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1 Introduction

Differential Equations of Fractional Order (DEFO) gain huge attention among scientists
due to the applications which are not possible with integer order ordinary or partial dif-
ferential equations. In recent days, researchers in various fields pay more attention on the
existence of solutions of the aforesaid equations. In this regard, many literature surveys,
some notable developments (refer[13, 14]), and significant studies are available in the the-
ory of coupled systems with coupled boundary conditions in FDEs. For further references,
one can refer to [1, 3, 6-9, 12, 15, 16, 19]. This is because the aforesaid equations include
the perturbations of original differential equations in nonidentical ways.

The nonlinear hybrid Hadamard differential equations with initial conditions were dis-
cussed by Ahmad and Ntouyas in [4]. In 2015, Wang [22] proved the existence results for
the impulsive systems with Hadamard derivative. For more details, the interested readers
can refer to Wang et al. [21], where the authors used some classical methods to analyze
the Ulam—Hyers stability and proved existence results for Hadamard fractional differential
equations. Further, Samko et al. [20] proved the existence and uniqueness of the solution
of Cauchy problems for FDE involving Hadamard derivatives in a nonsequential setting.
In [17], the author studied the Hadamard-type fractional calculus.

We believe that only few literature studies are available which investigate coupled sys-
tems of FDEs of Hadamard type; see [23, 24] and the references therein. This paper will
definitely fill up the gap between the theories and applications of Hadamard FDEs.
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In[4], Ahmad et al. studied

WD () = @i v(®), 1<t<T,0<a <1, "

(@) = ¢,

In 2015, the authors of [5] investigated the nonlocal boundary value problems for hybrid
FDEs and inclusions of Hadamard type as given below:

D (fl(];:(‘fzt))) :gl(tr V(t)); 1 =< t <e 1< (231 < 2; (2)

v(1) =0, v(e) = m(v),

Ahmad et al. [2] in 2017 focused on the issues related to initial and boundary value prob-
lems for fractional differential equations of Hadamard type and studied mixed initial value
problems involving Hadamard derivatives.

The above mentioned works motivated us to study the following coupled Hadamard
FDEs with the boundary conditions:

D% (m) =h(t,0(@),v(), 1<t<el<o; <2,

Dal(%):hZ(aﬁ(t))v(t))) 1 Stf@,l <61 52»
19(1) =0, ?9(6) = VI’[(?}),
v(1)=0,  v(e)=n(v),

where D1, D% are the Hadamard fractional derivatives of order o; and §;, respectively;
fie€([le] x R x R,R\{0}) and /1; € €([1,e] Xx R x R, R),i=1,2,m,n:E([Le],R) > R
are continuous functions.

The rest of the paper is organized as follows. In Sect. 2, some basic definitions and lem-
mas related to Hadamard fractional derivatives are presented. In Sect. 3, we establish suffi-
cient conditions for the existence of the coupled solutions to (3), and in Sect. 4, we present

a numerical example to illustrate our main result.

2 Auxiliary results
In this section we list some basic definitions and lemmas of fractional calculus.

We define the nonhomogeneous boundary value problems of coupled hybrid fractional
differential equations of Hadamard type of the function space X = &([1, e], R) of continu-
ous real valued functions f; : [1,e] — fR. Clearly, X = €([1, e],R) is a Banach space under

the supremum norm
1911 = sup{[# ()] : ¢ € [1,e]} (4)
which is again a Banach algebra with respect to the multiplication “-” defined by
(@ - v)(&) =D (8) - v (D). 5)
The product space £ = X x X is a Banach space under the norm

l@, )| =121+ (vl (6)
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Then the normed linear space (&, ||(+,-)||) is a Banach space which further becomes a Ba-
nach algebra with respect to the multiplication “-” defined by

(@) - @) (©) = (@, v)(e) - (@ V)(2) = (9 Ou(t), v(E)9(?)) 7)

for all £ € [1, e], where (¢, v), (4, V) € X x X = £. The following result concerning this fact
of algebraic structure of the product space £ = X x X is proved by Dhage in [11]. But first

we need

Definition 2.1 ([18]) The Hadamard fractional derivative of order 8; for a continuous

function /4, : [1, 00] — R is defined as

1 d\" [tf. " hi(s)
B1 — - Z oy —
DP iy (¢) F(n—ﬂl)(tdt> /1 (lns> . ds, n-1<pi<n,

where n = [$1] + 1,[B1] denotes the integer part of the real number ; and In(:) = log,(-).

Definition 2.2 ([18]) The Hadamard fractional integral of order g; for a function /;:
[1,00) — R is defined as

1 4 t ﬂl*lhl(s)
F(ﬁo/l(l“;) —Zds, pi>0t>1,

provided the integral exists.

iy (t) =

Definition 2.3 (Dhage [11]) Let £ be a Banach space. An operator T : £ — £ is called
Lipschitz if there exists a constant Ly > 0 such that

|7@®)-TW)| <Lrll? -]
for all elements ¢, v € X.

Lemma 2.4 (Dhage [11]) The product space £ is a Banach algebra with respect to the norm
(-, )| and the multiplication “” defined by (6) and (7), respectively.

Proof Let (¢, v) and (&, v) be any two elements of £ then, by definition of the norm ||(:,-)]|

“w»

and the multiplication “-” in £, we obtain
|@,v) - @) = |@a,v9)| = I9al + vl < 19 [l + 7] 8)
and

@)@ o) = [0+ @] [+ 1v1]- )

Now from (8) and (9), it follows that

[(@ @) < |]]6@].
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This shows that (&, ||(,-)||) is a Banach algebra and the proof of lemma is complete. O

We employ the following fixed point theorem as a basic tool for proving our main exis-

tence result for a coupled system of the proposed problem (3).

Theorem 2.5 (Dhage [10]) Let S be a nonempty subset of a Banach algebra, which is
bounded, convex and closed. Assume also that the operators A and B are such that
A: X — X and B:S — X, and satisfy the following conditions:

(a1) A is Lipschitzian with L 4 as a Lipschitz constant,

(ap) B is completely continuous,

(a3) 9=A9By = YveS = ¥ €S, and

(ag) Mp <1, where Mp = | B(S)|| = sup{||B?| : ¥ € S}.

Then the operator equation ¥ = A9 BY has a solution in S.

3 Existence result
To prove the main existence result for a mild coupled solution of problem (3), we need to

prove the following lemma.

Lemma 3.1 Given ¥1, V¥, € €([1,e] x R x R — 9R), the integral solution of the boundary

value problem

Dw(wz(gv 5)=v2(), 1=<t=<el<w =<2, (10)

?(1) =0, ?e) = m(Y)

is given by

w1-1
9(0) = Y1 (6,9 (0), v(0)) x [ ) /( 5) wz(s>

N

-1 m(9) e\ 1Ilfz(S)
+(no) (wl(e,mw) wl)/ ( E) )] an

Proof The solution of equation (10) can be written as

t w1-1
ﬁ(t)=¢1(t’ﬁ(t)’v(t))[1"(i)1)/1 (1“9 wzs(s) ds + cy(Ing) ™!

+cy(ln t)”12:| (12)

where the arbitrary constants c;,¢; € R and the boundary conditions given in (10) give

¢y =0and

e m(®) < )w”wzu )
&= (In?) (wue,m(ﬂ),u(e)) r(wl)/ '




Buvaneswari et al. Advances in Difference Equations (2020) 2020:419 Page 5 of 12

Substituting these values of ¢; and ¢, into (12), we get

w1-1
D (t) = 1 (8, D (1), v(2)) x [r( 1)/( g) w(s)

w1-1 m(1?) < )wl 11//2(5) )]
+(Inf) (wmmmUw rwn/ '

Now, the proof is finished. O

Definition 3.2 A solution ¢ € €([1,e],R,9R) of the hybrid Hadamard fractional differ-
ential equation in (11) is called a mild solution of the FDE (10) defined on [1,e]. Simi-
larly, a mild coupled solution (2, v) € €([1,e],R) x €([1,e],R) of a system of the coupled
Hadamard differential equation (3) is defined on [1, e].

Theorem 3.3 Counsider the following hypotheses (H1) to (H4):

(H1) For the continuous functions f; : [1,e] x R x R — R\{0}, i = 1,2 with constants
Ly >0and Ly, >0, we have

it 9, -fE9,0)| <Ly (19 =9+ v -1]),
and
16t 9,v) = £ 9,9)| <Ly (19 -9 + v - 1)),

forallt € [1,e] and 9,9,v,v € R.
(H2) There exist constants My > 0 and M, > 0 such that

—(ﬁ) <M, and —n(v) ‘ <M
file,m@),n(w))| = fole,m(@),n(w))| =7
and
Fo = sup |1(£,0, Go = sup |f5(£,0,0)|.
te[le] telle]

(H3) There exist constants My, > 0 such that
|hi(t’ 19) V)| = Mh,‘

forall (t,9,v)e[l,e] xRxRandi=1,2.
(H4) The constants in hypotheses (H1) through (H3) satisfy the following conditions:

oM,
=L (e =2 Yo (My e 22 ) <1,
fl( 1+F(<71+1)>Jr fz( 2+1*(51+1)><

If these conditions hold, then the coupled system (3) has a coupled solution defined on
[1,e] x [1,€].
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Proof Using Lemma 3.1 for (3), we get

1 L\ T s)
9(t) =ﬁ(t,z9(t),v(t))><[r(al)/l (111;) ) g

o1 m(¥) 1= lhl(s)
+(Ing) (memmU rwo/( ) dﬂ (13)

and

£\ (s)
w0 =6 20:00) x| s [ ()
51 n(v) Ry (S)
+nt) @mmwmw sn/( ) ﬂ' e

Mh2 )
(81+1)

Choose

F()(Ml + ) + G()(M2 +

1-8

a+1

p=>
and define a subset S of the Banach space X x X by
S={®v)eX x X:|@,v)| <p} (15)

Clearly, S is a closed, convex and bounded subset of the Banach space £ = X x X. Define
the operators A = (A1, A3): £ — £ and B = (B1,B;): S — £ by

A1(19¢ V) =fl(trl9(t)¢ V(t)), te [1,6],
A (0,v) =&, 0(8),v(F), te(lel,

Bi(®,v) = [ 75 i (In )71 218 g 16
(1“ ”‘”’19% = T Ji (n )7 MR ),
By (9, v) fl (lnt)51 lhz ds

+ (ln t)ﬁl I(W i S (n &1 20 g,
Now, the system of equations in (13) and (14) becomes
A, v)()B(@,v)(t) = (3, v)(), telle], (17)
which further, in view of the multiplication (7) of two elements in &, yields
(A1 @, V) OB, 0)(1), A2 (9, V) (O Ba(9,)(1)) = (9,0)(0), £ € [Le]. (18)
This further implies that

A1(@,0)(OB1(0,v)(8) =9 (2), te[lel,
Ao (9, v)(0)Ba (9, v)(8) =v(t), tell,e]l

(19)
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Now we prove that the operators A and B satisfy the conditions of Theorem 2.5 in a
series of steps.

Step 1. First we show that A = (A;, A) is Lipschitz on £ with constant (Lg + Lg). Let
(#,v), (#, D) € £ be arbitrary. Then, using (H1), we have

AL, 0)(0) = A1 (9, D)) = |fi (8,9 (2), v(®)) = fi (£, D (2), D(2))
<Ly ([0@® - o@)| +|v(e) - 5(2)])
<Lg(I9 =91l +v-vl)

for all £ € [1, e]. Taking the supremum over ¢, we obtain
[AL@,v) = A (@, 5)| < Ls (19 = F1l + [lv = D))
for all (%, v), (%, D) € £. Similarly, we obtain
[ A2, v) = A3, 5) | < L (19 = Bl + [lv = D)
for all (%, v), (%, ) € £. Therefore, by definition of the operator A, we obtain

|A@,v) - A@, D)
= [ (A1 (®,0), A (9,0)) = (A3, D), A3, D)) |
= | (A1(9,v) = A1 (B, D), A (8, v) — A2 (D, D)) |
< [ A@,v) = A1 (@, )| + | A2, v) — A (&, D) |
<Li(I0 =21 + v =5ll) + Ly, (119 = D1 + [lv = B})
=Ly + L) (19 =21l + v - 7Il),
for all (9, v), (9,7) € , where L4 = (Ly, + Lg,).
Step I1. In this step we prove that B = (By, B,) from S into & is a compact and continuous

operator. For continuity of B, take any sequence of points (¢,,,) in S converging to a

point (,v) € S. Then, by Lebesgue dominated convergence theorem, we have

lim By (9, v,)(¢)

+(ng! Q%
Fe /Ie(h‘g)ﬁ_lw*ﬂ
F(lcn) [(ln E)GH A5, M ds

o1-1 }’}’1('{9)
+(Ing) (fl(e,m(x),n(v))
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( ) iy PO )
F(Ul) - S
L O s, 9,05), v(s)
- r(m)/l <1“E) s @
aaf  m®)
+(In?) (ﬁ(e,mw) ()

e\’ lhl(s,z?(s) v(s))
r(ol)f ( E) s )

= B1(,v)(¢)

for all ¢ € [1, e]. Similarly, we prove
lim By (%, vn)(£) = Ba (P, v)(2)

for all ¢ € [1,e]. Hence B(94, vi) = (B1(D, vi); Bo(94, Vi) converges to B(¥,v) pointwise
n [1,e]. This shows that B is continuous.
Next, we prove B3 is a compact operator on S. Let (¢,v) € S be any point. Then, using
(H4), we have

——— " ds

o1—1
|Bl 19 l))| ‘ ( ) hl(s: (S) l)( ))

F(O’l) N

+ (Int)°1~ 1(/ m(ﬁ)
3), n(v))
7y (s, 9(s), v(s)) V)
i (n ) o)
o1-1 Mh e e 0'1—11
F(aﬂ/( ) —ds+M1+F(Gl)/1 (ln;) ;ds

forall £ € [1,e].
Taking the supremum for the above inequality, we get

2
1B1@,v)| £ =——= My, + M,
F(O’l

+1)

for all (¢,v) € £. Hence B; is a uniformly bounded operator on S. In a similar way, we
can prove B, is also uniformly bounded operator on §. Hence B is a uniformly bounded
operator on S.

Next to prove that {B(¢,,v,)} is an equicontinuous sequence of functions in £, assume
71, T2 € [1, €], provided 1 < 7, then

|B1(9,v)(11) = B1(9,v)(12)|

71 01—11 T 01—11
/ (ln E) —ds—/ (1 2) —ds
1 N N 1 N N

< Mu
I"(01)
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Mhl + |(ln ‘52)0'171 — (111 t1)01*1| e e o1-1 1
* In - —ds
F(Gl) 1 s s

M 1 o1-1 o1-1 1
< h / In 2 (2 —ds
(o) |1 s s s
My, | (™ !
s f n 2 —ds
I'(o1)|Jy s s

My, . . / e\ 1
+ Int) ™ — (Int)™* In- —d.
F(a1)|( %) (In )" 1 s s P

— 0 ast — 19,
uniformly for all (¢, v) € £. Similarly we have
By, v)(11) = Ba(#,0)(r2)| > 0 as 7y — 1

uniformly for all (¢, v) € S. This shows that B(S) C £ is uniformly bounded, equicontin-
uous and compact, in view of Arzela—Ascoli theorem. Consequently, B is a compact and

continuous operator on £.
Step III. Now we prove that the third condition (a3) of Theorem 2.5 holds. Let (¢, v) and
(%,%) € £ =X x X be such that

(19: V) = (Al(ﬁ) V)Bl(’_c:_)_/)’ AZ(ﬁr V)BZ(;C’J_/))
Then, we have

19(6)| = | AL@, ) (0B 7))
<A@, )(0)B1Z 7))
<[IA9,v) - £i(£,0,0)| + |fi(£,0,0)[]

L O\ (s 76 5)

X(rwn>ﬁ‘(m2> s~
o1-1 m(J_C)

+(In) hmm®m®)

1 [ef, e\ (s, X(s), 5(s))
B F(al)/l (ln§> s ds]

<[La (191 + Iv]) + Fo]
M, Lo\
x My + = / In- ~ds
I'(o1) i s s
M, e |
2 I’ —ds
I'(o1) J; s s

2My,
SMMmem+&KFE%5+MQ.
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Thus, by taking the supremum of the left-hand side, we get

2M
o1 < [Lg (19011 + ||v||)+F0](Wh+ll) +M1)- (20)

Similarly, proceeding as before, we obtain
2My,
<|(Lg(|lV Gol| =—2~ +M; ). 21
vl < [Za (191 + Ivll) + 0](1“(81+1)+ 2) (21)
Adding inequalities (20) and (21), we obtain
2My,
[9@]+ [o0] <[5 191+ 1) + o) (s )

+[Lf2(||z9||+||v||)+Go](% Mz)

2Mh1

< FO(F(01+1) +M1) + GO( 51+1 +M2)
- ([Lfl(F((T1+l +M1)] + [sz( 51+1 +M2)])
Fo( oy +1 + M) + Go( o +1) +My)
1-8
<p.

As ||(®,v)]l = |7 + ||v]l, we have that || (¢, v)|| < p and so condition (a3) of Theorem 2.5
holds.
Step IV. We now prove that Mp < 1. Consider

My =[B©)|
= sup{ HB(l?,v)H :(%,v) € S}

= sup{“Bl(ﬁ,v)H + ||82(19,v)|| 1 (,v) € S}

2M;, 2M,,,
<= M +—2
ré;+1)

+ M
I'(o1+1) >

<1.

From the above estimate, we conclude that condition (a4) of Theorem 2.5 also holds.

Thus, the operators A and B satisfy all the conditions of Theorem 2.5 and so, for the
considered values of /1; and /1,, the coupled system of equations (3) has at least one solution

n (L e]. O

4 An example
Example 4.1 Consider the following coupled system of Hadamard fractional differential
equations with boundary conditions:

3/2 |79(t)| )_ |l9(t)| 5
D (%(1+|sin1?(t)|) T4 +i+ )1+ 90+ v@) 1<t=<e

3/2 (0l )_ ()|
P (%(1+ coso@))) - @rirop@r ST (22)
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u(0) =0, Pe) = 1_16 sind®(n), ne€(0,1)

1
v(0) =0, v(e) = 18 cosv(§), €&¢€(0,1). (23)
Here
Ly =L = ! M = !
fl - f2 - 2’ 1= 16’
JV 1 1
2718 =95 CETY

2M;, 2Mj,
Lfl M+ ——— ) + sz My + ——— ) >~ 0.124936655 < 1.
T(op +1) I +1)

Hence, all the conditions of Theorem 3.3 are satisfied; consequently, the problem (22) and
(23) has a solution on [1,e].

5 Conclusions

We have presented the existence result for boundary value problems of coupled hybrid
differential systems involving the Hadamard fractional derivative. The proof of the exis-
tence result is based on the fixed point theorem due to Dhage [10]. The present work can
be extended to coupled systems of nonlinear fractional differential equations involving
Caputo—Hadamard fractional derivative.
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