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1 Introduction
More than half a century ago, when the Ito’s [1] landmark work “On stochastic differ-
ential equations” (It6, 1951) came out, the stochastic differential equations (SDEs), as a
new branch of mathematics, aroused great interest in academic circles. After more than
half a century of glorious development, SDEs are famous all over the world. In recent
decades, SDEs have accumulated many results, which played an important role in finan-
cial [2], control theory [3], biomathematics [4], game theory [5], and other models hidden
in the observed data. It is well known that the essences of SDEs are based on an axiomatic
probability theory, and large amounts of sample data are needed to obtain the frequency
of their random disturbances. Furthermore, their distribution functions can be obtained.
However, in reality, people seem to lack data or the size of sample data applied in practice
is smaller in some cases, such as the emerging infectious disease model, the new stock
model, and so on. Although sometimes we have a lot of available sample data, the fre-
quency obtained by sample data is, unfortunately, not close enough to the distribution
function obtained in some practical problems, and we need to invite some domain ex-
perts to evaluate the belief degree that each event may happen in these situations.
Human uncertainty with respect to belief degrees [6] can play an important role in ad-
dressing the issue of an indeterminate phenomenon. In order to describe the evolution of
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an uncertain phenomenon with respect to belief degrees, the uncertain differential equa-
tions were first proposed by Liu [7]. Following that, Liu [8] also proposed the concept of
stability of uncertain differential equations. Later, Chen and Liu [9] proved an existence
and uniqueness theorem for an uncertain differential equation, and Yao et al. [10] proved
some related stability theorems. Besides, a large and growing body of literature [11-15]
about stability theorems for uncertain differential equations has been investigated. Fur-
thermore, Yao and Chen [16] first proposed Euler’s method combined with 99-method or
999-method to obtain the numerical solution of the uncertain differential equation. With
the perfect theory and maturity of numerical methods of the uncertain differential equa-
tion, uncertain differential equations have been successfully applied to many areas such
as optimal control [17], differential game theory [18, 19], wave equation [20—22], financial
systems [23], fractional differential equations [24], and so on. To better understand the
development of uncertain differential equations and applications of numerical methods,
the readers can refer to the book [25].

V-jump uncertain processes proposed by Deng et al. [26] were often used to describe
the evolution of an uncertain phenomenon with jumps, in which the uncertain process
may undergo a sudden change because of emergency such as economic crisis, outbreaks
of infectious diseases, earthquake, war, etc. The definition of V-jump uncertain process is
as follows.

Definition 1 An uncertain process Vi with respect to time & is said to be a V-jump pro-
cess with parameters 0; and 6, (0 <61 <6, < 1) for k > 0 if
i) Vo=0,
(i) Vi has stationary and independent increments,
(ili) for any given time k > 0, every increment V,.x — V, is a Z jump uncertain variable
& ~ Z(01,6,,k) for Vr > 0 whose uncertainty distribution is

0 ifx <0,
201 i k
201, 1f()<x<—;
Px)=1 _ )
Or+ W0 (x ) ik <x ok,

Deng et al. [27] proved the existence and uniqueness of a solution to uncertain differen-
tial equation with V-jump under Lipschitz condition and linear growth condition on the
coeflicients. The definition of uncertain differential equation with V-jump is as follows.

Definition 2 Suppose that C is an uncertain canonical process with respect to time k, Vi
is an uncertain V-jump process with respect to time k, and p1, p2, and p3 are some given
functions. Then

AZy = pi\(Zy, k) dk + ps(Z, k) dCy + p3(Zi, k) AV
is called an uncertain differential equation with V-jump.

Uncertain differential equations with V-jumps were widely applied to uncertain opti-
mal control with V-jumps, see Refs [28—33]; whereas uncertain delay differential equa-
tions [34-38] were often used to describe such uncertain physical systems that depend
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not only on the present state but also upon their past states. The main interest in the the-
ory of uncertain delay differential equations was related to the existence, uniqueness as
well as stability. Aiming at these phenomena, Barbacioru [34] proposed uncertain delay
differential equations. Ge et al. [35] proved the existence and uniqueness of solutions un-
der Lipschitz condition and linear growth condition on the coefficients. Later, Wang et al.
[36, 37] proposed some concepts of the stability and proved the corresponding stability
theorems. Jia and Sheng [38] proved stability in distribution. The definition of uncertain

delay differential equation is as follows.

Definition 3 Suppose that Cy is a Liu process with respect to time &, and % and p are two

continuous functions. Then

de = h(k»Zk)Zk—T)dk +p(k1 Zkka—T) de, ke [O) +OO),
Zy = p(k), k € [-7,0]

1)

is called an uncertain delay differential equation, where 7 is called time delay. Its equivalent

integral form is as follows:

Zy=Zo+ fokh(rrzrrzr—r)dr + fokp(rrzrrzr—r)dcrr ke [Or +OO),
Zic = ¢(k), k € [-7,0].

)

However, the uncertain delay differential equations with V-jump have not been studied
so far. For describing the state of an uncertain delay system with jumps more accurately, we
propose uncertain delay differential equations with V-jump. In contrast to earlier results
of Refs [27, 35], we not only combine these two equations, but also prove the existence
and uniqueness of solutions by one-sided local Lipschitz condition rather than the strict
Lipschitz condition on the coefficients. Furthermore, under some reasonable conditions,
we prove the stability.

The remainder of the paper is organized as follows. In Sect. 2, we prove an existence,
uniqueness, and stability theorem of the solution to uncertain delay differential equations

with V-jump and give some examples. Finally, a brief conclusion is given in Sect. 3.

2 Main results
We first give the concept of uncertain delay differential equations with V-jump and an

example.

2.1 Uncertain delay differential equations with V-jump
Definition 4 Suppose that Cj is an uncertain canonical process, Vi is an uncertain V-
jump process with respect to time &, and /(k, z), p(k, z), q(k,z) : [0, T] x R — R are contin-

uous maps. Then

de = h(k,Zk,Zk_f)dk +p(k, Zerk—r) de
+q(k, Zi, Zy_) d V7, k € [0, +00), (3)
Zi = p(k), ke [-7,0]
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is called an uncertain differential equation with V-jump. A solution is an uncertain process
Z that satisfies (3) identically in time k. If 7 is finite, the equation with V-jump is called

the one with finite delay; otherwise, the one with infinite delay.

To solve an uncertain delay differential equations with V-jump, we first give an example.

Consider the following uncertain delay differential equation with V-jump:

dZy =mZi_. dk + udCy +vdVy, kel0,T],
Zr=1, k e [-1,0],

(4)

where t > 0, m, i, and v are constants.
For k € [0, T], there exists n € N such that k € [nt,(n + 1)t]. If n =0, k € [0, ], then
k-1 €[-1,0],and Z;_, = 1. Thus, we have

dZy =mdk + udCy +vdVy,
Zy=1,

k k k (5)
Zk:ZO+/ mdr+/ /der+/ vdV,
0 0 0
=1+mk+uCe+vVy, kel0,1].

Ifn=1,ke|r,2t],thenk -1 €[0, 7], and
Zir=1+mk—1)+uCr_y +vVi_,.
So, we have

dZy=m[l+mk - 1)+ uCr_r +vVi_ldk + wdCr +vdVy,
Z:=1+mt +uC;, +vVy,

k
Z/(=Z,+/ m[1+m(r—r)+MC_T

k k
+vV,_T]dr+/ udC,+/ vdV,

k (6)
=1+mt+uC,+vV; +/ m[1+m(r—t)+MC,_,

+ vV,_T]dr + u(Cr = Cp) + v(Vi = Vy)
(k—1)?
2

=1+ mk + m? +uCr +vVy

k k
+ mu/ C,_.dr+ mv / V,_ . dr.
T T

Continuing this method, we can find the expression for Z(k) on each interval [nt, (1 + 1)7]
with n € N.
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Remark 1 According to the definition of uncertain canonical Cy(y), where y € I' defined
in Definition 2.2 [9], almost all sample paths of Cy are Lipschitz continuous functions. That
is, there exists a set I in I" with M{I},} = 1 such that, for any y € Iy, Ci(y) is Lipschitz
continuous. To do this simply, we set I = I". Thus, for each y, by Lemma 4.1 in [9], there
exists a positive number K(y) such that

|Co(y) - Cy)| <K(y)Ir—kl,  V¥r,k>0,

and for each sample y, it follows from the definition of uncertain V-jump process and
Theorem 3.2 in [27] that

\Vi(y) = Viy)| < Ir—kl, Vr,k>0.

Besides, the uncertain integrals of C; and Vi are equivalent to the Riemann—Stieltjes in-
tegral from the point of each sample path. Hence, we can just focus on the following un-
certain delay integral equation with V-jump:

Zi(y) = Zo(y) + J3 hr, Zo(y), Zr—e () dr

+ X pr, Zo(y), Zre () dCy(y)

+ [ 4 Z ) Zr () dV,, k€ [0,+00),
Zi(y) = p(k), k e [-1,0].

Our goal is to prove that, for each sample path y, the uncertain delay integral equation

with V-jump (7) has a unique solution on [0, +00) under certain reasonable conditions.
First of all, we discuss the existence and uniqueness for uncertain delay differential equa-

tions with V-jump in a local interval [k, ko + ] for some positive «. Equation (7) becomes

Zi(y) = Zig(r) + o B Zo(y), Xoe () dr

+ [ P Zo (), Zoe () dCi(y)

R anZ), Z () aVs, k€ ko, ko +a,
Zi(y) = ¢(k), k € [ko — T, ko],

and the following Theorem 1 will give the result of existence and uniqueness of uncertain
delay integral equation with V-jump (8).

2.2 Existence and uniqueness of the solution
Theorem 1 Fixing y € I', the uncertain delay integral equation with V-jump (8) has a
unique solution in [ko, ko + o] if the coefficients h, p, and q are locally Lipschitz continuous
of z. In other words, for each

D= {(k,z,2)|k € lko, ko +al,z € [Zko(y) -b,Zy,(y) + b],% € R},

there exists a positive constant Lp such that

\h(k,z1,2) = hik, 22,2)| V |p(k, 21,2) = p(k, 22,2)| V | q(k, 21, 2) — q(k, 22,2)| < Lplz1 - 2],
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wherea >0,b >0, (k,z1,2) € D, (k,z2,z) € D, and

b

K(y) is the Lipschitz constant to Cy(y), and o = min{a, b/Q, t}.

Q= mgx{|h(k,z,2)| +K(y)|pk,2,2)| + |q(k,2,2)

Proof By using successive approximations, we will prove this theorem in three steps.

ZOy) = Ziy ()
ZO () = Zig—(y)
Z8 V() = Zig(v) + [ b 2 (), ZV2% () dr

©)
8 pn, 2P (), Z% () dC(y)
a2 20N AV, ke lkoko+al,
Zi(y) = ¢(k), k € [ko — T, ko].

It is easy to find that {Z,(:’) (y)} is continuous in time k for any n > 0.
Step 1. (existence) In this step, we will prove that

(k2 (1), 2" (y)) €D, n=>0,

when k € [ko, ko + «].
Here, we use mathematical induction. When # =0,

k € ko, ko + al,
ZO(y) = Zig(v) € [Zo(¥) = b, Ziy (v) + B, 10)
Z0 () = Ziyo(y) €R.

Thus the conclusion is obviously established. Assume that
kZP(), 2" () €D, n=0
(k2 (), Z{".(v)) €D, n=0,

when k € [ky, ko + @], we have

1Z8 D () = Zio (v)

k k
/ h(r, 2 (), 2. () dr + / (X0, Z0.()) dC(y)

ko ko

k
. /k a(n 20, 2% () dvr‘

0

k
< +K(y) /k p(r,.Z"(y), 2" (y)) dr

0

k
f h(r.Z (), 22 (y)) dr
ki

0

k
. fk a(n 2P (), 2. () dr

0

k
= /k |h(r, Z (), Z™ ()| + K |p(r, 28 (), 27 ()|

Page 6 of 21
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+|a(rn 20 ), 2%, ()| dr
< Q- lk—kol
<Q-a<b,

and
Z"V(y) eR.

This indicates that (k, Z,((")(y),Z,in_)t(y)) eDforn=0,1,2,...,when k € [ko, ko + ].

Step 2. In this step, we will prove that the sequence {Z,((")(y) 79 given by (9) converges
uniformly to the solution of equation (8) on [ko, ko + ] as n — oo.

First, we will prove

2LD + 1((]/)LD)n
(m+1)!

n+ n ( n+
1200 () = 2 ()] < & k= kol

Similar to Step 1, in this step, we also use mathematical induction. When # = 0,

1ZP () -Zz00)|

k k
/h(r,Zﬁo)(V),Z“i)f(V))dHf p(r,.Z0), 20 (y)) dC.(y)
ki

0 ko

k
+ /k (290,29, () v,
0

k
- ‘ / h(r, Z0y), 22, (v)) dr
ko

k
+1<<y)] /k 2(n 290, 29.()) dr

+

k
/ qa(r,.Z0(), 20 (y)) dr
ko

k
< /k 1(r, ZO(), 2O ()| + K |p(r, 20 (), 22 ()|

4 200,20, dr

<Q-lk-kol.
Assume that

200 -2 )

_ Q@Lp +K(y)Lp)*
- n!

|k —kol",
when k € [ko, ko + ], we have

|20 - 2P )]

k k
/ (20 (), 22, (y)) dr + / p(r, Z7(), 2. () dC,(y)

ko ko

Page 7 of 21
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k k
+ / a(r 2P (), 2. () 4V, - / h(r, 20V (), 20D () dr
ko ko
k k
- /k p(r, 20 V(y), Z8 D(y)) dC,(y) - /k q(r, 2V (y), 2" D(y)) dv,

k
h(r, 2 (v), 22 (y)) dr - / h(r, 20D (), 250 () | dr

ko

k
5/

ko

k
+\/

ko

k
+/

ko

k k
< /k Lo|Z" () - 200 dr + K () /k Lo|Z" () - 20 0() | dr
0 0

k

p(r, Z0 (), 2™ (y)) dC,(y) - fk p(r, 2" V), Z0 Dy ))'dC( )

k
a(rnZ" (), Z" (v)) dv, - /k q(rZ" V), Z8", 1()/))‘

k
o [ Lol ) -2V dr
ko

k
< Lp(2+K()) /k 120 () - Z0D ()| dr

K QQLp + K(y)Lp)"*

<Lp(2+K(y)) , k — ko|" dr
ko n.
2Lp + K(y)Lp)"
Q( D+ ‘()’) D) | kol dr
n.
Lp + K Lp)"*
_ QLp + K(y)Lp) k= ko[,
(n+ 1)

The above inequality gives an upper bound of
120 -2 ()|

on [ko, ko + ] for n=0,1,2,.... Obviously, for any € > 0, there exists an integer N (N > 0)
such that

128y - 2P|

n>N

2Lp + K(y)Lp)"
—Z Q(2Lp + K(y)Lp) 1k — ko[

= (n+1)!

Q 3 (2Lp + K(y)Lp)""!

— k -k n+1
2Lp + K(y)Lp = (n+1)! k= kol

Q 3 (2Lp + K(y)Lp)™! ol

<
~ 2Lp+K(y)Lp — (n+ 1)

< Q Z (aLp(2 + K(y)))™!
2Lp + K(y)Lp =, (n+1)!

<E,
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where the last inequality from

an+1

lim
n—+oo (1 + 1)!

Because

n

Zi) =200 + ) (L) - Z7 (),

i=1

the above inequality indicates that Zj(y) converges uniformly on [ko, ko + ] as # — +o0.
Thus, we have

k
20 () = Ziy () + / h(r, 2 (), 2. () dr
ko

k
+ /k (2 (), 2. (1)) dC, ()
0

k
. f a(r 20, 2. () dVi ().
ki

0

Denote Zi(y) = lim,,_, .o Z}(y). Taking the limit on both sides of the above equation, it

holds that
k
Ze) = Zig () + [k W(r, Z,(v), Zys () dr
k k
+ f (1,20, Zrs (1)) AC () + / (2 Zs () AV ).
ko ko

That is, the sequence {Z}(y)} given by (9) converges uniformly to the solution of equation
(8) on [ko, ko + ] as 1 — +00.

Because each {Z}(y)} is continuous, Z;(y) is also continuous on [k, ko + «]. The proof
of existence is completed.

Step 3. (uniqueness) Step 3 will prove that Z;(y) obtained in Step 2 is the unique solution
of equation (8) on [k, ko + c].

Assume that Zi(y) is another solution of equation (8), i.e.,

Zi(y) = Zigy) + [ W Zo(y), Zy—e () dr

S, 2y, Zee () dCHy)

[ a2, 2 DAV, ke Thoko + ),
Zi(y) = p(k), ke ko - T, ko),

(11)

where 0< 8 <.

Following the local Lipschitz condition, we have

| Zi(y) = Zi(y)|
k k
/ 1(r Z,(7), 2y () dr + f 2120 Zo () dC ()

ko ko

Page 9 of 21
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k k B B
+ / (12, Zyr () AV, — / W(r 2,0, Zye () dr

ko ko

k

k
- /k (20, 2y (1)) dCy () — /k d(n 2,0, Zre () Y,

k

k
[ 1z 2o [ 12 2

ko ko

k
/ (1,200 Zor (1)) A ) = f
ki

0 ko

=

k
+

p(nZ,(v), Zr—+(v)) dCr(y)‘

k k
fk 9 Z(y), Zo 2 (v)) AV, - / a2, 2 () AV,

0 ko

+

k k
< /k Lo|Z,() - Z)| dr + K(y) fk Lo|Z,() - Z,()| dr
0 0
k 5
. / Lo|Z(y) ~ Z,(y)| dr
ko
k ~
= Lp(2+ K()) /k 12,0 - Z,(0)| dr.
0
By Gronwall’s inequality of [39], we have

|Zk(y) —Zk(y)| <0- exp(k(LD(2 + K(y)))) =0.

That is to say, Zx(y) = Zi(y) for any [ko, ko + «¢]. The proof of uniqueness is completed.
Until now, we have completed the proof of Theorem 1. g

According to Theorem 1, the uncertain delay integral equation with V-jump (8) has a
unique solution on the local interval [k, ko + «]. Next, Theorem 2 will prove that the solu-
tion of uncertain delay integral equation with V-jump (8) can be extended to the infinite
domain [0, +00).

Theorem 2 Fixing y € I', the uncertain delay integral equation with V-jump (8) has a
unique solution on [0, +00) if the coefficients h, p, and q satisfy one-sided local Lipschitz
condition of Theorem 1 and the local linear growth condition. In other words, for each T > 0,
there exists a constant Mt such that

|h(k,z,%)| Y |p(k,z,%)| Vv |q(k,z,2)|

§MT(1 +|z| + |2|), Vz,ze R,k €0, T].

Proof Define p = {k | uncertain delay integral equation with V-jump (7) has a unique con-
tinuous solution on [0, k)}, and p = sup o. According to Theorem 1, the set p is nonempty.

We will prove that p = +00. Assume that p < +00. By the definition, Z(y) is the unique
solution of equation (7) on [0, p). Then we have

|Zc()| + | Zi—e ()]

k k
Zoly) + f 1(r 2, ), Zor () i + f P 2o 2 () )
0 0
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k k-t
+ fo A1 2 Zoe () AV, |+ |20 () + / W(r Z,(), Zor () dr

k-t

k—
+ / P20 2 () () + / (20 2, () dV,

=T

k k
<|Zo)|+ /0 h(r, Z,(y), Zr—c(y)) dr +1<(V)‘/0 p(rZ,(y), Zy—o(y)) dr

k-1
+ +|Zo(p)] + f h(r, Ze(y), Zo—z(v)) dr

T

k
\/0 Q(r:Zr()/):err (V)) dr

+

k-t
/ q(r’Zr(V)rZr—r (V)) dr

T

k-t
+K(V)V p(r.Z,(y), Z,_(y)) dr

0
=|Zo()| +|Z-c ()| + / W(r, Zo(y), Zee(¥)) + K)p(r, Z,(¥), Zr—: (¥))

k-t
q(nZ), 2 ) dr fo 1 Ze), Zoe ()

+

+K)p(r Ze(v), Zr—e (V) + q(r, Z,(y ) Zor () dr

k
- /o W(r, Zo(y), Ze—e () + K@)p(r, Zo(¥), Zr—e (¥)) + 4 (1, Zo(¥ ), Zr—c () dr

k-t
< 1200)] + | Ze ()| + & + M, (2 + K()) /0 1412, + | Ze )| dr
k
+M,(2 +K(y))/0 L4 Z,00)| + |20 ()| dr
<|ZoW)| + |Zc ()| + A +20M, (2 + K(y))
k
+2M,(2 +K(y))/0 |Z,()| + |Z,—< (y)| dr

for any k € [0, p), where

A= th(r,Zr(V),Zr_r(y)) +Kp(r, Ze(v), Zo—e () + q(r, Z,(y), Zo—o (y)) dr .
Set

A=|ZoW)|+|Zc()| + A +20M, (2 + K(v)).
By Gronwall’s inequality [39], we have

Zi ()| + | Zice(v)| < A - exp(2M, (2 + K(y)))p = No < +00, Yk € [0, p).

That is to say, |Zx(y)| + |Zk--(y)]| is bounded on [0, p).
Thus, we have

|Zk () = Ziy ()|

k1

k1
Zo(y) + fo W(r 2, Zo ) dr + /0 (120, Zye () dC,(y)

Page 11 of 21
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k1 ka
+ / A1 2, Zoe () AV, = Zoly) - / h(r 2,7 2y ) dr
0 0

ko

ko
- ‘/(; p(r’ Zr(y)) Zr—r ()’)) dCr(y) - ‘/(.) 61(”, Zr(y)’ Zr—t(y)) dVr

< +

ko
[ 2210 ar

ky

ko
/k p(r,z,(y),z_f(y))dcxy)’

+

ka
/ a(r. Z,(y), Z,—-(y)) dV,

k1

ko k

< / (1, 2,1, Zre ()| dr + K ) / (2,0, Zrs ()| dr
kq k1
ko

+/ (2,0, Zoe () | dr

<M/ 14 |Z,0)] + | Ze ()| dr

+ M,K(y) / 1+ |Z,0)| + | Ze ()| dr

k1

k
+Mp/k 1+|Z()| +|Zr—c(y)) | dr
1

ko
_ M, (2+K(y)) /k 142, + | Zoe )| dr

1
ko

<M,(2+K(y)) A (1 + Np)dr

EMp(z +I<()/))(1 +N0)|k1 —k2|,Vk1,k2 (S [0,,0)

It holds that limy_, ,- Zx(y) exists. Set Z,(y) = limy_, ,- Zi(y). Thus Zi(y) is continuous
on the interval [0, p], and

Zily) = Zo(y) + X h(r, Z,(y), Zy—o () dr
+ [N, Zo (), Ze o (y)) dC/(y)

(12)

+ X g Zy), Zo o (y)) AV, k € [0, p],

Zi(y) = ¢(k), ke [-7,0].

Consider the following uncertain delay integral equation with V-jump:

Zi(y) = Zp(y) + [, Zo(y ), Zoee(y)) dr
+ [X P, Ze(), Z,o () dC ()
+f q(r, Zi(v), Zr—(y)) dV:, k € (p,+00),

Zi(y) = Zo(y) + Jo h(r, Z,(y), Zoo(y)) dr (13)
+ 3 P2y, Zee () AC(y)
A Z) Zee (YDA, kel0,p],

Zi(y) = o(k), k € [-7,0].

Page 12 of 21
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Theorem 1 means that there exists a positive number « such that uncertain delay with
V-jump integral equation (13) has a unique continuous solution Zi(y) on the interval

o, p+al.
Thus, setting the function

. Zi(y), ifkel0,p],
Zuy) = ~k()/) ifk € [0, p] (14)
Zk(y): lfk € (,0,/3 + Ol],

Zk(y) is the unique continuous solution of equation (8) on the interval [0, p + a]. We get
a contradiction from p = supg < +00. So, p = +00, and the solution of uncertain delay
integral equation with V-jump (7) can be extended uniquely to [0, +0c0). So we complete
the proof of Theorem 2. d

Remark 2 When the functions 4, p, and ¢q in the uncertain delay differential equation with
V-jump (3) are independent with the present state Z, then (3) is written as

de = h(k,Zk,r) dk +p(k, Zk,r)de
+q(k, Zi_) dVy, k € [0, +00), (15)
Zi(y) = ¢(k), k € [-1,0].

For the uncertain delay differential equation with V-jump (15), it is not difficult to find
that

k k k
Zi=2Zy+ / h(r,Z,_.)dr + / pr,Z,_.)dC, + / q(r,Z,_;)dv,
0 0 0

forany0 <k <.

Then, for T < k <271, we have

k k k
Zi=2, +/ h(r,Z,_,)dr+f p(r,Z,_T)dC,+/ q(r,Z,_)dVv,.

Repeat this procedure over the intervals [27,37], [37,47], etc. Finally, we can obtain the

explicit solution of uncertain delay differential equation with V-jump (15).

2.3 Stability of the solution

Definition 5 The uncertain delay differential equation with V-jump (8) is said to be stable
in measure if, for any two solutions Z; and Zk with different initial states,respectively, we
have

lim  M{|Zy)-Zi(y)| > €} =0, Vk>0 (16)
SUPye(—z,0] |Zr—Zr|—>0

for any given number € > 0, where M is uncertain measure.

To illustrate the concept of stability, we first give an example. Consider the following
uncertain delay differential equation with V-jump:

dZy=aZi_.dk +bdCy +cdVy, ke]l0,+00). 17)
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Obviously, the coefficients k(k, z,2) = az, p(k,z,z) = b, and q(k, z,Z) = ¢ are one-sided local
Lipschitz continuous.

\h(k,z,2)| v |p(k,z,2)| V |q(k,2,2)| = |az| v |b] V |c|

=max(|al,|bl,|c])(1 + |z| + |2]), Vz,zeR,ke[0,T].

By using Theorem 2, it has a unique continuous solution. We can get that Z; and Zi are
two solutions of (17) with different initial states ¢ (k) and v (k)(k € [-7,0]), respectively.

p(k), k € [-7,0],
0(0) +a [ p(r— 1) dr + bCy + Vi, ke (0,1,

Zy = ; (18)
Ze+a[ Zyodr+b(Ci—C)+c(Vi— V), ke(r,21],

and
v (k), k € [-1,0],
5 1//(0)+af0k¢(r—t)dr+bCk+ch, ke(0,1], 19)
k = A A
Zeva['Z, . dr+b(Ci—C)+c(Vi- V), kel(r,21],
respectively.
Then
lp(k) = ¥ (k) k € [-7,0],
o 1@ =) +afy lwr-1)~yr-0)ldr, ke,
|Zk = Zk| = R . o R (20)
|Z: = Zel +af |Z—e — Zy—c|dr, ke (t,21],
Therefore,
lim M| Zi(y) - Zi(y)| > €} =0, ¥k>0 (21)

SUP,e[—7,0] |Zr—2r\—>0

for any given number € > 0, and the uncertain delay differential equation with V-jump
(17) is stable in measure by Definition 5.

Theorem 3 Assume that the uncertain delay differential equation with V-jump (3) has a
unique solution for each given initial state. Then it is stable in measure if the coefficients
h(k,z,2), plk, z,2), and q(k, z,Z) satisfy

|h(k,21,2) = h(k, z2,2)

Vv |l9(k,21;2) —P(k:22,2)| \% |q(k:2112) _q(k122¢2)|

<Nilz1 —zl, Vz1,20,2€ R,k >0, (22)
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where Ny is a bounded function satisfying

/ Ny dk < +00.
0

Proof We suppose that Z; and 7 are two solutions of (3) with different initial states (k)
and ¥ (k)(k € [-7,0]), respectively. That is,

de = h(erk:Zk—r)dk +p(k, Zk,Zk,-,;) de
+ Q(k, Zkﬁzk—r)dvkr ke [0? +OO), (23)
Zk(y) = <P(k): ke [_7:70]’

and

AZy = h(k, Zi, Zi_.) dk + p(k, Zi, Zi_) dCy
+q(k, Zie, Zy_e) dVis k € [0, +00), (24)
Zi(y) = p(k), ke [-1,0].

Then, for a Lipschitz continuous sample Ci(y) and Vi(y), it holds that

Zily) = Zo+ [ (r, Zo(y), Zo o (y)) dr
+ X p(r, Zo(y), Zre () dCy(y)

k (25)
+ f() q(ri Z}’(‘}/)i Z}’—‘L’ (7/)) dVr(V)’ /< E [0’ +oo)’
Zi(y) = o(k), k € [-1,0],
and
Ziy) = Zo + [ Z,(), 2o (y)) dr
+ X prn Z(y), Zro () dCy(y) 6

+ X g Zy), 2 () dVily), ke [0,+00),
Zily) = p(k), ke [-7,0].

By condition (22), Lemma 4.1 in [9], and Theorem 3.2 in [27], we have

|Zi(y) = Zi(y)|

=<

k
ZO - 20 + /0‘ h(}”, Zr(V),Zr-r()/)) - h(V: Zr(y)’zr—r (V)) dr

k

+/0 p(nZv), Zeee ) = (1. Z,(y), Z,—(v)) AC,(y)
k A A

+/0 4(rZe(¥), Zr—c () = q(r, Zo(y ) Zo—2(v)) dVr(y)‘

k
<1Zo- 2ol + /0 W(r 2,0 Zoe () = (1, 200 Zye () d
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k
+ /0 p(r,Zr(y),Zr_r(V))—p(r,Z(y),Z_f(y))dCr(V)’

k
+ /o a(rZ:(v), Zr—e 1)) = a(rs Z,(y ), Zy—2 () dVr(y)’

A k A
<120 - Zo| +/0 N Z,(y) = Z,(y)|dr
k R k .
+K(y) / N |Z(y) - 2,0)| dr + / N,|Z () = 2,(y)| dr
0 0

k
— 1Zo- 2ol + /0 (2+ KON |Z,() - 2, dr,

where K(y) is the Lipschitz constant of Cy(y).
According to Gronwall’s inequality, we have

k
|Zi(v) = Zi(y)| <120 —Zo|€XP((2 +K(V)f Nrdr)
0
<170 - 2| exp((z +K()) / N dr)
0

< sup |Z,—2r|cxp<(2+l((y))/ N,dr), vk > 0.
0

re[-1,0]

Thus we have

+00
’Zk(y)—Zk(y)| < sup |Z,—Z,|exp<(2+1<(y))/ N,dr), Vk > 0.
0

re[-t,0]

Thus, by Theorem 2 in [10], we have
lim M{y e I'K(y) <x}=1.
x—>+00
Then there exists a positive number H such that
Mly elK(y)<H}>1-¢
for any given € > 0. Because

+00
/ N, ds < +00,
0

take

§= exp(—(2 +K(y)) /OwoNrdr)e.

Then |Zx(y) - Zk(y)| < € provided that

sup |Z, —Z,l <$

re[-t,0]

and K(y) <H.
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Hence,we have |Z; — Zi| — 0 as long as SUP,c(_r01 1 Zr — Z,| = 0, which implies that
M{|Zk(y) —Zk(y)| < e} =1-¢, Vk>O0.
In other words,

lim M{‘Zk(y)—zk(y)’ >e} =0, Vk>O0.
sup |Zy—Zy|—0
re[-t,0]

So the uncertain delay differential equation with V-jump (3) is stable in measure according
to Definition 5. This completes the proof. O

Corollary 1 Supposing that ui, vix, and ni (i = 1,2, 3) are real-valued functions, the linear
uncertain delay differential equations with V-jump

dZy = (uikZy + VixZi—z + N1x) Ak + (U Z + voxZi—r + nak) dCx

+ (uskZi + VarZi—r + M31) AV (27)

is stable in measure if uy, vik, and ny (i = 1,2,3) are bounded and satisfy

+00
/ Uk dk < +00
0
and
+00
/ Usy dk < +00,
0
and

+00
f Uz dk < +00.
0

Proof Take h(k,z,z) = u1iz + vixz + N1k, p(k, 2,2) = oz + VaiZ + ok, and q(k, z,z) = usiz +
V3kZ + n3k. Let Q denote a common upper bound of |uy|, |vi|, and |ni| (i = 1,2,3). The
inequalities

|k, z,2)| v |plk, 2,2)| V |q(k, 2,2)| < Q(1 + Iz| + |21)
and

|\h(k,z1,2) = h(k,22,2)| V |p(k,21,2) — p(k, 22,2)| V |q(k, 21,2) — q(k, 22, 2)|

< (urk V o V usi)|z1 — 22| < Qlz1 — 2|

hold.
According to Theorem 2, we have that the linear uncertain delay differential equation
with V-jump (27) with initial states has a unique solution. Since

|h(k,21,%) - h(k>2212)| \% ip(krzl,é) _p(k,ZZ;Q)

v |atk,z1,2) - q(k, 22, 2)|

< (U V un vV usi)lzi — 22,
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we take N = uyx V ugg, which is integrable on [0, +00), since we have

+00
/ Uk dk < +00
0
and
+0Q0
f Uy dk < +00,
0
and

+00
/ Uz dk < +00.
0

By using Theorem 3, the linear uncertain delay differential equation with V-jump (27) is
stable in measure. O

2.4 Some examples
Example 1 Consider an uncertain delay differential equation with V-jump

de = adk + bZk,, de + Cde.

Obviously, the coefficients k(k, z,2) = a, p(k, z,z) = bz, and q(k, z,Z) = c are one-sided local
Lipschitz continuous.
In addition,

|h(k,z,2)| v |p(k,z,2)| v |q(k,2,2)|
= lal v 62| V |c|

=max(|al,|bl,|c])(1 +|z| + |2]), VzzZeR,ke[0,T].

By using Theorem 2, it has a unique continuous solution.
In fact, the analytical solution of dZy = adk + bZ;_, dCy + cdV) with the initial states
(k) (k € [-7,0]) is

¢)(k)’ k€ [—T,O],

5 | +ak+b [Xd(r—1)dC, + Vi, ke (0,1, 08)
k =
Z, +a(k—t)+bkaZ,_T dC, + (Vi - V), ke(r,21],

Example 2 Consider an uncertain delay differential equation with V-jump
de = adk + dek + CZk,, de.

Obviously, the coefficients k(k, z,2) = a, p(k,z,z) = b, and q(k, z,2) = ¢z are one-sided local
Lipschitz continuous.

|h(k,z,%)| Y |p(k,z,2)| Y |q(k,z,2)

=lal v bV |ez|

= max(lal, bl |c]) (1 + |z + |2]), VzzeR,ke[0,T].
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By using Theorem 2, it has a unique continuous solution.
In fact, the analytical solution of dZ; = adk + bZ;_, dCy + cdV) with the initial states
¢(k)(k € [-7,0]) is

d)(k)r k € [—T,O],
$(0) + ak + bCx + ¢ [ p(r - T)dV;, ke(0,1],

Zi = " (29)
Ze+alk—1)++b(Ck = Co) + ¢ [} Z, - dV,, ke (z,21],

Example 3 Consider an uncertain delay differential equation with V-jump
dZy =aZi_. dk + bZi_. dCy + cZy_, d V5.

Obviously, the coefficients h(k,z,2) = az, p(k,z,z) = bz, and q(k,z,2) = cZ are one-sided
local Lipschitz continuous.

\h(k,z,2)| v |p(k,z,2)| V |q(k, 2,2)| = |az] v |b2] V |c2|

=max(|al, ||, |c])(1 + |z| + |2]),Vz,Z € R, k € [0, T].

By using Theorem 2, it has a unique continuous solution.
In fact, the analytical solution of dZy = aZy_, dk + bZx_. dCy + cZy_, dV with the initial
states ¢(k)(k € [-7,0]) is

¢(k)r k S [_T’O]x
¢(0) + zzfok¢(r —1T)dr+ bfokqb(r -1)dC,
Z = + cf0k¢>(r -1)dV,, k€ (0,1], (30)

Z. + affk Zy_p dr
+b [ 7, . dC e[ 7, dV,, ke(r,21],

Example 4 Consider an uncertain delay differential equation with V-jump
azy = (exp(—k)Zk,, + M) dk +0dCy +vdCy, kel0,+00). (31)

It follows from conditions that real-valued functions exp(—k), ||, |o |, and |v| are bounded

on the interval [0, +00). Since
+00
/ exp(—k)dk =1 < +o0,
0

according to Corollary 1, the linear uncertain delay differential equation with V-jump (31)

is stable in measure.
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3 Conclusions

In this paper, we propose uncertain delay differential equations with V-jump and establish
the existence, uniqueness, and stability theorem of solution for the uncertain differential
equations with V-jump. One source of weakness in our study of uncertain delay differen-
tial equations with V-jump is the lack of numerical methods and applications; these will
be the focus of our future research.
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