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1 Introduction

As you know, we can introduce different kinds of modeling made by means of powerful
and logical tools in mathematics. One of these tools is formulas and relations defined in
the fractional calculus. Indeed, the importance and efficiency of this branch of mathemat-
ics has caused recent developments of FDEs or inclusions. Therefore, many researchers
have studied some results on the properties of solutions for fractional BVPs under gen-
eral boundary conditions. In this way, the authors use different approaches for their special
goals. In other words, some recent published works show the importance of fractional dif-
ferential equations in modeling of a variety of applied sciences (see, for example, [1-9]),
numerical computations (see [10-15]), and different views on this field (see, for example,
[16-51]).

Dhage and Lakshmikantham [52] designed a new category of differential equations
called hybrid differential equations and studied the properties of solution for this type of
differential equations. Two years later, Zhao et al. [53] provided an extension for Dhage’s
article to arbitrary real order and considered the related hybrid differential equation. Some
years later, Hilal and Kajouni [54] studied the existence of some extremal solutions for the
Caputo hybrid BVP given by

DY (D) = d(t,0(0)) =0, (t€l0,T)),

w(t,o(t)
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where v € (0,1), af, a3, and a} are three real constants with a} + a3 # 0, and two functions
@:[0,T] x R— Rand w:[0,T] x R— R\ {0} are continuous. After that, Baleanu et al.

discussed existence theorems for the Caputo hybrid inclusion of arbitrary order

oy ( o()
w(t,o(t), T4 0(2), ..., T%0(t))

(te[0,1])

) e ¥ (00, TM0(®),..., T0(1)),

with boundary value conditions ¢(0) = ¢§ and o(1) = oF, JV is the Riemann-Liouville
integral operator of fractional order y € {a;, 8;} C (0,00) forj=1,...nand [ = 1,...,k.
Moreover, ‘D" is the Caputo derivative operator of order 1 < v < 2 [55]. Recently, Derbazi

et al. derived several uniqueness and existence theorems for the following BVP of hybrid

type:

=]

wit, 0(0)) )Z"’(t’g(f))’ (telo, 1)

with boundary conditions

a(”fTQf)hmbl(Q e >|tT xl,

ayDF (L8001 P (L D)), 2 g
where v € (1,2], B € (0,1], n € (0, T) and a;, b;, and k}* are real constants for j = 1,2 [56].
Also, all fractional derivatives given in the above problem are of Caputo type. The authors
proved their main results based on Dhage’s fixed point result for three operators [56].

By mixing and generalizing the above ideas, we are going to derive a new existence
theorem for solution functions o(¢) of the following hybrid differential equation of order

v

(00 )
P (W(t,g(t))>_¢(t’g(t))’ (tefo,1]) o

with hybrid boundary conditions

o(t) _
(W(t,g(t)) )|t=0 =0,
o(t) _ o)
D( W(t,g(t)))h:o = _(w(t,g(t)))h:l ( tg(t )|t 1) (2)
Dz(W(fgzt)))“:o = ‘Dz(w(f(;f:)))h:l - De( Q(t )|t 1

where v € (2,3], 0 € (1,2], D = dt’ D? = dzZ

B € {v,0}. Moreover, @ is a real-valued continuous function defined on [0,1] x R and

, and ¢D# is the Caputo derivative of order

w € Cr([0,1] x R) is a nonzero function. In the following, we intend to study the related

hybrid inclusion problem

cyv o(t)
D (W) e¥(to(m), (telo,1]) o
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with hybrid boundary value conditions

(ﬂ)h 0:0;
D( Q()t))lt 0=—( fgzt )|f 1_’D(%)|t 1 (4)
D (5295 10 = ~D* (5295 o1 = D (29511,

where ¥ : [0,1] x R — P(R) is a given set-valued map via some properties.

To reach the main purposes of this manuscript, the techniques of the fixed point the-
ory are employed to prove the theoretical results. Our investigations are two fold: we first
deal with a hybrid differential equation and then with its related hybrid differential inclu-
sion. It is worth mentioning that the proposed hybrid problems (1)—(2) and (3)—(4) differ
from the newly defined ones. In both hybrid problems (1)—(2) and (3)—(4), we consider
three boundary conditions of hybrid type in terminal points. We believe that our hybrid
problems involve some particular cases, which can be extended to more general hybrid
problems. The fractional hybrid modeling is of great significance in different engineer-
ing fields, and it can be a unique idea for the future combined research between various
applied sciences (see [57]). As a practical example of applicability of our results, we can
point out to our newly published work [58]. The fractional hybrid problem given in [58] is
a particular case of the proposed hybrid problem (1)—(2) in this work, in which a fractional
hybrid modeling of a thermostat is simulated.

The content of this article is arranged as follows: In Sect. 2, some required concepts
in this regard are recalled. Section 3 is devoted to proving the main theorems relying on
some mathematical inequalities and two versions of fixed point theorems due to Dhage.
At the end of the paper, we give two illustrative examples to support the applicability of

our findings.

2 Preliminaries

Prior to proceeding to the main objectives, we here recall some essential auxiliary concepts
which are needed in the sequel. Let v € R* so that v € (n — 1, #] and assume that the real-
valued function g is integrable on [g, b]. In this case, the Riemann—Liouville integral of
the function o of order v is given by

t _ +\v-1
JTo(t) = /0 %g(r)dr,

provided that the integral is finite-valued [59, 60]. With the same assumptions, the Caputo

derivative of order v for a function ¢ € Cﬁ{' )([a, b]) is given by

o ~ t(t_l.)n—v—l "
DQ(t)_/o m@ (r)dr,

provided that the integral is finite-valued and n = 1 + [v] [59, 60]. According to the exist-
ing propositions, if we solve the fractional homogeneous differential equation “Djo(z) = 0,
then its general solution is obtained as () = by + byt + byt> + --- + b,_1t", where
bo,...,by,-1 € Rand n =1 + [v] [59, 60]. For every o € Cr([0, T]) with T > 0O, the linear
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equation
n-1
(T°D")o(t) = 0(t) + Y bt = 0(£) + by + byt + byt* + - -+ + by t""!
j=0

holds, where by,...,b,_1 € Rand n =1 + [v] [59, 60].

Here, consider the normed space (X, | - | ¥). Then the collection of all subsets of X, the
collection of closed subsets of X, the collection of bounded subsets of X, the collection
of convex subsets of X', and the collection of compact subsets of X" are denoted by P(X),
Pa(X), Pp(X), Pey(X), and P, (X), respectively. A set-valued map ¥ is convex-valued if
for each ¢ € X the set ¥ () is convex. The set-valued map ¥ has an upper semi-continuity
property whenever, for every o* € X', ¥ (p*) belongs to P, (&Xx’) and for each open set O
with ¥ (0*) C O there is at least a neighborhood V§ of ¢o* provided that ¥ (V§) € O [61].
Moreover, o* € X is a fixed point for the set-valued map ¥ : X — P(X) whenever o* €
¥ (0*) [61]. The notation Fix(¥) denotes the set of all fixed points of set-valued ¥ [61].

Consider the metric space X" furnished with the metric dx. For every Ey, E; € P(X), the
Pompeiu—Hausdorff metric PH, : P(X) x P(X) — R U {oo} is defined by

PHg,, (E1, E2) =max{ sup dx(ay, E;), sup dX(El,ﬂg)},

ai1€E; ar€Ey

where dx(Ey,az) = inf, cg, dx(ar,az) and dx(ay, Ez) = infa,ep, dx(ar,az) [61]. We say
that the set-valued function ¥ : X — Py(X) is Lipschitzian if PHy, (¥ (01), ¥ (02)) <
I*d x(01,02) holds for each o1, 0; € X, where [* > 0is a Lipschitz constant. A Lipschitz map
¥ is said to be a contraction whenever 0 < [* < 1 [61]. Furthermore, ¥ : [0,1] — P,(R) is a
measurable function if the mapping ¢t —> dx (r, ¥ (£)) = inf{|r—A| : A € ¥ (¢)} is measurable
for all r € R [61, 62]. The graph of ¥ : X — P,(Q) is defined by Graph(¥) = {(01,02) €
X x Q:s* € ¥(o)} [61]. Note that the graph of ¥ is closed if for arbitrary sequences
{on}n>1 belonging to X" and {s, },~1 belonging to Q with 0, — zo, s, — so, and s, € ¥ (0,),
we have sg € ¥(go) [62].

A set-valued operator ¥ has the complete continuity property if the set & (V) has the
relative compactness property for all W € P(X). Let ¥ : X — P,(Q) have the upper
semi-continuity property. Then Graph(¥) € X x Q is a closed set. On the other hand,
assume that ¥ has a closed graph with the complete continuity property. Then ¥ has the
upper semi-continuity property [61]. We say that ¥ : [0,1] x R — P(R) is a Caratheodory
set-valued map if the mapping o > ¥ (¢, 0) is upper semi-continuous for almost all ¢ €
[0,1] and t — W (¢, o) is measurable for each o € R [61, 62]. In addition, a Caratheodory
set-valued map ¥ : [0,1] x R — P(R) is called £!-Caratheodory if for each r > 0 there is
ér € L%, ([0,1]) provided that

| (50)| = sup {lgl:q € ¥(t,0)} < (1)
te[0,1]

for almost all ¢ € [0, 1] and for each |g| < r [61, 62]. The collection of all selections of ¥ at
o € Cg([0,1]) is defined by

(SEL)wo:={0 € LE([0,1]) : 9(t) e ¥ (t,0(1)), ae.te[0,1]}
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[61, 62]. As it has been proved before in [61], (SEL)y,, # ¥ for all 0 € Cx([0, 1]) whenever
dim &X' < co. We need the following results.

Theorem 1 ([63]) Let X' be a Banach algebra, V,(0) and V,(0) be an open ball and its
closure for all ¢ € R*, respectively. Assume that 1 : X — X and 1> :V:(0) = X are two
operators satisfying:

(al) M1 is Lipschitzian where I* is a Lipschitz constant,

(a2) T, is completely continuous,

(a3) 'K < 1, where I = | Ta(V<(0)) || x = sup{[| Va0llx : 0 € Ve (0)}.
Then either (b1) there exists v* € X with |[v*||x = € so that uTWV*Y,v* = v* for some 0 <
w < 1 or (b2) the equation Y1010 = 0 has a solution belonging to V,(0).

Theorem 2 ([64]) Assume that X is a separable Banach space, ¥ : [0,1] x X — Py, (X)
is an L'-Carathéodory multifunction and & : EEY([O, 1]) — Cx/([0,1]) is a linear contin-
uous mapping. Then & o (SEL)y : Cx([0,1]) = Pype(Cx([0,1])) is an operator which
belongs to Cx([0,1]) x Cx([0,1]) defined by 0 — (& o (SEL)w)(0) = E(SEL)w o) having
the closed graph.

Theorem 3 ([65]) Let X be a Banach algebra. Assume that there are a set-valued map
Yy : X = Pypo(X) and a single-valued map 11 : X — X satisfying:

(@'l) Y1 is Lipschitzian where I* is a Lipschitz constant,

(a'2) 1> is compact and upper semi-continuous,

(a'3) 2I°K§ < 1 with IC§ = | 1 (X)]].
Then either (b'1) V* = {v* € X|uv* € TIv*Tov*, u > 1} is an unbounded set or (b'2) there
exists a solution belonging to X for the inclusion o € T107>0.

3 Main results

In this part of the paper, we intend to state our main theoretical findings on the exis-
tence results. To reach this aim, we consider X" = {o(¢t) : o(t) € Cr([0,1])} equipped with
the supremum norm |[|o||x = sup,[g;; |o(¢)| and the multiplication action on the space X
defined by (o - 0')(¢) = 0(£)0'(¢) for all p,0’ € X. Then an ordered triple (X, ] - ||x,-) is a
Banach algebra. In this moment, we present an essential lemma which converts fractional
BVP (1)-(2) into integral equation.

Lemma 4 Assume that g belongs to X. Then oy is a solution function for the hybrid equa-
tion of fractional order

erpf 00\ _
D (W) =g(t) (ve(2,3],0€(,2],t€[0,1]) )

with hybrid boundary value conditions

( o(t) > _
w(t,o®) | .o
o(t) ) ( o(?) ) ( o(t) )
Dl —2 - = _pl =2 )|,
(w(t,gm) - Gtned ) P Ge@ )|, (©)
m(_e® ) :_D2< o(t) ) _CD@< o(t) )
(W(trQ(t)) £=0 W(t:Q(t)) t=1 W(t’Q(t)) =1
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iff the function oy is a solution for the following integral equation of fractional order:

R aQ-)
o= wit.o) [ Ffv) Y =L
(1—1)” -2 (=Or6-6) Ma-o= o
__[ 244 (3-0) J, Tw-2 %7

tz)F(S 9) L1 -rg)?-1
2+4r(3—9) o I'(v-0)

g(t) dr]. (7)

Proof Let oo be a solution for hybrid equation (5) Then the general solution of homo-
=TVg(t) + b} + bit + bit?, where

geneous equation (5) is obtained by the equality
bs, by, b5 € R. That is,

W(t Qo(t

t (t _ .L.)v—l

Qo(t)=w(t,@o(t))[ o)

g(r)dt + bg +b*{t+b§t2i|. (8)

Now, we employ the Caputo derivative of arbitrary orders on both sides of equation (8),

and we get
QO(t) _ (t-1)- -2 . )
D(m>_/o mg(f)df+b +2bit
of )\ [f@-1)7 )
D (W)‘ A mg(r)dmzbz,
ey 00(t) ~ t(t—7)vb-1 020
P <m>_ , Tw-0) (T)dr+b2m

where 1 < 6 < 2. Corresponding to the boundary value conditions, we obtain b} = 0 and

(1 v 1 (1 )u -2
/ ,/ v—l

ra- 9) Ta-r)3
2+4F(3—0) I'(v-2)

r3-o) (1- )”91
T vara- ef (r)dr

g(r)dr

_ 1 )V -3 1 v—h—
and b} = 2+£r3(30()9) o (lr(z % g(r)dr - 2+41§(39)0) f a- T(l % g(7) dr. By putting the values b,
b}, and b} in equation (8), we have

- ) (1-7)1
go(t)=w(t,go(t>)[ [ emr - / -
t/l (1-1)"2 t-AHra-6) ffa-r)v3
0

3/, To 0 PY* S are e ) To_28@d

t-OrE-60) 1 1-7)1
2+4I(3-6) Jo T'(v-0)

g(r)dt].

This means that gg is a solution for integral equation (7). On the contrary, it is easy to
check that gy satisfies the fractional hybrid BVP (5)-(6) if 0o is a solution for the integral
equation of fractional order (7). a
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Theorem 5 Suppose that w is a nonzero continuous real-valued function on [0,1] x R and
@ € Cr([0,1] x R). Furthermore, assume that the following statements hold:
(A1) There exists a bounded real-valued map s : [0,1] — R* so that |w(t, 01) —w(t, 07)| <
s(®)ler - o7l for all 01,07 € R;
(A2) There exist a nondecreasing and continuous map & : R=° — R* and a continuous
map h :[0,1] — R* provided that |®(¢,0)| < h(t)&(||lell) for each 0 € R and t €
[0,1];
(A3) There exists a number ¢ € R* so that

WA H*§(llel))

> ) (9)
1-s*A*H*6(lloll)
where W* = sup,(o.17 IW(£,0)|, H* = sup,c(o1) [A(£)], s* = sup,cjo 1) IS(2)], and
« Ay
T3 (v+1)
s rs-90) s ra-90) (10)
+4IB3-0)r(v-1) Q+4I'BG-0)I'(v-60+1)

If s*A*H*E(||lo|l) < 1, then the hybrid fractional problem (1)—(2) has a solution on [0, 1].

Proof We construct the closed ball V,(0):= {0 € X:|lollx <€}, where ¢ satisfies inequal-
ity (9). Consider the operators 13,73 : V. (0) — X given by (Y10)(t) = w(t, o(t)) and

t(t— )u—l t 1 (1_ )v—l
(o)) = [ oo (em)dr -5 [ ED—a(r o) dr
t [La-1)2
—g/o‘ m(p(f,g(f))df

(t-)rE-0) (-3
2+4r3-0) J, T(v-2)

(t—tz)F(B—e) 1 1 _t)v7971
* 2+4F(3—9) /; F(V—Q)

@(7,0(1))dr

CD(‘L',Q(‘L')) dr.

Obviously, o € X' as a solution for hybrid BVP (1)-(2) satisfies equation Y107%0 = 0.
First, we want to show that the operator 77 is Lipschitzian on X with Lipschitz constant
8" = sup;c(o1) 18(£)|. To check this, let 01,02 € V,(0). By using assumption (A1), we have
[(Y101)(8) = (Y102)(8)| = [w(t, 01(2)) — w(t, 02(2))| < s(t)]01(2) — 02(2)] for all £ € [0, 1]. Hence,
17101 - T102llx <s*|lo1 — 02| x forall o1,0, € V. (0). This inequality shows that 77 is Lip-
schitzian on V,(0) with constant s*. In the sequel, we have to show that 73 on V,(0) is
completely continuous. In this way, we need to show the continuity of 73 on V,(0). Con-
sider the convergent sequence {o,} in the ball V,(0) with o, — o, where g is an arbitrary
member belonging to V. (0). By the hypothesis, we know that @ is continuous. Thus we
have lim,,_, o @ (¢, 0,(t)) = @ (¢, 0(£)). In view of the dominated convergence theorem due

to Lebesgue, we have

- lirgoq)(r,gn(t)) dr

nlifgo(rzgn)(t)= | WVH

Page 7 of 19
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1 .
éfo %Jﬁ&@(wm)) dr
t 1 (1 )v—z

_ g‘/o m”hm @ (,04(7)) dr

(t-FB-0) (' (1-1)-3
2+4I(3-0) J, T(w-2) Jim @ (z,0,(r) dr

(t—tZ)F(S—G) (1 = g)v=0-1
2+4I(3-0) T —g) Am @(7,e4(r) dr

v-1 1-— v-1
f (G2 T) ?(z,0(7) dr——f ( F(Tv) @(7,0(1))dr

(1_ )v 2
B E/O ]“(71) (r,0(r)) de
(=) r@-6) 1 (1-0">
2+4I(3-0) Jy T(w-2)
(t-A)r@a-6) fra--)vo1!
2+4F(3—9) 0 F(U—Q)

=(T20)(®)

@ (7,0(1))dr

@ (7,0(1))dr

foranyt € [0, 1]. Therefore, Y50, — 1»0, and so we deduce that 7 is continuous on V. (0).
Now, we check the uniform boundedness of 75 on V,(0). By using assumption (A2), we

can write

~ t (t _ .L,)u—l t ! (1 _ .L,)v—l
|(T2Q)(t)| =, W|¢(‘L’,Q(T))|df+§‘/(; W@(t,g(r)”dr

t 1(1_ )U—Z
g./o Tt_l)@(t,g(t)ﬂdt
t-2|IF’'3-0) (' (1-7)3
+
2+4I(3-0) J, I'(v-2)
lt-2r(3-6) (' (1-1)!
T v4arG-e) J, rw-o
< F(U+1)h(t)§(llgll)+
lt—t2|C'(3-0)
T 2+arG-0)rv-1
lt—t2|I"(3-0)
T 2+arG-0)w—-0+1)

\@(I,Q(t))| dr

|@(7,0(7))|dT

6 (llell)

h()g(llell) +

t
3M(v+1) 3I(v)

h®) (llell)

h()¢ (llell)

for any ¢ € [0,1] and o € V,(0). Hence || Thollx < H*€(|loll)A*, where A* is defined in
(10). This means that 75(V,(0)) is a uniformly bounded subset of X'. Here, we proceed to
proving that the operator 77 is equicontinuous. Without loss of generality, let us assume
that 0 < #,£ <1 provided that ¢, < £, and let g € V.(0). Then

[(T20)(2) — (T20)(81)]

_|[* =™ [0
_‘/(; F(U) (p(T;Q(T))dT ‘/(; F(\)) ¢(‘L’,Q(‘L’))d‘[

Page 8 of 19
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|t2_t1|/ 1_T)VI| ('[Q'L'))’d‘l:

v2
Itz—t1|/ l—f) (r,0(1))| dr

|(t2—t1)—(t2—t1)2|F(3—9) T1-1)v3

‘@(‘L’,Q(t))| dr

2+4I'(3-0) o I'(v-2)
|(t ) - (-t 3-6) fa-1)1
2 12+421“(31 0) , (-9 |@(z,0(1))|dr.

Letting t; — £,, we observe that the right-hand side of the above inequality converges to
zero independently of o € V,(0). Thus |(Y30)(t2) - (Y20)(t1)| — Oas t; — t,. Consequently,
the operator 77 is equicontinuous. By utilizing the Arzela—Ascoli theorem, we arrive at
the desired aim, which is the complete continuity of 7, on ?5(0). In addition, because of
hypothesis (A3), we get

K5 = [12(Ve0)]
sng{I(ng)(t)l 10 €V:0)} =H*¢(llell)

4+v I'(3-9) I'(3-9)
[31“(\) 1) 2+4IrG-0)(v=1) (+4lB-0)T(v-0+ 1)]
=H*§(||Q||)A*-

Setting [* = s*, we get [*H* < 1. Now, to complete the proof, we claim that one of conditions
(b1) or (b2) in Theorem 1 is valid. Let o = uY107»0 for some constant 0 < u < 1 and
llell = €. Then we have the following estimate:

lo®)] = 1| (T2 ®)||(T20) )|

= MIW(t»Q(t))I
t— ‘L’)V 1

F(v
t (1-17)"2
—5/0 oD ®(7,0(1))de

t-Are-0 *a-0"
2+4F(3—9) 0 F(U _2) (D(T,Q(‘L')) dr
t-Or@E-6) (1 1-7)1
2+4IG-0) Jo Tw-0)

< (|w(t: 0(®)) - w(t, 0)| + |w(z,0)|)

t (t—r)”’l t ! (1_.()1)—1
x </0 W|¢(‘L’,Q(T))|d‘[+ g_/o W@(EQ(T))MT

£ (—1)2 t— 21T (3-6)
+§/0 rv-1 |#(z.0(@)] dr + 2+4I(3-0)

1 _ -1
(t,0(x))dr —%/0 %‘P(T’Q(T)) dr

@ (7,0(1))dr

L(1—g)-3
X/o 1"(u71:_2)|¢(7;9(f))|dr
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lt—t2r(3-0) @1 -7)f1
2+47(3-0) J, T'(v-6) ’¢(T;Q(T))|d‘[>

< (s@]e®] + w*)A*H*¢(llell)
< (s*llell + w*)A*H* (llell),

%%, which is a contradiction to inequality (9). It follows that condition

(b1) of Theorem 1 is not possible. Hence, condition (52) is valid and so the mentioned
fractional hybrid problem (1)—(2) has a solution. O

andsoe <

In what follows, we are going to provide another essential result for the fractional hybrid
inclusion problem (3)—(4). Existence results herein are carried out in light of the assump-
tions of Theorem 3.

Definition 6 We say that the function o € ACg([0, 1]) is a solution for the hybrid inclusion
BVP of fractional order (3)—(4) whenever there exists an 1ntegrable function ® € L} =([0,1])
with 9 (¢) € ¥ (¢, 0(t)) for almost all ¢ € [0, 1] satisfying (W)h o =0and

o(t) ) ( o(t) ) ( o(t) )
yo) EELALANY | IR (A | ] L
(W(t,Q(t)) £=0 w(t,0(t)) /[ ,21 w(t,0(t) /|21

mf_eW ) :_D2< o(®) ) _CD9< o(?) )
(W(trQ(t)) £=0 W(t’Q(t)) t=1 W(t’Q(t)) =1

t Ve 1 e
Q(t)zw(t,g(t))[/o =D e - t/O L= e

and

r'(v) 3 r'(v)
(1-7)2 2 t-Hra-6) ffa-o)v-3s
/ ro-0 O¢Sare e L To_g @4
(t-t)Ir(3-6) (1-r)vo-t
2+4I(3-0) / T(v-0) ﬁ(f)df]

for each t € [0,1].

Here, we can formulate desired theorem on the existence of solution function of the

above form.

Theorem 7 Assume that the following statements are valid:

(A'1) There is a bounded real-valued function s : [0,1] — R* such that |w(t,01(¢)) —
w(t, 02())] < s(t)]01(2) — 02(9)] for all 01,02 € R and t € [0,1];

(A'2) The convex and compact-valued multifunction ¥ : [0,1] x R = Py (R) has an
LY-Caratheodory property;

(A'3) Thereisamapo € L, ([0,1]) suchthat |¥ (¢,0)| = sup{|?|: ® € ¥ (t,0(2)} <o (£)
forany 0 € R and almost all t € [0,1]. Here, |lo||z1 = fol lo(t)|dz;

(A'4) There is a number & € R* such that

WAoo

_ = 11
1-s* Aol o1 ()

where W* = sup,o,1) [W(£,0)|, 8% = sup,c(o 1) 1s(£)| and A* is given in (10).
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Ifs*A*|lollzr < 5 L then the hybrid boundary value problem of fractional order (3)—(4) has

a solution.

Proof To transform the hybrid inclusion problem (3)—(4) into a fixed point problem, we
define £ : X — P(X) by K(0) = {6 € X : §(t) = vy (£)t € [0,1]}, where ¢ € (SEL)y,, and

v,;(t):w(t,g(t))< 0 (tr(f) 8 () dr - / (lr() 8 () de

1-o)"? (t-tA)I(3-0) (1- 1:)”3
__/ v—l) @ dr+ = r G o) / () d
t-2)Ir3-0) (1-17)-f-1
T varz-_o / r(v-0)

?(7) dr).

It is clear that each fixed point of K is a solution for hybrid inclusion BVP (3)—(4). We split
the operator K into two parts as 77 : X — X and 75 : & — P(X) defined by (110)(¢) =
w(t,0(2)) and (120)(¢) = {§ € X : {(t) = Py (£), £ € [0, 1]}, where & € (SEL)y , and

(t ‘L’)V 1 (1 ‘L’)V 1
o [ e oete g [T 0w
Y1-1)2 t-5rE-6) (f1-o)?
3, Ton VYt S areoe ), oy tOE

t-AOra-6) fa-r)vo1!
2+4~F(3—9) 0 ]"(v_e)

?(r)dr.

Note that (p) = Y10720. We are going to prove that operators 73 and 7> satisfy all the
assumptions of Theorem 3. Obviously, in view of hypothesis (A'1) and in a similar way
used in Theorem 5, one can easily find that 77 is Lipschitzian on X. In the following,
we need to show that 773 is convex-valued. To do this, let 01,02 € T20. Choose 9,9, €
(SEL)y 4 so that

t (t— .L_)v—l t 1 (1 ‘L’)V_l

a-z)= )"2 (t—tz)r(3—9) T1-1)3
"f ®de+ S are e ), To_2 /@

(t-t)r (3 0) (1-r7)-f1!
2 rar(-o) / r'(v—0)

9(r) de

forall ¢ € [0,1] (a.e.) and j = 1,2. For any 0 < y < 1, we obtain

t (t _ .L,)v—l
o I'(v)

t (fa-7)t
_ _/0 T[;/191(1) +(1-y)da(r)]dr

yor(8) + (1—y)oa(t) = [y01(z) + (1 = y)9a(r)] dz

1-
[ o 0]

t-A)r@a-6) fra-r)v3
2+4r3-60) J, rwv-2)

[y91(2) + (1= y)9s(0)] d
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t-t)ra-0) a-r)v-o-1
2+4I(G-0) J, T'w-0)

[y91(2) + (1= y)95(v)] dr

for almostall ¢ € [0, 1]. By the hypothesis of theorem, ¥ has convex values. Thus (S€L)y ,
is convex-valued and y9:(¢) + (1 — y)02(t) € (SEL)y,, for all t € [0,1] and so Ty is a
convex set for all o € X. Now, to check the complete continuity of 75, we have to prove
that 7, (X) is uniformly bounded and equicontinuous. To reach this purpose, we show that
7> maps all bounded sets into bounded subsets of the space X'. For a number ¢* € R*, we
construct a bounded ball Vi« = {p € X' : |lo||x < &*}. For every o € Vg« and ¢ € 150, there
exists ¥ € (SEL)y, so that

~ t(t_l.)ul (1 )vl
Y T S T -
t fa-1)2 (t—tz)F(B—G) 1-17)3
_§/0 oo VT S G /0 o _g O

t-r@a-60) fa-o)yvo!
2+4F(3—9) 0 F(v_e)

?(r)dr

for each ¢ € [0, 1]. Then we have the following estimate for function ¢:

t(t—t)”_l t 1(1 ‘CV
|2;(t)|§/0 Ww(mdf_gfo T'ﬁ( )| dr

t 1 (1_ )v—2
-5 7%)’_1) |9(7)| de

t-2)r@a-6) fra-o)v-3
2+4F(3—0)/ I'(v-2)

t-tHre-6) 11—
274rG0) ), T |

¢ - 1 e
5/0 - la(f)df_f/ -0 e

|19(1:)| dr

‘E)‘dl’

r'(v) 3Jo r(v)
t f1-1)? t-)ra-6) fa-o)v-3
3/, To-n VY Sargoe ), Toy O

t-2)r3-06) (' 1-1)0!
2+4I(3-6) Jo T'(v-0)

<|: 4+v ra-90) rsa-e) ]

o(r)dr

3r(w+l)  (2+4lB-0)T(v-1)  @2+4IG-6)T(v-06+1)
x|lollzr=A%o| 1,
where A* is given in (10). Thus, ||{]| < A*|lo||,1 and this means that the set 75(X) is

uniformly bounded. The next step in this part of the proof'is to show that 7, maps bounded
sets into equicontinuous sets. Let o € V,« and ¢ € 150. Choose ¥ € (S€L)y , provided

that
~ t(t—‘L’)UI ot (1 7'.)vl
“t)‘fo rw) / Ty O
t fQ-1)2 t-2)r3-6) ffa-r)v3
_§fo ro-n @Y e e ), Ty O



Etemad et al. Advances in Difference Equations (2020) 2020:302 Page 13 0of 19

t-tHrB3-6) 1@-r)vo-1

2+4rG_0) Jo Tw_g tOd

for all ¢ € [0, 1]. We may assume that 0 < t;,£, <1 with #; < £,. Then we have

|£(t2) - ¢ (t1))]

2 (1)t i -1)!
< ’/0\ Wﬁ(f)df—‘/(; Wﬁ(f)df

-tl (1 Q-1
P2 1/ rtv) |9(x)| dz

ty—t (1- ”
|2 1|/ T) ‘L’)|d'(

s |(tz—t1)—(f2—f1) |F(3—9) '1-7)3

3Tl Gd) =3 |9(7)|dt

(b —t1) = (ta —t1)*IT(3-6) (! (I_T)U_9_1| T)|d'(
2+4I(3-0) o I'(v-6)

e Gl -0

i e e

ozl )” : -t [P0
/ (Mde+ =2 | T o(de

|(t2—t1)—(t2—t1) |"(3-6) I(I_T)U_?)O(f)dr
2+4I(3-6) o 'v-2)

(e —t1) = (62 —t1)’IT(3-6) [* (I_T)v_g_la(r)dr
2+4I(3-0) o I'(v-90) '

Letting ¢; — t;, one can see that the above inequality converges to 0 independently of
o € V. It follows from the Arzela—Ascoli theorem that 73 : Cg([0,1]) — P(Cgr([0,1]))
is a completely continuous operator. Here, we claim that 7> has a closed graph. Then,
because of the complete continuity of 75, we find that 7> is upper semi-continuous. For
this aim, suppose that g,, € V,+ and ¢, € 1,0, are such that g,, - ¢* and ¢, — ¢*. We can
verify that £* € 750*. Indeed, for each n > 1 and ¢, € Y50, select ¥, € (SEL)y o, such

that
~ t(t_.L.)vl ot (1 .L.)vl
cn(t)-/o i / o s
t [ (1-1)? t-5)r@a-6) fa-o)v-3°
_5/0 oD OC T S G /0 oo rmde

t-tHre-6) 1a-r)-o-1

27 4rG_0) Jy Tw_g O

for any ¢ € [0, 1]. In this case, we have to show that there is v* € (S£ L)y o+ such that

t)‘f (-0 r)” __/ (1—r>” (de

(1 )2 (t—t)F(3—6) 1-7)3
_5/0 oo VYt S e /0 ooy
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t-tHr@a-0) a-r)v-o-1
2+4I'3-0) J, T'(v-0)

9 (r)dr

for all £ € [0, 1]. Define the continuous linear operator & : Eﬁ{{([O, 1]) - X = Cr([0,1]) by

t(¢_ -1 1 _ -1
E(ﬁ)(t):g(t):/o &ﬁ(t)dr—gfo %ﬁ(r)dr

r'(v)
) % 01 %ﬁ(t)dr ; (';"j ;F(S_";;) 01 (;(_UT_);; 9 (r)dr
L e
ol e
for each t € [0,1]. Then we have
o0 - )] = H / L (9ale) = () dr
/ (1”"));  (9a(0) — 9°(0) de

V-2
_5/0 %(ﬁ () - 9*()) dr

t-Hre-0) fa-o)-3 )
2+4F(3—9) o F(U—Z) (ﬁn(t)_ﬂ ('())d‘[
t-2)r@-6) (' 1-1)0!
+ 2+4I(3-0) Jo I'(v-6)

(Pulr) = 0*(2)) dr

Letting n — o0, the above estimate yields ||¢,(¢) — ¢*(¢)|| — 0. Hence with due attention to
Theorem 2, one can deduce that & o (S€ L)y is an operator having a closed graph property.
As g, € E(SEL)y ,) and g, — 07, so there exists ¥* € (SEL)y o+ such that

v— 1 v—
t)_/ (t—T) 1 )df_gf %ﬁ*(f)df
0

1(1 )2 t-Hre-o0) [1a-o)3
_§/o ro_n ) OCrSr e ) /0 Ty

t-OrE-6) {1 1-7)1
2+4I3-0) J, T'(v-0)

9 (r)dr

forallz € [0,1]. Hence, {* € 150" and so 7> has a closed graph. Therefore, the upper semi-
continuity of the operator 7 is fulfilled. By utilizing the assumption of theorem, we know
that 7, has compact values. Consequently, 77 is an upper semi-continuous and compact
operator. Now, under assumption (.A’3), we have

K =[]

= sup {|Trol:0€ X}
te[0,1]

T 4+ re-o) re-o)
B |:31"(v 1) 244G (w—1)  2+4l'G-0)(v-0+ 1)]

X llollgr =A%z
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By putting [* = s*, we obtain [*KCj < 1. Hence, all the assumptions of Theorem 3 hold for
71. Here, we claim that only one of conditions (»'1) or (b'2) is valid. By applying Theorem 3
and assumption (A’4), consider an arbitrary element o of }* with ||| = €. Then po(t) €
Y10()Y»0(t) for each > 1. Select the related function ¥ € (S£L)w . Then, foreach pu > 1,

we obtain

~ l t (t_.’:)v—l ~ E 1 (l_r)v—l
o(t) = Mw(t,g(t))[/o 71"(1)) ?Hr)dr 3/0 71“(1)) ?Hr)dr

¢ 1(1—1:)"‘219( ' t-A)ra-6) fra-r)v-32
“3), To-n VT %are-e) J, To-2

t-2)r@-6) (' 1-r1)0!
2+4IG-0) Jo T'(v-0)

dHr)dr

ﬁ(r)dr]

for all ¢ € [0, 1]. Thus, we have

~ 1 t (t_.[)v—l t 1 (1—‘[)"_1
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——/ 7|19(t){dr+ 2+4rG-0) ), Tw- |19( )|dr

lt—t3r(3-0) 11 -r)1 (0)ld
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< [|w(t 0(®)) — w(t,0)| + |w(z,0)|]

t (t_T)v—l t 1 (I_T)v—l
X |:/(; W}ﬁ(f)‘df—g/(; W|ﬂ(f)|df

(1- t-2r3-6) (1 (1-1)3
__/ —1) |ﬁ( )|+ 2+4I(3-0) J, Tw-2) [9(x)]de

lt—r3-6) (' (1-7)"" d
Y G0 Jy ro-g ) r}

. . t (t—l’)v_l t 1 (1—‘[)”_1
< [s lloll + W ][/(; Wa(r)dt - 5/0 Wo(t)dr

t f1a-1)2 (0)d t—Ir3-0) 1 (1-7)3
_5/0 rw-1 " 2are-9 J, To-2
E=EIrE-0) (1t
2+4I3-6) J, Tw-0) " f}

o(r)dr

< [s*é + W*] A*lo || s
for any ¢ € [0, 1]. By simple computations, we get & < %, According to condition
(11), we find that condition (»'1) of Theorem 3 is not possible and condition (»'2) is valid.
Therefore, the operator inclusion ¢ € 710730 has a solution, and so the hybrid inclusion

BVP (3)—(4) has a solution. This ends the proof. O

To demonstrate the consistency and the applicability of the obtained results, two illus-

trative numerical examples are provided herein.
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Example 1 Corresponding to the proposed hybrid BVP (1)—(2), we define the hybrid dif-
ferential equation of fractional order

074 o(t) tsin(o(t)) cos?( ()
‘D ( L = 3010 (telo,1]) (12)
74l +0.378
with hybrid boundary value conditions
(a0 =0,
i +0.378
o(t) o(?)
( 0'3”9(”‘3 10378 ) |t=0 ( 0. St\g(t)l“ £0.378 )|t=1
7+lo(0) 7+lo(®1®
o(t)
( 0.3t10(0)1* 0 378)|t=1: (13)
7+le@*

7+lo@|*

2 o(t) _
Dty =

2 o(t)
DXty e

7+lo@|*

_cPl37
D (OSt\g ®*
7+lo@)*

where v = 2.74 and 6 = 1.37. Consider the nonzero continuous real-valued map w on

[0,1] x R defined by w(t, 0(t)) = % +0.378 with W* = sup, (o 1) [W(£,0)| = 0.378. De-
fine the continuous map @ : [0,1] x R — R* by &(t, Q( )) = W As s(t) =

03t so we get s* = sup,c( Ik (£)| = 0.3. Put h(t) = 355. Hence H* = sup, (o, |h(2)| =
M and &(|le]l) = 1. Thus, we obtain A* >~ 0.8227. Choose ¢ > 0.0000995. In this case,
S*A*H*E(|| pll) = 0.0000078 < 1. Hence all the hypotheses of Theorem 5 are valid, and so
the hybrid differential equation (12)—(13) has a solution.

Example 2 Corresponding to the proposed hybrid BVP (3)—(4), we consider the hybrid

inclusion problem of fractional order
|coso(#)| 6]

c1y2.83 o(t) lo(8)] 1 6
P (ﬁ sino(¢) + 89) N |:6(1 +lo(®)]) Ty 7(1 + | cos o(2)]) *7

(te[0,1]) (14)

with hybrid boundary value conditions

(m)h 0=
D(mnﬁo = (et
(200““9 e le=10 (15)
2(m)|t 0= —Dz(m)lt 1
CDISS(WW L

where v = 2. 83 and 0 = 1.55. Define the continuous map w: [0,1] x R — R\ {0} by
w(t, o(t)) = 200 sino(t) + 89 with W* = sup, (o) [w(£,0)| = 89. Further, we define the set-

valued map ¥ : [0,1] x R — P(R) by ¥ (£, 0(t)) _[ Al + 3, el 1 S If s(0) = 55,

)l
] 1 |cosa(r)\3 + 8
M T 27 71+ coso(d)P) +7l<1foralloeR

then s* = sup, (1) Is(8)| = 555

o0 As [¢] < max[6 (L+lo(t

Page 16 of 19
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and ¢ € ¥ (¢t 0(t)), we get || W (L, 0(2))| = sup{|?]: ¥ € ¥(t,0(¢))} < 1. Setting o(¢) = 1 for
all £ € [0,1], we obtain ||o| 1 =1 and A* >~ 0.76. We can find & > 0 with & > 67.898. Note
thats*A*|lo|| .1 > 0.0038 < % In view of Theorem 7, we conclude that the hybrid inclusion
BVP of fractional order (14)—(15) has a solution.

4 Conclusion

Nowadays, it is a vital goal that we could model most phenomena in the real world. For
example, modeling of chemical reactions using some modern software to reduce the use
of materials in chemical laboratories. This will contribute to environmental protection.
Thus, we should endeavor to increase our creativity to study the complicated modeling
of differential equations and inclusions. In the present research work, we design a novel
fractional hybrid differential equation and its related inclusion version with hybrid con-
ditions. To reach the desired findings, some analytical techniques are adopted from the
concepts of nonlinear analysis. Finally, to demonstrate the consistency and applicability
of the obtained results, two illustrative numerical examples are provided. We believe that
our hybrid problems involve some particular cases, which can extend to more general
hybrid problems. The fractional hybrid modeling is of great significance in different en-
gineering fields, and it can be a unique idea for the future combined research between
various applied sciences. So we leave the new abstract idea for interested researchers as
future projects.
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