. This implies that N'(K) is equicontinuous.

Now, by using the Arzela—Ascoli theorem, we conclude that A is completely continu-
O

ous.
Theorem 6 The m-dimensional system of singular fractional q-differential equations (1)
has a unique solution on ] whenever there exist nonnegative constants m; (j = 1,2,...,1i,

i=1,2,...,m, m>2) satisfying

i

ki) =wilt,ly, .., 1) < sk = b

j-1

t%i (19)

Wi(trklr ey

Page 12 of 32
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forallt €] and (ky,... k), (Iy,...,1;) € R, and also

i

j=1

where the constants A; are defined by (11).

Proof We prove that A is a contractive operator on S. Assume that (k;, &y, ...,

(h,1,...,1,) € S. Then we have

||N[kl)k2; .. ykm](t) _N[ll’ lZy oo

= max HN (k1 ka, ..., ki) (E)

1<i<m

for almost all ¢ € J. Hence,

Lal(®) |
—Ni(llyZZ! .. "li)(t) ”oo

|INi(ky, ko, ..., ki) (2) = Ni(ly, by, 1) @) |
_gr)@i-1) o
max,. [y %
x ¥t wy(r, ki(r)) — wi(r, L;(r)) | dgr, i=1,

e il
max,.y fo IPIC)

IA

x r*i\wi(r, ki(r),..., ki(r))
—wi(r, li(r), ..., Li(r)) | dgr

1 (1-gr)i~4i-1-D

Ig(i-¢i1) i1
+ Max,; "(H;II 1,

Now, by using (19), we obtain

||Ni(k1,k2, o k)(@) = Ni(l, by, ...,

IA

yli-gi)
* ED ot

inBq(o;1-0;)
Fq(ffi)

IA

(=g (0i=¢i-1)

z"lqu(l ;) X
m ”k l ”oo;

Iy(1-a;)
Z] 11771[1“ a,+1 )
Fq( )Fq(l o) ]

Ty (oG T 1a)

IA

lki = L1l oo max, 5 £77%,

X |I(ky = b, ko = b, .5 K

z_li)”ocn 2<i<m.

Iy(oi=¢i-1)

X r“ilwi(r,kl(r),...,k,-(r))
_Wi(rrll(r)r“-;li(r)”dqr’ 2<i<m.

DO,

FASNIi = Lilloo max, o7 Jot—gnire, =1,

o;-1) ]

)
(Z, 11771”/@ l”oo)[maxte] fo tquT

X fol(l —gr)eitiimyaid ], 2<i<m,

Bq(az» -a;)

Z]l’:l lﬂ] maxlsifm ”kl‘ l ”OO[W maxtel t”;—az
Ty(i-=8i-1)Bg(0i=¢i-1,1-0;) ]

Page 13 of 32
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k) € S and
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If we apply (21) and (22), then we get

[Nk Ky . ki) () = N[l b, ., L) (B) |

2<i<m

< max ilnlAl,Zﬂ’}in} ||(k1 - ll,kz - lz,...,ki - ll)(t) ”oo

Jj=1

Now, by using (20), we have

i
= 2211?;?5’1{1771/‘1,21'7}//\5} <L
i

Hence, AV is a contraction. By using the Banach contraction principle, N has a unique

fixed point which is the unique solution for system (1). d
Now, we consider different conditions on system (1).

Theorem 7 Let m > 2, 01 € (0,1), 01 > oy, 0; € (i — 1,Q) for i =2,...,m, o; € (0,1) for
i=1,2,...,m, w;:] x Rl — R be functions with lim,_, o+ w;(t,...) = 00, and t*w;(t,...) be

continuous maps on ] x RL Then system (1) has a solution on 7.

Proof Assume that
Ll‘ = max tai|Wi(t, k](t),...,ki(t))| (23)
te]
and define the set K, C S by

K, = {(kl,kz,...,km) eS: ”(kl,l<2,...,l<m)” < V},

where

|ibj|
ool

(24)

2<i<m

i-2
r=max { L1 Ay + [1bol, L; A; + Z
j=0

We show that V' maps K, into K. For (ki,k,...,k,) € K, and t € ], put

Nlkirkas sl © = max [Nithi ko, k) @) - (25)

Page 14 of 32
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Thus, we have

||]Vi(k1’k2: .. "ki)(t) _]\[i(ll’lb .o ’ll)(t)”oo

[t (=g
max,y f 0 Ty(a7)

X [wi(r, ki(r)) = wi(r, 1i(r)) | dgr, i=1,

[t egn) i
maX;.y f 0 T,

X wir, ki (1), .., ki(r)) — wir, L (r), .., Li(r) | dgr

IA

+ max, g S e
X fol %—f;j;r%rm
x |\wi(r, ki (7), ..., ki(r))
Wil b L) g 2<i<m,
% max, .y fot(t —qr)iTVr i dor + |ibol, i=1,
< % max;cy fot(t — gr)erVpipei gy

i-2 ibj Lily(i=gi-1)
[Zj:0 /_!] -1y (0i-¢i-1)

X fol(l —gr)eitimyei gy, 2<i<m.

Hence,

”Nl‘(kl,kz, .o .,kl‘)(t) Hoo

L1 Ty(1-a;)

Ty it1—ay) MaXse] 7% + |3y, i=1,
Iy(1-a;) o
Ig(i=gic1) i-2 libjl ,
+m]+2/:0 7 2=<i=m,
LA+|b l, i=1,
41 l ?_2 libil (26)
LA+ Z/’:O j!I , 2<i<m.
Now, by using (25) and (26), we conclude that
22|
[N Tki, k2. ki) ()| < max { Ly Ay + [1bol, Lidi + Z oy 27)
2<i<m — 1
i

and so [|N[ky, ka, ..., k] ()] < 7. By using Lemma 4, we get

N[k1,k2, v ,km](lf) c C(j)
Moreover, N[ki,ky, ..., k,(t) € K, for (ki,ks,...,ky) € K. Thus N'(K,) C K, and so N
maps K, into K,. On the other hand, by using Lemma 5, A is completely continuous.

Now, by using Lemma 2, the map N has a fixed point which is a solution for system (1). [J

Now, we provide two examples to illustrate our main results. In this way, we give a com-
putational technique for checking the m-dimensional system (1). We need to present a
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Algorithm 4 The proposed method for calculated f: f(r)ydyr

1 function g = Ig(g, x, n, fun)
2 p=1;

3 for k=0:n

4 p=p+ g kxfun(x+xgq"k) ;

5 end;

6 g=xx (l-q) * p;

7 end

Algorithm 5 The proposed method for calculated I7 [x]

1 function g = Ig sigma(g, sigma, x, n, fun)
2 p=0;

3 for k=0:n

4 sl=1;

5 for i=0:k-1

6 sl=slx(1-g” (sigma+i));

7 end

8 s2=1;

9 for i=0:k-1

10 s2=s2* (1-g~ (i+1));

11 end

12 p=p + g*kxslxfun(xxg"k)/s2;

13 end;

14 g=round ( (x"sigma)* ((l-g)”~sigma)* p, 6);
15 end

simplified analysis which is able to execute the values of the g-gamma function. For this
purpose, we provide a pseudo-code description of the method for calculation of the g-

gamma function of order # in Algorithms 2, 3, 5, and 4.

Example 1 Consider the increasing variables singular 5-dimensional system of fractional

q-differential equations

ch% (k@) = w1 (2, K1),

D, lka](6) = walt o o),

D, Ths)(6) = walts kv o), ”
CD;? (ks)(£) = walt, ki, ks, k3, ks),

CD? [ks](£) = ws (¢, k1, ko, k3, ks, ks),

under the boundary value conditions 1(0) = Z, k»(0) = 2,

k() =3, k(0)=2V3,
k(0) =5, k0=,  kj0)=13,
ks(0) = “/Tg, ké(()) =1, ké’(o) =0, kg/(O) _ 14_3’

and “D] [k](1) = D [ks](1) = “Dy [ke](1) = D, [ks](1) = 0, where ¢ € (0, 1]. Put

3cos? ki (2)

AN

Wl(t, kl) =
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2(Jk ()] + 1k2(2)])
257 Jt(1 + Ky ()] + a(8)])
sinky (¢) — cos kx(t) + sin k3(¢)

207 /13 '

WZ(t; kly k2) =

WB(tJ kl! kZ’ k3) =

wa(t, ki, ka, k3, ka)
~ cos? ky(t) + sin? ky(¢) + cos? ks(£) + sin? ky(¢)
257 v/15(1 + cos? ky (2) + sin ky(2) + cos? ks (2) + sin® ka(2)) ’
W5(t7 kl! kZ’ kS; k4-, k5)
_ (ki ()] + [k ()] + k3 (2)] + |Ka(£)] = 1ks(2)]
207 V/E5(1 + exp(|ki (8)] + ko (0)] + ks ()] + 1ka(2)] = ks(2)]))

’

m=50=25€(01),0,=2¢€(1,2),03=€(23),04=2€(3,4),05=2 €(45), (1 =
% € [0; 1]1 ;2 = % € [1,2], {3 = % € [2,3]) §4 = 13_1 S [3!4]y lbO = %) 2b0 = %r 3b0 = %1 4-b() = \/gx
5h0 = @, 3b1 = 2«/§, 41’)1 = ?, 5b1 =1, 4,b2 = %, 5b2 =0, and 5b3 = 14—3 NOW, we check

inequalities (19) and (20). For each t € ], (ky,ka, ..., ks), and (I1,1,...,15) € R®, we have

3cos?ki(t) 3cos?li(t)

207/t 207/t

1 wr (6 k() = wi (6 0(0)| < t7

1
3t1a
< =0 |cos2 k1 (2) — cos? (t)|

1
3t14
107

3¢t
< ——|sinki(6) - siny ()| < —— |ku (&) = L (£)
107

’

192 |wa (8, k1 (2), ko (£)) = wa (2, 11(2), 1 (1)) |
2(lk @) + [k2(8)]) B 2(1L@)] + 1L(0)1)
251 VH(1+ k(@) + [ka(®)]) 257 /L1 + [L(2)] + |La(2)])
215
<
~ 25w
215
<
~ 257

51}

<t

[k ()] + ko) |~ ([ (D] + |a()])|

[[ki(®) = L) + [ka(®) - (D)

It
2 2
02 = 7,211 =202 = 355

193 |w3 (8, k1 (2), ko (£), ks (2)) — ws (£ 1 (2), o (2), I3(2) ) |

sinky(¢) — cos ky(t) + sinks(t)  sinly(t) — cosly(¢) + sinl3(z)

207 V13 207V

5
8

<t

£
< 20m ‘ (sinkl(t) —cosky () + sin kg(t)) - (sinll(t) —cosly(t) + sin lg(t))’
T

1

= %Hkl(t) —L@)| + [ka(t) = L(®)] + |ks(E) - I5(2)

]
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5 1
o3 =g, 3N1 =372 =313 = 55>

14 |wa (2, k1 (2), ko (0), ks (£)ka(2)) — wa(, 11 (2), 2 (2), L3(2), La(2) ) |
cos? ki (¢) + sin ky(£) + cos? ks (¢) + sin? ky(2)
257 V/15(1 + cos? ky () + sin? k() + cos? ks (2) + sin® ky(2))
cos? 1 (¢) + sin® I (¢) + cos? I5(¢) + sin® 14(¢)

257 V(1 + cos2 [ (£) + sin® r(£) + cos? I3(2) + sin® Ly(£))

NN

<t

4
163

< ‘(cos2 k() + sin® ky(¢) + cos? ks(¢) + sin? k4(t))
T

- (0052 L(2) + sin® Iy (¢) + cos? I3(¢) + sin? l4(t))|
4

< L2 [[cos Ky (6) - cos? 4 (9)] + [sin® ka(e) — sin? Lo (1)
251

+ |cos2 ks(t) — cos? lg(t)| + |sin2 k4 (t) — sin? l4(t)‘]

4
2te3

<

T

[’sin k1(¢) — sin ll(t)} + |sin ko (t) — sin b(t)‘
])

[k (&) = L] + [ka(0) = ()] + [k (&) = L3(0)] + [Ka(8) - La(2)

+ [sinks(£) — sinl3(¢)| + |sinkq(£) — sinla(2)

4
t6

3
251

[\~

=

]

7 2
Oy =G, 4l1 = 4M2 =473 =414 = 555

15 |ws (£, ky (£), ka(£), ks(D)ka(2), ks (£)) — ws (£, 11(2), 1a(2), I5(£), La(2), 15 (2) )|
k1 (£)] + [ka ()] + ks (£)] + |Ka(£)] — |ks5(2)]
20715 (1 + exp(lki (£)] + ko (t)] + ks (t)] + ka(2)] - Iks(E)]))
B [L@)] + L) + @) + 11a(2)] - 15(2)]
207 V(1 + exp(L(®)] + 1L + [I0)] + 10| - I5(2)]))

=
=

<th

il
~ 207
—(|h@] + |L@)| + @] + |L@)| - |is0)])]

k()] + [ka(®)] + [k3(8)] + 1Ka(8)] — K5 (2)]

&
< 20k
+ |/<4(t) - 14(t)\ + |k5(t) —1I5(2)

ki (6) = L(O)] + [ka(e) = L(O)] + [ks(8) - Ls(2) |

I

and o5 = %, 5M1 =572 =513 =504 =515 = ﬁ. On the other hand, by using (11), we ob-

tain

An = Il-o1) r,1-3%) _Fq(%)
V(o 1-a) LG+1-%) ryZy
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_ Fq(l_‘XZ) Fq(z_gl)rq(l_(XZ)
Fq(02+1—052) Fq(0’2—§1+1—062)
) r,1-%) . L,2-3)r,1-2%)
,d+1-% rnéd-1+1-9
(3  LGILGE)
=t 1L
Fq(?) Fq(ﬁ)
_ Fq(l - Olg) Fq(?’ - §2)Fq(1 - 013)
- Fq(03+1—0[3) Z!Fq(03—§'2+1—0l3)

Ay

’

Az

_ r,(1-2) r,3-3r,(1-2)
[ T Y Y I
L3 rL,re)

=T L
Fq(g) 21 (5;

_ Fq(l_a4) n Fq(4_§3)Fq(l_a4)
Fq(0'4 +1- 0(4) 3!Fq(0'4, — §3 +1 —0[4)

-3 r,4a-3r,a-1%)
LE+1-F) 3y (8-5+1-3)
LB LOLG)
r,) - 3y
_ Fq(l - as) Fq(5 - ;4)Fq(1 —as)
> Tylos+1—-as5) 41005 —¢a+1—as)

r,a-13) r,6-Hr,a-12

= 31 10 31 11 10
Fq(7+1_ﬁ 4'Fq(7_§+1_ﬁ
1 4 1
_ Fq(ﬁ) Fq(§)Fq(ﬁ)

= 348 197
I, (= A (557

’

Ay

’

Tables 1, 2, and 3 show A; & 1.4269, 6.1292, 2.1068, 2.2574, 3.8301, A; &~ 1.9041, 9.5549,
2.2455, 2.2349, 2.4713, A; =~ 2.1668, 11.5144, 2.2172, 2.0036, 1.4726 for 1 < i <5 and
%, %, g, respectively. It is clear that 21.2:1 2l = %, 21'3:1 31 = %, Z;tl 2l = %,
and Z,'S=1 21 = ﬁ. In Tables 4, 5, and 6, we can see that X' = 0.3122, 0.4866, and 0.5864,

indeed

for g =

i
= 2%2;@{17/1/\1,21‘77//\5} <1
=

1

50 %, and g, respectively (Fig. 1). Thus, the assumptions and conditions of Theo-

for g =
rem 6 hold. Hence the singular 5-dimensional system of fractional g-differential equations
(28) has a unique solution on (0, 1]. Note that Algorithm 6 shows us how we can obtain

the parameters of Example 1.

Page 19 of 32
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Table 1 Some numerical results of A;in Example 1 forg= 11—0

n 9=
Ay As As Ay As

1 14220 6.0895 2.0978 2.2431 3.7960
2 14264 6.1253 2.1059 2.2559 3.8267
3 14268 6.1288 2.1067 2.2572 3.8298
4 14269 6.1292 2.1068 2.2573 3.8301
5 14269 6.1292 2.1068 2.2574 3.8301
6 14269 6.1292 2.1068 22574 3.8301
7 14269 6.1292 2.1068 2.2574 3.8301

Table 2 Some numerical results of A; in Example 1 for g = %

1

n q= 3

A4 Ay Az Ay As
1 1.6027 7.8053 1.7179 1.589 1.5801
2 1.7551 8.689 19738 1.8957 1.9947
3 1.8300 9.1239 21076 2.0611 2225
10 1.9035 95516 2.2445 22336 24696
il 1.9038 9.5533 2.245 2.2343 24706
12 1.9039 9.5541 22453 22346 24711
13 1.9040 9.5545 2.2454 22348 24713
14 1.9040 9.5547 2.2455 22349 24714
15 1.9041 9.5548 2.2455 2.2349 24715
16 1.9041 9.5549 2.2455 22349 24715
17 1.9041 9.5549 2.2455 2.2349 24715
18 1.9041 9.5549 2.2455 22349 24715
19 1.9041 9.5549 2.2455 2235 24716
20 1.9041 9.5549 2.2455 2235 24716
21 1.9041 9.5549 2.2455 2235 24716
Table 3 Some numerical results of A; in Example 1 for g = g
n qg= %

Ay Ay Az Ay As
1 0.8523 5.0338 0.5331 0.4502 0.1978

1.0644 6.0573 0.7033 0.5582 0.2622
3 1.2371 6.8796 0.8621 0.6681 03312
57 2.1668 11.5134 22168 2.0031 14721
58 2.1668 11.5136 22168 2.0032 14722
59 2.1668 115137 22169 2.0033 14722
60 2.1668 11.5138 22169 2.0033 14723
61 2.1668 115139 2217 2.0034 14723
68 2.1668 11.5143 22171 2.0035 14725
69 2.1668 11.5144 22171 2.0036 14725
70 2.1668 11.5144 22172 2.0036 14725
71 2.1668 11.5144 22172 2.0036 14726
72 2.1668 11.5144 22172 2.0036 14726
73 2.1668 11.5144 22172 2.0036 14726
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Table 4 Some numerical results of X in Example 1 for g = %

n g= ]1—0 )

1m A YL oA, Sl amAs S anAs YL smAs
1 0.1358 0.3101 0.1002 0.2285 0.3021 03101
2 0.1362 0312 0.1006 0.2298 0.3045 0312
3 0.1363 0.3121 0.1006 0.2299 0.3048 03121
4 0.1363 03122 0.1006 0.2299 0.3048 03122
5 0.1363 03122 0.1006 0.2299 0.3048 03122
6 0.1363 03122 0.1006 0.2299 0.3048 03122
7 0.1363 03122 0.1006 0.2299 0.3048 03122
8 0.1363 0.3122 0.1006 0.2299 0.3048 03122
Table 5 Some numerical results of X in Example 1 for g = %
n q= % b))

1A PRRPUIVE POREVIVE S amAs Y s As
1 0.1531 03975 0.082 0.1619 0.1257 03975
2 0.1676 0.4425 0.0942 0.1931 0.1587 0.4425
3 0.1748 0.4647 0.1006 0.2099 0.1771 04647
8 0.1816 0.4859 0.107 0.2271 0.196 0.4859
9 0.1817 0.4863 0.1071 0.2274 0.1964 0.4863
10 0.1818 0.4865 0.1072 0.2275 0.1965 0.4865
1M 0.1818 0.4865 0.1072 0.2276 0.1966 0.4865
12 0.1818 0.4866 0.1072 0.2276 0.1966 0.4866
13 0.1818 0.4866 0.1072 0.2276 0.1967 0.4866
14 0.1818 0.4866 0.1072 0.2276 0.1967 0.4866
15 0.1818 0.4866 0.1072 02276 0.1967 0.4866
Table 6 Some numerical results of X' in Example 1 forg=2
n q=% b))

1mA Yl omAs YL amAs YL amAs Y smAs
1 0.0814 0.2564 0.0255 0.0459 0.0157 0.2564
2 0.1016 0.3085 0.0336 0.0569 0.0209 0.3085
3 0.1181 0.3504 0.0412 0.068 0.0264 0.3504
43 0.2068 0.5859 O 1057 0.2036 0.1168 0.586
44 0.2068 0.586 0.1057 0.2037 0.1169 0.5861
45 0.2068 0.5861 0.1057 0.2038 0.1169 0.5861
46 0.2068 0.5861 0.1058 0.2038 0117 0.5862
47 0.2068 0.5862 0.1058 0.2038 0.117 0.5862
48 0.2068 0.5862 0.1058 0.2039 0117 0.5862
49 0.2068 0.5862 0.1058 0.2039 0.117 0.5863
50 0.2068 0.5863 0.1058 0.2039 01171 0.5863
51 0.1696 0.5863 0.1058 0.204 0.1171 0.5863
52 0.1696 0.5863 0.1058 0.204 01171 0.5863
53 0.1696 0.5863 0.1058 0.204 0.1171 0.5863
54 0.1696 0.5863 0.1058 0.204 01171 0.5863
55 0.1696 0.5864 0.1058 0.204 0.1171 0.5864
56 0.1696 0.5864 0.1058 0.204 0.1171 0.5864
57 0.1696 0.5864 0.1058 0.204 0.1171 0.5864
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Algorithm 6 The proposed method for solving problem (28) in Example 1 for which we

use the conditions of Theorem 6

1 function [Lambdai, sumeta_iLambda_i, Sigmal=
systemprobleml (g, sigma, zeta, alpha, m, k, eta)

2 [xq ygl=size(q);

3 [xsigma ysigmal=size(sigma) ;

4 for n=1:k

5 Lambdai (n,1)=n;

6 D(n,1)=n;

7 Sigma(n,1)=n;

8 end;

9 column=2;

10 for s=1l:yg

11 for n=1:k

12 Lambdai (n, column)=gGamma (g(s), l-alpha(l), n)/gGamma(g(s),
sigma(l)+l-alpha(l), n);

13 end;

14 column=column+1;

15 end;

16 column=2+yq;

17 for i=2:m

18 for s=1:ygq

19 for n=1:k

20 Lambdai (n, column)=gGamma (g(s), l-alpha(i), n)/gGamma(g(s),
sigma(i)+l-alpha(i), n)+ gGamma(g(s), i-zeta(i-1),
n) xgGamma (g (s), l-alpha(i),
n)/ (factorial (i-1) xgGamma (g(s), sigma(i) - zeta(i-1) + 1
- alpha(i), n));

21 end;

22 column=column+1;

23 end;

24 end;

25 column=2;

26 for s=1l:yg

27 for n=1:k

28 D(n, column)= Lambdai(n, column)=xeta(l);

29 end;

30 column=column+1;

31 end;

32 column=2+yq;

33 for s=1:ygq

34 for i=2:m

35 for n=1:k

36 D(n, column)= Lambdai(n, column)=xeta(i);

37 end;

38 column=column+yq;

39 end;

40 column=2+yqg+s;

41 end;

42 for s=1:ygq

43 for n=1:k

44 maxrow=D(n, s+1);

45 column=s+1+yq;

46 for i=2:m

47 if D(n, column) > maxrow

48 maxrow=D(n, column) ;

49 end;

50 column=column+yq;

51 end;

52 Sigma(n, s+1)=maxrow;

53 end;

54 end;

55 sumeta_iLambda_i=D;

56 end
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Figure 1 Numerical results of X' for g = 15, 3, 7 in Example 1

Example 2 Consider the singular system of fractional g-differential equations

DR [k 1(8) = wi (&, k),

D ko )(8) = wilt v o),

DY [k )(6) = walt ko ), ”
CD;% (ko) (2) = walt, ki, ko, k3, ky),

Dy [ks1(0) = wslts Koy Koy K K K),

with boundary value conditions k;(0) = %,

ks(0) = -1,

k3(0) =1, k3(0) = %,

k() =7, k0=,  K©0)=%,
ks0)=%,  ki(0)=%2,  k{(0)=3

K0 =2,

ch% [k,](1) = ch% [k3](1) = CD;TI [ka](1) = ch% [k5](1) = 0, where ¢ € (0,1]. Put

cos ki (t)
itk = Snﬁexp(t)’
2 cos(ky(t) + ky(2))
157 J£(1 + sin(ky (£) + ko (2))
5(1 + sinky (¢) + sin ko (¢) + sin k3(£))
217t '
3exp(2t) cos?(ki (£) + k3(t))

87 Jt(1 + cos?(ka(t) + ka(2)))
exp(—t) sin(ky (2) + ky(2) + k3 () + ka())

9 V/3(1 + sin(ks(£)))

WZ(t’ kl; kZ) =

W3(t’ kl, kZ) k3) =

wal(t, ki, ko, k3, ka) =

ws(t, ki, ko, k3, ks, ks) =
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Table 7 Some numerical results of A; in Example 2 for g = 11—0

1

n 9= 10
Ay As Az Ay As

1 20316 32152 3.3277 1.2641 3.1978
2 20417 3.2286 3.3477 1.2679 3.2225
3 2.0427 3.2299 3.3497 1.2682 3.2249
4 2.0428 3.2300 3.3499 1.2683 3.2252
5 2.0428 3.2300 3.3499 1.2683 3.2252
6 2.0428 3.2300 3.3499 1.2683 3.2252
7 2.0428 3.2300 3.3499 1.2683 3.2252

Table 8 Some numerical results of A; in Example 2 for g = %

n q=1
Ay A Az Ay As

1 24734 3.3933 3.0493 0.6763 1.3697
2 2.7790 38511 3.6053 0.7758 1.7202
3 2.9305 4.0847 3.8985 0.8287 1.9145
13 3.0810 43213 4.202 0.8836 21219
14 3.0811 43214 42022 0.8837 2.122
15 3.0811 4.3215 4.2023 0.8837 21221
16 3.0811 43215 42023 0.8837 2.1221
17 3.0811 43215 4.2023 0.8837 21221
18 3.0812 43215 42023 0.8837 21221
19 3.0812 4.3215 4.2023 0.8837 21221
20 3.0812 43215 42023 0.8837 2.1222
21 3.0812 4.3215 4.2023 0.8837 21222
22 3.0812 43215 42023 0.8837 2.1222

Table 9 Some numerical results of A;in Example 2 for g = %

n q= 7

A1 A2 A3 A4 A5
1 1.2003 12924 0.8904 0.1853 0.1871

15754 1.7291 12336 02256 02434
3 1.8892 2122 15593 02641 03038
62 36790 48818 44531 06682 1.2983
63 36791 48819 44532 06683 12983
64 36791 48819 44532 06683 1.2984
65 36791 48819 44533 06683 36791
66 36791 4.882 44533 06683 12984
67 36791 4882 44533 06683 12984
68 36791 4882 44534 06683 12984
69 36791 4882 44534 06683 12984
70 36791 48821 44534 06683 1.2985

m = 51 o] = 1% € (Orl)r 0 = % € (112)1 03 = % € (2)3)1 0y = 2_74' € (374)’ 05 = % € (4"5);

§1 = 1_21 [S [0,1]’ {2 = % S [172]7 ES = % S [273]1 {4- = % € [3,4]; lbO = %; 2b0 = _11 3b0 = 1,
4bo =7, 5bo = 3, 3b1 = 3, 4y = 4, sb1 =1, 4by = éy sby = 3, and 5bs = 2—‘5/i Now, we
check (23) and (24). For each ¢ € J and (ky, ko, . .., ks) € R®, we have

3

L= gg}ﬁ 1w (6 ki (8)] < trer%(ai)l(]tﬁt

cos ki(t) <i
8m/texp(t)| ~ 87
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i-2 libjl

Table 10 Numerical results of (1) =Ly Ay + [1bg| and (i) = L; A; + ZFO T with 2 </ < 5in Example
2forg= %
_ 1

n 9= 15 r

m @) ®) () ()
1 0.0808 1.1365 26755 5.0153 2.0615 5.0153
2 0.0812 1.137 26815 5.0186 2.0624 5.0186
3 0.0813 11371 26821 5.0189 2.0625 5.0189
4 0.0813 1.1371 26822 5.0190 2.0625 5.0190
5 0.0813 1.1371 26822 5.0190 2.0625 5.0190
6 0.0813 1.1371 26822 5.0190 2.0625 5.0190
7 0.0813 1.1371 26822 5.0190 2.0625 5.0190

. . i-2 libj . . .
Table 11 Numerical results of (1) =Ly Ay + |1bg| and () = L; A; + Zj’-:é "/—/l with 2 </ < 5in Example
2forg= %
_1

n q=5 r

Q) @ ©) (4) (5)
1 0.0984 1.144 25911 44968 1.9969 44968
2 0.1106 1.1634 2.7596 45846 2.0093 4.5846
3 0.1166 1.1734 2.8485 46312 20162 46312
7 0.1222 1.1828 2.9348 46767 2.023 46767
8 0.1224 1.1831 29377 46782 2.0233 46782
9 0.1225 1.1833 29392 4679 2.0234 4679
10 0.1225 1.1833 2.9399 46794 20234 46794
1 0.1226 1.1834 2.9403 46796 2.0235 46796
12 0.1226 1.1834 29404 46797 2.0235 46797
13 0.1226 1.1834 2.9405 46797 2.0235 46797
14 0.1226 1.1834 2.9406 46797 2.0235 46797
15 0.1226 1.1834 29406 46798 20235 46798
16 0.1226 1.1834 2.9406 46798 2.0235 46798
17 0.1226 1.1834 2.9406 46798 2.0235 4.6798

. . i-2 libjl . ) .

Table 12 Numerical results of (1) =Ly Ay + |1bg| and (i) = L; A; + Zj’-:% % with 2 </ < 5in Example
2forg=1%
n q= g r

Q) @ 3) (4) (5)
1 0.0498 1.0549 1.9366 40638 1.9551 40638
2 0.0627 1.0734 2.0406 4.0993 1.9571 4.0993
3 0.0752 1.0901 21394 41333 1.9592 41333
37 0.1460 1.2065 3.0105 44869 1.994 44869
38 0.1461 1.2066 3.0114 44873 1.9941 44873
39 0.1461 1.2067 3.0122 44877 1.1461 44877
40 0.1462 1.2068 3.0128 4488 1.9942 4488
41 0.1462 1.2068 3.0134 44882 1.9942 44882
50 0.1463 1.2071 3.0159 44894 1.9943 44894
51 0.1463 1.2071 3.016 44895 1.9943 44895
52 0.1463 1.2071 3.0161 44895 1.9943 44895
53 0.1463 12071 30162 19943 4489
54 0.1463 1.2072 30163 44896 1.9943 44896
55 0.1463 12072 30164 44896 1.9944 44896
56 0.1463 12072 30164 4489 1.9944 44896
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52 . - : : :
5k £
o liby]
48t = max {L1A1 + 1o, LiA; +Z‘j—,’}
3<i<m =~ !
~ 46 [ .
44t .
421 g=1/10| 4
q=1/2
q=6/7
4 . . . . !
0 20 40 60 80 100 120
n
Figure 2 Numerical results of r for g = %, % % in Example 2
: : _ 117
Table 13 Numerical results of r in Example 2 forg = 15, 5, 5
n r
_1 _1 — 6
9= 10 9=3 9=7
1 50153 44968 4.0638
2 5.0186 4.5846 4.0993
3 50189 46312 41333
4 5.019 4.6553 4.1663
5 5019 4.6675 4.1981
6 5.019 4.6736 4.2285
13 5.019 4.6797 4.3835
14 5019 4.6797 43975
15 5.019 4.6798 4.4098
16 5019 4.6798 44205
17 5.019 4.6798 4.4299
61 5.019 4.6798 4.4897
62 5019 4.6798 44897
63 5.019 4.6798 4.4897
64 5019 4.6798 44898
65 5.019 4.6798 4.4898
66 5.019 4.6798 4.4898
67 5.019 4.6798 4.4898
for oy = %,
L2 = max t* |W2 (t, kl(t), kz(t)) |
te(0,1]
2 2cos(k1(2) + ky (¢ 2
< a3 @ +h(®) | _

telol] | 157 FE(1 + sin(ky () + ko (£)) | ~ 15w



Samei et al. Advances in Difference Equations

(2020) 2020:452

r={

5.5

4.5

3.5

4.5

3.5

25

0.5

4.5

3.5

0.5

1

Figure 3 Numerical results of 7 for g = 15, % and % in Example 2

— =1 |
i=2|
i=3 |

22yl =
. i
{LIAI +\1b0|-,L/AL+ZIj—'!]} 1
=0
20 40 60 80 100 120
n
—
i=2| 7
Ly + ol Loy + 5 12 o
1A1 + [1bol, Li ,+ZT =4 4
=0 : i=5
20 40 60 80 100 120
n
i-2 l:b;] —i=1
{L1A1+\1bo|,Ly‘Al+Z = } i=2|
= i=3
i=
i=5|
20 40 60 80 100 120
n

Wiy

for oy =

’

w

te[0,1]

Ls = max £*3|ws(t k1(2), ko (0), k3 (2)) |

4 |5(1 + sinkq(¢) + sinky(¢) + sink3(¢))

< max t5

te(0,1]

217wt

20
21w
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for a3 = %,

Ly = max £ |wa (£, ky(£), ko (£), ks (8), ka(2)) |
te[0,1]

1| 3exp(2t) cos?(ky () + ks(t)) ‘ 3¢?
< max =2
telol] |81 + cos?(ko(t) + ka(2))) | ~ 87
for oy = %,

Ls = max £ |ws (£, k1(£), ka(£), k3 (2), ka(t), ks (2)) |

< max t
te[0,1]

97 +/£3(1 + sin(ks(2)))

for a5 = %. Now, by using (11), we get

A = LA-a) r,a-3 _ ry(3)
1= —o) (2 3y - [ (28Y
Lo+ 1-a1) Ty(p+1-3) Ty(3)
Ao = Fq(l_a2) + Fq(z_gl)rq(l_aﬁ
9=
Fq(02+1—012) Fq(02—§1+1—a2)
B r,1-% r,2-4Hr,a-%
TTEv1-2) E-1+1-2
a\5 3 q\5 ~ 7 3
L@ L)
= 32 209\ '’
Fq(ﬁ) Iy 105
Aw = Fq(l_(XB) Fq(B_Q)Fq(l_a'o’)
3 Fq((fg +1- 6(3) 2!Fq(0'3 - §2 +1 —0{3)
r,1-%) r,3-4)r,1-%
+
LOZ+1-2) 2r(¥-32+1-2)
_ Fq(%) + Fq(é)rq(§)
(R 22
I;(1-ay) T4 —83) (1 — )
Ay =

Fq(0'4+1—0[4) 3!Fq(0'4—§'3+]. 0[4)
. La-3  LE-Hra-j
Fq(2—74+1—l) B2 -Li1-1)
L) | LOLG)
) 3,6
(1 -as) Iy(5-2)I(1-as)
- Fq(05 + 1—0{5) 4!Fq(0'5—§4+ 1—0[5)

’

8 8
_ r,(1-3%) N r,6-)ra-3%)
LE+1-%) 4ar2-7+1-%)

) o

LR e

5)
)

exp( t) sin(k(¢) + ko (t) + k3 () + ka(2)) ‘ _ i
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Algorithm 7 The proposed method for solving problem (29) in Example 2 for which we

use the conditions of Theorem 7

1 function [Lambdai, LLambda, rmax, Maxr] = ...
systemproblem2 (g, sigma, zeta, alpha, m, k, ibj, Lmax)

2 [xq ygl=size(q);

3 [xsigma ysigmal=size(sigma) ;

4 for n=1:k

5 Lambdai (n,1)=n;

6 LLambda (n,1)=n;

7 temp(n,1)=n;

8 rmax(n,1l)=n;

9 Maxr (n,1)=n;

10 end;

11 column=2;

12 for i=1:m

13 for s=1:yq

14 for n=1:k

15 if i==1

16 Lambdai (n, column)=gGamma(g(s), l-alpha(i),
n) /gGamma (g(s), sigma(i) +l-alpha (i), n);

17 else

18 Lambdai (n, column)=gGamma(g(s), l-alpha(i),
n) /gGamma (g (s), sigma(i) +l-alpha (i), n)+ ...
gGamma (g(s), i-zeta(i-1), n)+*gGamma(g(s), l-alpha(i),
n) / (factorial (i-1) * gGamma(g(s), sigma(i)-zeta(i-1)
+1 - alpha(i), n));

19 end;

20 end;

21 column=column+1;

22 end;

23 end;

24 % reset column

25 column=2;

26 for i=1:m

27 for s=1:yq

28 for n=1:k

29 LLambda (n, column)= Lambdai(n, column)*Lmax (i) ;

30 end;

31 column=column+1;

32 end;

33 end;

34 % reset column

35 column=2;

36 for i=1:m

37 for s=1:yq

38 for n=1:k

39 if i==

40 rmax(n, column)=LLambda(n, column) + ibj(i,1i);

4 else

42 t=0;

43 for j=0:(1i-2)

m t=t+abs (ibj (i, j+1))/factorial(j);

45 end;

46 rmax(n, column)=LLambda(n, column)+t;

47 end;

48 end;

49 column=column+1;

50 end;

51 end;

52 for s=1:yq

53 for n=1:k

54 maxrow=rmax (n, s+1);

55 column=s+1+yq;

56 for i=2:m

57 if rmax(n, column)>maxrow

58 maxrow=rmax (n, column) ;

59 end;

60 column=column+yq;

61 end;

62 Maxr (n, s+1)=maxrow;

63 end;

64 end;

65 end
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Tables 7, 8, and 9 show A; = 2.0428, 3.2300, 3.3499, 1.2683, 3.2252, A; ~ 3.812, 4.3215,
4.2023,0.8837,2.1222, A; ~ 3.6791, 4.8820, 4.4534, 0.6683, 1.2984 for 1 <i < 5andq = 1,
%, g, respectively. Now, by using (24) and Algorithm 7, we conclude next results. According
to Tables 10, 11, and 12, consider the set K, C S as

K, ={(ki ks, ..., k) € St || (ks Ko, ..., ki) | < 5.0190},
K, = {(ki, Ky, ..., k) €S || (ki Koy ... ki) || < 46798},
K, ={(ki, ko, ... k) €St || (kiskay ... ki) | < 44896},

for g = %, %, and g, respectively. Table 10 shows that L1 A; + [1bg| &~ 0.0812, L;A; +

Y0 12 A 11371, 2.6822, 5.0190, 2.0625, 5.0190. Table 11 shows Ly Ay + |1bo| ~ 0.1226,

Lid; + Y210 11834, 2.9406, 4.6798, 2.0235, Table 12 shows that Ly A; + |ybo| &

j=0 jt
01463, LiA; + Y ;o "’]’.jf‘ ~1.2072, 3.0164, 4.4898,1.9944 for2 < i <5and g = &, 1, &, re-

spectively. Also, Table 13 shows us r & 5.0190, 4.6798, 4.4898 for q = %0’ %, g, respectively
(Figs. 3 and 2). Now, by using Theorem 7, the singular system of fractional g-differential

equations (29) has a solution.
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