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1 Introduction

Fractional differential equations arise from various applications including in a variety of
fields of mathematical and natural science. Fractional boundary value problems can more
accurately describe the nature of practical problems, they have solved a large number of
applications in different kinds of fields such as viscoelasticity, biomedical engineering, me-
chanical, anomalous diffusion, etc. Therefore, they have become a research hot-spot. A va-
riety of techniques, such as the method of mixed monotone operator, topological degree
method, monotone iterative technique, etc., have been applied to obtain the existence of
solutions for fractional boundary value problems (see [1-32]).
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Apart from the common differential equation with Riemann-Liouville and Caputo frac-
tional derivative, there are also several kinds of fractional derivatives: Hadamard, Erdelyi—
Kober, Hilfer, and so on. Here we emphasize that the studies about Hadamard fractional
differential equations are still at the early stage and need further investigation. More details
and recent contributions to the topic can be found in [33-51] and the references therein.

In [36], the author used the fixed point index to study the existence of positive solutions
for a system of nonlinear Hadamard fractional differential equations involving coupled
integral boundary conditions:

DPu(t) + fi(t, u(t),v(t)), te(l,e],
DPY(t) + fo(t, u(t), v(t)), te(l,el,
u(1)=v(1) =4'(1) =v'(1) =0,

ule) = [ h(s)v(s)%,

vie) = [ g(s)u(s)%,

where 8 € (2,3], f1, f> are nonnegative continuous functions on [1,e] x R* x R*.

Ardjouni in [45] employed the Schauder and Banach fixed point theorems and the
method of upper and lower solutions to show the existence and uniqueness of a positive
solution for nonlinear Hadamard fractional differential equations with integral boundary
conditions:

DYx(t) +f(t,x(t)) = ng(t,x(t)), te(l,e],
x(1) =0, x(e) = 7= J; log £)*F~g(s,x(s)) 2,

where 1<a <2,0<f8<a-1,gf:[1,e] x [0,00) = [0,00) are given continuous func-
tions, g is nondecreasing on x, and f does not require any monotone assumption.

In [46], Pei et al. investigated the following boundary value problem of Hadamard frac-
tional integro-differential equations on infinite domain:

Hpey(t) + £ (¢, u(e), 11 u(t), "D*u(t)) =0, 1<a<2,te(l,00),
u(1)=0, "D u(co) =" rH1Piu(n),

where y,8;,A; > 0 (i = 1,2,...,m) are given constants and n, B;, X; satisfy I'(a) >

> Ii‘éﬂz) x (logt)**#~1, The nonlinear term f is nondecreasing with respect to the
second, third, and last variables. By use of the monotone iterative method, the authors
obtained not only the existence of positive solutions for Hadamard fractional integro-
differential equations on infinite intervals, but also the minimal and maximal positive
solutions and two explicit monotone iterative sequences converging to the extremal solu-
tion.

El-Sayed and Gaafar [47] established the existence of positive solutions to the follow-
ing singular nonlinear Hadamard-type fractional differential equations with infinite-point

boundary conditions or integral boundary condition:

uD" V() +£ (¢, ), uD’v(t), V(1) =0, aete(le),

o'(£)
?(§)

v(1) =0, v(e):vo+)»/1 v((D(E)) dg,
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or

v(1)=0, vie)=vo+nr Yy ay(®(n)),

j-1

where1<y <2,0<68<1,1<y-8<2,A, vy, ajare nonnegative constants. f : [1,e] x R* x
R? is an L, Carathéodory positive function.

In [2], Hao et al. considered a boundary value problem of fractional differential equation
inclusions of Riemann-Liouville type on the infinite interval:

Dg,u(t) +f(t, u(t),Dg‘;zu(t),Dg‘;lu(t)) =0, te(0,00),
u(0) = u/'(0)=0, D*'u(co) = E15,u(n),

where2 <a <3,8>0,&1n >0, [(a+p)>En*P1, feC(0,+00] x R x R x R,R). Under
suitable growth conditions of the nonlinear term f, by using the Schauder fixed point the-
orem and Banach contraction mapping principle, the authors showed the existence and
uniqueness results of solutions.

Inspired by the works mentioned above, we will study the existence of solutions for the
following boundary value problem for Hadamard fractional differential equations:

Hpey(t) + q(t)f(t, u(t),HDﬂlu(t),HDﬂzu(t)) =0, 1<t<+o0o, (1.1)
supplemented with Hadamard integral boundary conditions

u(1) =0,
Hpe=2y(1) = [ @1(s)u(s) %, (1.2)

Hpely(+o0) = [ ga(s)uls) L,

2<a<3,0<B <a-2<Br<a-1,qeC(,R"),J= [1,+oo),and0<fl+ooq(s)% < +00,
f:] x R® — R satisfies the g-Carathéodory condition, gj,g> : / — R* are nonnegative
functions. D% represents a Hadamard fractional derivative of order «.
We say that f satisfies the g-Carathéodory condition on J x R? — R, if
(1) for each (u,v,w) € R3, the mapping ¢ — f (¢, u,v,w) is measurable on J;
(2) fora.e.t €], the mapping
(u, v, w) — £(t, (1 + (log £)* Vu, (1 + (log £)*#171)v, (1 + (log t)"“ﬁz)(l

w .
og t)2+/52—a ) 1S
continuous on R3;
(3) for each r > 0, there exists a nonnegative function f, satisfying floo q(s)f,(s)% <400

such that, for any u, v, w € R with max{u,v,w} <7,

<f(t), forae.te].

a=pa
P(t, (1+ (log£)*V)u, (1 + (log£)*#1Y), M@

(log t)2+/32—a

Compared with [2], in this paper, the nonlinear term f contains lower Hadamard frac-
tional derivatives 7 D1, D2, which are not only the particular case 7D, ¥ D*-2, Fur-
thermore, when B, < o — 1, lim,_, 1, (D" u)(t) = 0o, the singularity creates additional com-
plexity to verify the existence of solutions.
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This paper is organized as follows. Section 2 contains some important lemmas, which
play a key role in the study, and presents some properties of Green’s functions that are
used to define an operator. In Sect. 3, the existence of solution for (1.1), (1.2) is established
by using the fixed point theory in cones. In Sect. 4, the main results are illustrated by an
example.

2 Some preliminaries and lemmas
Let AC;(J,R) = {y: ] — R,8" 'y € AC(J,R)}, where § = t% and AC(J,R) is the space of
absolutely continuous functions from J into R.

Definition 2.1 ([1]) The Hadamard fractional integral of order « > 0 for a function g €
LY(J,R) is defined as

t a-1 d
Hl“g(t)=ﬁ /1 (10g f) g(s)f,

where log(-) = log,(-).

Definition 2.2 ([1]) The Hadamard derivative of fractional order o > 0 for a function
g € AC{(J,R) is defined as

d n t n—-a-1 d
HD”g(t):é”(’*l"'ﬂg)(thﬁ(za) /1 (1og§> %)

where n — 1 <a <n, n=[a] +1, [¢] denotes the integer part of the real number «.

Lemma 2.1 ([1]) If8—-1>y >0, then
(1) 117 log(t)! = %(log t)pr-1

e -
(2) HD)/ log(t)ﬁ 1- m(logt)'ﬁ 4 1.

Lemma 2.2 ([1]) For a >0, n = [a] + 1 and x € C(J) N L*(]), the solution of Hadamard
fractional differential equation D%x(t) = 0 is x(t) = > ciloge)*™, where ¢; € R (i =
1,2,...,n).

Lemma 2.3 ([1]) Let a > 0. If u € L'(]), then the equality ' D* ("'Iu)(t) = u(t) holds a.e.
onj.

Lemma 2.4 ([1]) Ifu € C(J) and "'D%u € L'(J), then
H o (HD“M)(L‘) = u(t) + c1(logt)* ™ + co(logt)*2 + - - - + ¢, (log £)* ™",
wherec; e R(i=1,2,3...,n),n=[a] +1.
For further analysis, we introduce the following denotations:
1 oo dt 1 oo dt
h=— Hlogt)* ' —,  h=—— H(logt)*>—,
el G G e O

1 +oo dt 1 oo dt
§1= ——— t)(logt)* 2=, by = —— t)(log#)* 1 =,
R ICC ST Sy IO
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1 (logt)*!
S = , )= ———,
G—oa-s-in 9 Tm
logt)* 1 —(logD)*1, 1<s<t ,
G, (t,s) = B ) (log ) =f=beree (2.1)

') | oge)*, 1<t<s<+00,
T1,(8) = 2. ()81 + 031 (£)8(1 = 83), To.(8) = 2. ()8(1 = 81) + a1 (£)811, (2.2)

Kilt,) = Go(t:5) + T () / gl(t)Ga(t,s)?wz,x(t) / gﬂt)&(hs)?. 2.3)
1 1

We will use the following conditions:
(H;) g€ C(,R*),f:] x R® — R satisfies g-Carathéodory condition;
(Hz) g1 € LI(J,R+), 11,52 < +00, and (1 — 31)(1 - 52) - 1112 > 0.

Lemma 2.5 Let h € C(J) N L'(J) with 0 < [ h(s)% < 00, then the solution of Hadamard
type fractional differential equation

HD*u(t) + h(t) = 0, (2.4)

subject to the same condition (1.2) can be expressed by

u(t) = /‘+<>0 Ka(t,s)h(s)%,
1

where K, (t,s) is denotation (2.3) with A = a.

Proof Due to Lemma 2.4, the solution of Hadamard fractional differential equation
HDYy(t) + h(t) = 0 can be written as

u(t) = "1 n(t) + c1(log £)* ™! + ¢y (log £)* 2 + c3(log £)*~3, (2.5)

where ¢; € R (i = 1,2,3) are arbitrary constants. From u(1) = 0, we have c3 = 0. By
Lemma 2.1, we have

_ I'(«) I'a-1)
HD*=2u(t) = - I?h(¢ log ¢ L
u(t) ()+01F(2)(0g)+62 O
Using the condition "D*"2u(1) = [ g1(s)u(s)%, we conclude that ¢, = ﬁ ARG
u(t)%.
Similarly, we get
I'(«
MD ) = RO o

From the condition 7 D*1u(+00) = [ gg(s)u(s)%, we conclude that

1 +00 dr 1 +00 dt
¢ = m/l o) — + mfl &(B)ut)—

Page 5 of 22
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Consequently,

u(t) = "I h(t) + c;(log )*™! + ¢y (log £)* >

1 t AN ot
_m‘/l <log;) h(s—+ )/ (log£)* k(s

N (logt)*! / ds (logt)*?
1

S =+ Ta (s)u(s)f

(o) I'a-1)
ds (log Pl oo ds
- /1 Gult ) + 2 /1 (o)
(logt)*=2 [ ds
-1 a (s)u(s)?. (2.6)

Multiplying both sides of (2.6) by ng(t) and integrating from 1 to +oo, we get

+00 dt +00 dt
/1 (0 ()7 = /1 gl(t)( /1 Galt, s)h(s)—)7

1 +00 a—lﬂ 0 é
e /1 a(0)(log) t./1 (9

1 +00 a,zdt 0 ds
+ 1"(0[_1)\/1 gl(t)(logt) 7'/1 gl(S)M(S)? (2.7)

Similarly,

+00 d +00 o0 d d
fl w00 - f gz(t)< / Ga(t,s>h<s>§)7t

1 +00 d o d.
' /1 @O0zt / (o)

1

1 +00 d o) d
"Te-D /1 gz(t)(logt)“‘ZTt / gl(s)u(s);s. (2.8)

1

For convenience, we denote

+00 dt +00 dt
X, - fl a@u0T,  X- fl eOu0T,

+00 00 dt ds oo o0 dt ds
A1=/1 (/1 gl(t)Ga(t,s)T)h(s):, A2=f1 (fl gz(t)Ga(t,s)7>h(s);

From (2.7), (2.8) we can deduce
1-8 b\ (X)) _ (A
- 1-8]\X) \4)°

(1 — 82)A1 + llAz
X, = 1-67)A LA
T an sy~ (- 8AL - hAs)

LAL+(1-681)Ay
X, = LA 1-6)A
T a8~ bl S(kAr+ (1-804s).
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Substituting X3, X; into (2.6), we can conclude

ds (log p)e-t

ult) - /1 Gult (9 + B 5141+ (1-51)40)

()
%3((1 —83)A1 + L Ap)
- /1 " Gult, (s )ds [(loﬁg;_lazﬁ (Ilo(it)_a jS(l 32)]
+ [%< AL L

o0

Ga t S h(S — + Tla( )Al + sza(t)Az

d
K, (£, 9)h(s )?S. 0

I

- [ | eute+ Tla(t)/ 606697 + Tza(t)/ 206,92 ]h<s)—
1

-

Lemma 2.6 The functions Gy, ¢, T1, Ta, deﬁned in (2.1), (2.2) satisfy
(1) G, is continuous in] x J and 0 < G,(t,s) < (logt)’\ Lvt,se] xJ, A>1;

G,
)h&%—[‘ VtSG]X])\>1

F(A

(2
(3) [f)L =2 fOI" anyt €/, 1+( logt T = ﬁ’ 1+<fﬁ)élt()t2*1 = 1"()}—1);
(4) If1<A<2, foranyt,s€],
log¢)** 1 logt)*~ 1
Moet™ o gt (e g 1
1+ (logt) r(x) 1+ (logt) )’
(log £)>~* 1
_— t
1+ (log ) 7+~ 0= -1y
(5) Foranyte], »>2,
Tua@ b 3(0-%) Tp®)  _8(1-81) sh

1+(ogt)—L —~T0) " TO—-1)" T+(og— - TGy TG-1)

Proof By the definition, conclusions (1) and (2) can be easily obtained.

®  _ (og*t 1 _ 1
(3)IfA =2 forvte], 1+(1og¢y\ T = Trlog L TG = T’

©3-1(2) _ (log )2 1
1+ (logt)*1 1+ (logt)» 1 I'(A-1)

(logt~1 1 P

< 1+(log )1 T(x-1)” ze
- 1 1
T+(logt)*1 T(A-1)” I<t=<e
1
<—
“T(A-1)
(logt)*~ logt 1 1
(4)Ifl<r<2,foranyt,se], T+ (log " GA(t 5) < gt T0) = TO)

(log £)>~* logt 1 1

— @ (8) =

1+ (log2) T+ (og)' T ~ T’
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(log£)>* 1 1 1
gi)\%\-l(t) = . = .
1+ (logt) 1+(ogt)» '(A-1) — I'(A-1)
On the basis of (3), conclusion (5) can be easily deduced. |

Remark 1 From Lemma 2.1 and 0< 8; <a —2 < 8, <« — 1, we can calculate

HDPIT) () = Trgp, (6),  "DPLTo4(t) = Ty p,(2),

T1 g, (2), <a-1,
HDﬂZ Tl‘a(t) _ 1, /32( ) ;32

3[2, ,32 =0 — 1,

T o— t ) <O — 1,
HD/SZ Tz,a(t) _ 2, ﬂz( ) ,32

5(1-681), Po=a-1.

Define the function spaces

|u(?)]
X= {MGC(])S:;}JW <+OO}

with the form ||u||x = sup,; M&% and
HpPry(t
Y={ueX:"DPrueccC(), D?ucC(,+00),sup |—u()| +00,
weg 1+ (logg)e—Fr-1
logt 2+fy—a
sup L|HDﬁzu(t)| < +00
teg 1+ (logt)e—Fa
with the norm
t HDPu(¢ logt)**F2—
”M”Y - max Sup |I/l( )| ,su | M( )| ,su (Og ) |HDﬂ2u(t)| .
teg 1+ (logt)* 1 15 1+ (logt)*Ar-1" ;1 + (logt)e—F2

By a standard method, we can show that (Y, || - ||y) is a Banach space.
According to the same method in [46, 49], we can get the following lemma.

Lemma 2.7 Let U C Y be a bounded set, then U is relatively compact in Y if the following
conditions hold:
u(t) Hph1y(r) (logt)2+F2-«

(1) Foranyue U, Trlog 07T’ Tr(ogn P11’ T+ (log ) P2
on any compact interval of J;

("' DP2u)(t) are equicontinuous

(2) Forany e > 0, there exists a constant L = L(¢) > 0 such that

’ u(ty) u(ty) e

Hl)ﬂ1 u(tl) HDﬂlu(tz)
1+(logt) ! 1+ (logty)*! <&

1+ (logty)*-FAr-1 1+ (log tp)*-F1-1

and

(logt;)*h2e

(log ty)?*h2
1+ (logty)*—P2

1+ (logty)*—F2 <&

("DP2u) (1) ("DPu)(t,)

forany ti,ty > Land u e U.

Page 8 of 22
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Lemma 2.8 (Schauder’s fixed point theorem) Let C be a compact, closed, bounded, and
convex subset of a Banach space X. Suppose that T : C — C is a continuous and compact
mapping. Then T has at least one fixed point in C.

3 Main results
In this section, we shall establish the existence result of at least one solution of (1.1), (1.2).
For convenience, we denote F,(s) = £ (s, u(s), "D u(s), " D> u(s)).

We define an operator A : Y — C(J,R) as follows:

Au(t) = /‘+00 K, (¢, s)q(s)Fu(s)?, te]. (3.1)
1

By Lemma 2.5, we can show that u(t) is a solution of boundary value problem (1.1), (1.2)
if and only if it is the fixed point of A.
From Lemma 2.1 and Remark 1, we have

HpP1i Au(t) = HDPr </+OO K, (¢, s)q(S)Fu(S)?)
1

Cnpi (- [ (0gt) qorpun® + B p 9%
="D < F(a)/l (logs) q(S)Fu(S) S + F(a) v/; q(S)Fu(S) ;
+ Tl,a(t)/l‘ </1‘ gl(t)Ga(t;S)?)q(S)Fu(s)%

o0 0 d d
+ Tz,a(t)/1 </1 gz(t)Ga(t»S)Tt)q(S)Fu(S)?S

~ (logt)*-Fr-1 o ds

_ _Hja-p; it

=g s e [T 9RO
Ty (0 /1 ( /1 gl(t>Ga<t,s){)q<s>Fu(s)f
+ Toapy () /1 ( /1 gz(t)Gau,s){)q(s)Fu(s){

+00 d
- fl Keepy (65)6)E9) (3:2)

N———

Similarly, if 8, < - 1,
H ﬁ +00 ds
DP2Au(t) = Ko, (t,5)q(8)F,(s)—; (3.3)
1 s
if ,32 = — 1,

"DP2 Au(t) =" D" ( / - 1<a(t,s)q(s)Fu(s)§)
1 S

_Hﬁz_Lt fa_l éMw é
=Hp ( F(a)/; (logs) Q(S)Fu(s)s M /1 q(S)Fu(S)S

+ Tialt) /1 ( /1 gl(t)Ga(t,s)7t>q(s)Fu(s)f
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+ Tyald) / (/ #(0G, (ts)—>q(s)F (s)—>

= Hq(e)F (t) + / (S)Fu(s)?

1

ol / ( /1 @(0Ga(t5) Y )q(%@)?
d
5(1-8,) / (/ @G, (ts)—) OFO

:/1 KA (g, s)q(s)F, (s)— (3.4)

where KP2(¢,s) = G(t,s) + 81, floogl(t)Ga(t,s)% +8(1-6y) floogz(t)Ga(t, s)%,

0, 1<s<t<+o0o,
G(t,s) =
1, 1<t<s<+oo.

Remark 2 In (2.3) we choose A = «, & = a — 81 respectively, from Lemma 2.6, we can easily
get the following inequalities:

Ka(t,s) 1 ( 5[2 5(1 — 82) )
< [ +
) I'a) TI'fe-1)

1+ (logt)*! ~ I'(w th
s (8(1—81) 8l )
N T "Te-n
£ Al) Vt,S 6]1 (35)

I<oz—/31 (lf,S) < 1 iy ( 8[2 + 8(1 - 82) )
1+(logt)P1 = Ta-p1) \Tla-p) a-pi-1)

5 <5(1—31) N sl )
\r@-g) Ta-p-1)

2 Ay, Vtse], (3.6)

when 1 <o — 8, <2, forall t,s € ], according to Lemma 2.6(2), (4), let A =« — 85,

logt 2+fy—a logt 2+fy—a
Mo ()= 108D
1+ (logt)*—F2 1+ (logt)*—F2

(log t)2+;32—oz /+oo dr
S ———— T o— t Go[ ty -
* 1+ (logno 7z Lt p,(£) ) &1()Ge(t;s) ;

Ga—ﬂz (trS)

(log t)2+’3270‘ /‘+oo dt
- T a—By (L Ga t,s)—
s logae s i@ | £0G(65)

- 1 +|: 5[2 + 8(1_82) ]l
“Ta-B) LT@-B) Ta-po-1)]"

+[8(1—61) . 8l }3
Fa-p) Ta-p-1)]"

As (3.7)

lI>

Page 10 of 22
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when o — B, = 1, we have the following inequality:

(logt)*+Pr— logt A
= KP(t,s) = —=—KP(t,s) <1+ 8Ly +5(1 = 81)8, 2 Ay 3.8
1+(1ogt)°‘—52 () 1+logt (t,8) <1+ 801l +8( 1)82 4 (3.8

Lemma 3.1 The operator A:Y — Y is well defined.

Proof Foranyu e Y, u #0, let ||lu|ly = r > 0. In view of the definition of Y,

|u(®)] 20]

sup ——— <r, sup ——— — <1,
te}) 1+ (logt)*1 — te}) 1+ (logt)e-Fi-1

log t)2h2-e
sup L |HD’32u(t)| <r.
tej 1+ (log £y P
From the continuity of Ky, g, F,,, we know Au(t), " DP1 Au(t), and " D2 Au(t) are continu-
ous.

|Fu(s)| = [f(s, u(s),HDﬁlu(s),HDBZu(s)) |

HDPry(s)

ity -
(5 00 o) S (0 oo )

1+ (logs)*-1’
1+ (logs)*?2 (logs)*F2—
(logs)?*P2—¢ 1 + (logs)*—F2

<Jr(s).

H Dﬂzu(s)> ‘

Using (3.5)—(3.8) and the Caratheodory condition, we can deduce

Au(t) / O Ku(t,s) ds / o0 ds
sup| —— | =su ——q)F,(s)—| < A S)f(s)— < +00,
TG0zt | L Tt (OROT| =80 A0S
HDA Au(t) 0 Kyop (8,8) ds
Pl el / ﬁ;a_/g_lq(s)Fu(S)—
e/ | 1+ (logt)e—F1 e |J1 1+ (logt)P1 s

+00 d
< A2/1 q(S)fr(S)?S < 400,

(log t)*+fae

te? 1+ (logt)*—F2

(HDﬂZAun)(t)‘ = sup

te]

+00 (1og t)2+ﬂ2—a ds
——— Ky, (2, F,(s)—
| e K ORO

< Aj /:OO q(s)f,(s)? <+00, (Ba<a-—1),

and

(log )+

te}) 1+ (logt)e—F2

(HD‘szAuy,)(t)’ = sup
te]

/-+oo (lOg t)2+ﬁ2—a
1

ds
oY kb , F,(s)—
T+ (og 0 72 K2 (8, 5)q(s)Fuls) — ‘

fmﬁ G5O <+o0, (Br=a-1).

N

From the definition of space Y, we know Au € Y, which means operator A is well de-
fined. -
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Theorem 3.1 Assume that conditions (H1)—(Hy) are satisfied. Further assume that the

following condition (Hs) holds:
(H3) There exists a constant R > 0 such that fx(t) satisfies

A f1 4(s) m? <R

where A = max{A1, Ay, Az, As}. Then boundary value problem (1.1), (1.2) has at

least one solution.

Proof The proof is divided into the following steps:
Step 1. We will prove that A : Y — Y is completely continuous.
Firstly we will show that A is a continuous operator. Let u,,u € Y (n = 1,2,...) with

llety, — u|ly — 0, n — oo. For any t € /, we have

1 (2) u(t) Hpbry,(¢) HDPry(t)
1+ (logt)e! 1+ (logt)*-1’ 1+ (log)e—Fi-1 1+ (logt)*-F1-1’
logt 2+po—a logt 2+Br—a
L (HDﬂzu,,(t)) N %(HDﬂzu(t)), 71— 0.
1+ (logt)e—F2

1+ (log )22

Meanwhile, there exists a constant r > 0 such that ||u,||y <7, ||#|ly <r, which means

u,(t) u(t)

sup| —————| <r, pl——————| <1,
teg | 1+ (logt)et teg | 1+ (logt)~1

HpPry, (2) HDPry(t)
sup| —————| <, —— | <,
tey | 1+ (log)e—Fr-1 7 | 1+ (logg)e—Fr-1

log £ 2+Br—a logt 2+B2—a
s LB o] <r sl LB | <
tey | 1+ (logt)*—F2 g | 1+ (logt)*—F2

Due to the Caratheodory condition, for a.e. s € /, we have
’Fun (s) - Fu(s)‘ -0, (n— 00) ‘F,,n (s) - Fu(s)| < 2f.(s).

By the Lebesgue dominated convergence theorem, we obtain

+00 d
/ |Fun(s)_Fu(S)|_S_>0, n— 0.
1 s

Following the above method, we can also deduce

+00 K, (t, d
/1 _Kalts) (s)(FuAs)—Fu(s)){‘

Au,(t) — Au(t) ~
1+ (logt)e! 1

1+ (logt)el |

+00 ds
< A1/ q(s)|Fun(s) —Fu(s)|— —0, n— +00,
1 S

ds
s

+00 K,_s(t,s)
./1 #ﬂ:’ﬂ’lq(‘g) (F”n (S) - Fu(s))

HDP Ay, (£) — TDPY Au(t) ~
1+ (logt)e-Pi-1 -

+00 d
<A f 4O|Eu ) =F&|Z 50, 1 +00,
1 S

Page 12 of 22
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(logt)*+Pr

(logt)*+fr—e
1+ (logt)2—F2

Tr(loggeds { D Aun)(®)

(D" Au) (t)’
<5 [ Ol -BOIT =0, n—ro (Bea-1),
1

and

(10g t)2+/32—a
1+ (logt)*—F2

(log t)>+F2—

H 62 _
("D%Au) 1+ (logt)*F2

(HpﬂzAu)(t)‘
< A4/+Ooq(s)|l-"un(s) —Fu(s)i? -0, n—>+oo(f=a-1).
1

Thus, we conclude ||Au, — Au|ly — 0, (n — +00), which means that A : Y — Y is a con-
tinuous operator.

Next, we will show that A is a compact operator. Let B be a nonempty bounded subset
of Y. There exists a positive number r; such that ||u|ly <r;, Yu € B, and there exists f;, €
L'(J) such that |F,(s)| <f;, (s).

D For any u € B, we can get

Au(t)
sup

oo ds
— | <A . (8)— 00,
rey |1+ (log 1| = 1/1 q(s)f1(5) P <+

HDP Au(t)
sup| ———
te}) 1+ (logt)e—F1-1
(log t)*+fae

H B2
—  _("DP2A t
WP| T (logrr | D)

<A / 16 9% < +o0,
1 S

+00 d
< A3/1 q(s)fy, (S)?S <400, (Ba<a-—1),

and

(log t)2+ﬂ2—a . /+oo ds
—=2 _ __("DP2Au) ()| < A b (8)— , =a-1).
sup| (1ogt)a—ﬁz( u)(t)] < As AV E T <roo (r=a-)
Therefore ||Aully < A 1+°° q(s)f, (s)% < +00 and A(B) is bounded in Y.

a—1
@ Forany b > 1, let J; = [1,b]. Because Hﬁ&% is continuous on J; x J; and %,
T1,0(2) To(t)

Trloz a1’ Tr(ogreT Ar€ continuous on Jj, then they are uniformly continuous. So, for any
& > 0, there is a constant §; > 0 such that, for all #1, £5,$1, 8y € J1, with |t; — 5| < 81, |81 — 82| <

811
Gu(t1,5) Ga(t2,5) (logty)*! (logty)*
_ , - I'(a)e,
1+ (logt)* ! 1+ (logty)*1 1+ (logt)* ! 1+ (logty)*1
Tru(t1) Tou(t2)

’

T1a(t1)  Te(®)
1+ (logt)* ! 1+ (logty)*1

1+ (logty)*! 1+ (log £p)2-1
For Vu € B, t1, 6 €]1, with t1 < ty, |t1 - tzl < 81,

Au(ty) Au(ty)
1+ (logt)* ! 1+ (logty)*1

_ e Goz(tlﬁs) Ga(tz,s) ds
B ./1 <1 +(logt)* 1 1+ (logty)* ! >q(S)F“(S)?

Page 13 of 22
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e Tl,a (tl) Tl,a(tz) +00 dt ds
* /1 (1 +(logt)* 1 1+ (log tz)"“) </1 g1(t)Ga(t,s)7)q(s)Fu(S)?

e Thu(t1) T>u(t2) e dt ds

[ (e e ([ 20G09T )aono

g Ga(tlrs) Got(t27s) ds
5/1 1+ (logt)? ! 1+ (logty)e! 76l (S)?

f+w (logt;)*™ (logt,)**
a) 1+ (log L)® 114 (logty)o-1

VRO e
S
vel, /1 s)f,l(s) S v ebs /1 a(5)fo, )

+00 d
<e(l4l+8) / oAt
1

sz 1 (£:5) (log)*—P1-1 T1,0-p; () Ty, ()
o2 0P is continuous on /; x J;, and Telog 07 PIT” Tr(og™ PIT’ Tr(logg® P11
are contlnuous on J;. For above ¢ > 0, there is a constant 8, > 0 such that, for all #;,%, € J;

with t1 < by, |t1 — t2| < 32,

Similarly,

HDA Au(ty) HDAL Au(t,)
1+ (logty)*A-1 1+ (logty)e-Fi-1

+00 d
<e(l+l + 52)/ q(s)f,l(s)f.
1

_ (log £)2+ha—a . . log ¢
When B; < « 1, Lr(ogD™ P2 «—py(£,8) is continuous on J; x /i, and

1+(logt)*=F2’
logt 2+fy—a logt 2+fy—-a . .
if(g]o)gw La=ps (£), %Tg,a_ﬁz (t) are continuous on J;. For above ¢ > 0, there is
a constant &3 > 0 such that, for all 1, t, € J; with £; < &y, |t1 — £2] < 83,

‘ (log £y)*+F2~ (log ty)*+b2—

Trlogryefs \ DPAw)() = o (1D Aw) &)
T ), |t T S
%Tl,a_ﬂz (t1) - %TL%@(Q) h /:OO q($)fr (S)?
% Tou-p,(t1) = %Tz,aﬂg(b) 82 /1+°° q(S)fy (S)?

+00 d
<e(l+h+ 32)/ q(s)fr, (S)?S, (B2 <a—1).
1

logt s . logt . .
When By =a -1, 1+°kg)th(t, s) is continuous on J; x J; and 1+°l§gt is continuous on Ji, there

exists 8,4 > 0 such that, for all t1,, € J; with t; < £y, |1 — £5] < 84,

(logty)*+h2= (log ty)*+F2=

Hpyba H B
— (" D?Au)(t) - DP2 AL (¢
1+ (IOg tl)a’/SZ ( I/l)( 1) 1+ (logt )Otfﬂz ( Ll)( 2)
0| logt logt,
= —G(t 3 §) — ————— ty,8 :
_/1 ‘1+10gt1 (1,5 1+logt, G(52,9) (S)fl(s

logt logt,
1+logt; 1+logt,

+00 d
sl / oAt
1

Page 14 of 22
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logt; logt,

5(1-5,)3 /m 92
1+logt; 1+logt v Ut

S8(1+5lﬂz+5(l—51)52)\/1 q(S)frl(S)%

Ault) HpPLAut)  (logt)+ha—o
(logt)?~1? 1+(logt)*P1717 1+(logr)®F2
@ Now we indicate that the second condition (2) of Lemma 2.7 holds. Since

Hence, - (*'DP2Au)(t) are equicontinuous on Jj.

Th(t) 8l . Tou(t) 5(1-61)

1 _ e _
o 1+ (log)e!  I'(@)  to4ol+(ogeel ')

’

for any ¢ > 0, there exists a constant 77 > 1 such that V&, > 11,

Tl,a (tl) _ Tl,a (tZ)
1+ (logt)* ! 1+ (logty)*1

Tou(t1) B Tou(ta) e
1+ (logt))*! 1+ (logty)*! '

)

On the other hand, for Yu € B, we have
+00 dS +00 ds
/ 61(3)‘1:14(3)‘? S/ q(s)frl(s)? < +00.
1 1

Hence, for given ¢ > 0, there exists a constant L > 0 such that |, L+°O q(s)fy, (s)% < ¢. Similarly,

due to

Gy (t,s)

im —————=0, 1<s<I,
t=+00 1 + (log£)*!

there exists a constant T, > L such that, for any ¢1,¢, > T3, 1 <s < L, we have

Ga(tlys) Gu (tZ:S)
1+ (logt)* ! 1+ (logty)*!

Let Vt1,¢, > max{T1, T}, by Lemma 2.6,

‘ Au(t)  Ault)
1+(logt)* !t 1+ (logs)*?
[ s
i /L“’" 1 +G((110(;1t’15))“—1 1 +G(To(:£;))a—1 46)|F ”(5)@
R R ] | XGRS EETECT
*/lm 1+1(12(;‘xg(§1;a-1 - 1+ﬂ2;,“g(2;a_1 ( /1 mgzmsa(r,s)%)q<s>|Fu<s>|?

L +00 +00
< 8/1 q(s)fy, (s)? + £+ 811/1 q(s)fy, (s)? + 882/1 q(s)fy, (5)?

I'(x)
2
I'(x)

<e(d+1;+89) /+Oo q(s)f, (s)% + e.
1
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Similarly,
m Ty a-p, (1) __ b im Toq-p (2) _ 5(1-61)
e T+ (ogt)™PT  Tla—fr)  t=oo L+ (logtp A1 o~ py)’

there exists a constant T3 > 1 such that V¢, £, > T3,

T1o-p, (1) _ Tep (t2)
1+ (logt)*P=1 1+ (logty)e—FA-1|

1+ (logt)* A1 1+ (logty)eF-1|

‘ Tou-p, (t1) Tou-p, (t2)

. Goz—ﬁl (t,s)
From lim;_, ;o Trlog® P T =

Gy_p (£1,5) Gy—g, (£2,8)
ti,to > Tay 1 <s <L, we have | —L1t xofr 2

1+(logty)*P1-1 - 1+(log tp)*—P1~

HDﬁlAu(tl) HDﬁlAM(tg)
1+ (logty)*A-1 1+ (logty)eri-1

+00 d
<e(l+h+ 82)/ q(s)fr, (S)—S
1

When B, <a -1,

(10g t)2+/32—a
m ——
t—+00 1 + (]()g t)a*ﬂz
(logt)*+fa—
m —F—F
t—+00 1 + (]()g t)a—ﬁz

Tia-,(£) =0,

Tou-p,(2) =0,

there exists a constant 75 > 1 such that V¢, & > Ts,

(logty)*+F> (logt)*P2
S () - — T (¢ ,
1+ (logty)*—F2 La-ps (1) 1+ (log 1p)* P> La-py(B2)| < €

(log t;)*+F2~ (log t,)> 2~
———————Tr0p(t1) - ————————T5 45, (L .
1+ (logty)*-F2 2a-p, (t1) 1+ (logtr)* P 2a—py(t2)| < €

(]Ogt)2+ﬁ2—a
1+(]0gt)"’52 G,
for any £1,t, > Ts, 1 <s < L, we have

From lim;_, ;o

(log ty)>F>~< (log tp)*F27¢
—  Gyp,(t],8) - ————Gy_p, (L1, .
17 (logtl)“‘f’z /32( 1 S) 1+ (logtz)“‘/sZ /32( 1 S) <&
Let th, tz > max{Tg, TG},
(log t1)2+ﬁ2—a - (log t2)2+/32—oz
—=2 (A DPAu) () - —=— ("DP2Au) (¢
1+ (log tl)a_ﬂ2 ( M)( 1) 1+ (log tz)a_lsz ( M)( 2)
+00 ds 2
<e(l+1l;+6 n\8)—+ ——=¢.
<e(l+h+ z)/1 q(s)fn () " Ta-p)°

=0, 1 <s <L, there exists a constant T, > L such that, for any

7| < e. Let Vi1, £, > max{T3, T4},

s "Ta-p)°

a—p,(£,8) = 0,1 <s <L, there exists a constant Ty > L such that,

When B, =a — 1, lim,_, log _ 1 there exists a constant 75 > 1 such that V¢, £ > T,

1+logt

logty logt,

1+logt; N 1+logt,

Page 16 of 22
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logt

lim;_s 100 mG(t, s) =0, 1 <s <L, there exists a constant Tg > L such that, for any #, ¢, >

Tg, 1 <s <L, wehave

logt log
BN Gltns) - —22 Gity,5)| <.
1+logt 1+logt,
Let Vt1, ¢y > max{Ty, Tg},
log ¢ 2+Ba—a log t 2+ P —a
(logt) (D" Au) () - ) (D" Au)(t,)

1+ (logty)*#2 1+ (logty)*F2

<e(1+8hh+8(1- 51)52)f q(s)f, (s)é + 26,
1 N

Combining @ and @), from Lemma 2.7, we have A(B) is relatively compact. Therefore
we conclude that A is a compact operator. Hence, A is completely continuous in Y.
Step 2. A(§2g) C 2z, where 2p ={u e Y : |lu|| <R}.

For any u € £2z, we know that

HPp 2+Bo—a
ZO DR (log )

] o = 2
- - i - @ R — =2 @@ ”D/S u(t)| < R.
(]Og t) 1 1+ (10g t)“ B1-1 1 + (log t)a—ﬁg | ( )’ —

From condition (H3) and (3.5)—(3.8), we have

+00 K, (t, S) ds
/1 WCI(S)FM (5)~ ‘

‘ Au(t)
1+ (logt)e1

<A / 4% <R (3.9)
1

/+oo I(a—ﬂl (t,s)
1

DR Au(t) |
1+ (logt)—Fi-1

1+ (logt)epi-1|

d
4(8)F.(s) f ‘

+00 d
<A, f A <R (3.10)
1

(logt)*+fa—e

+00 (] t 2+
|HD52Au(t)| _ / (logt?)
1+ (log)e—F2 1

1+ (logt)*—F2

d
Kapy (t,8)4(5)Fu(s) ?S ‘

+00 d
<As / )ROZ <R (Brca-1) (3.11)
1 S

(log £)>*h2

+00 (] t 2+fy—a
|HD52Au(t)| _ / (logt)
1+ (logt)e—F2 1

1+ (logt)*—F2

KP4, 99 F9) ‘
+00 d
<A, / deOE <R (Br=a-1), (3.12)
1 S

which means that ||Au|y <R, A(£2z) C 2z holds.

Step 3. We will show that A has at least one solution in Y.

By step 1 and step 2, we have A : 2z — §2z is completely continuous. §2p is a nonempty,
closed, bounded, and convex subset of Y. According to the Schauder fixed point theorem,
we conclude that A has at least one fixed point in §2g, then boundary value problem (1.1),
(1.2) has at least one solution. O
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ap
Let Jo = (1,+00), L(s) = max{1 + (logs)*~1, 1 + (logs)*~#1-1, X)(gk;;gzi?;;z,j}, s€jo.

+00 d
Y1 = {y € L(]o,]R+) :/1 y(s)L(s)q(s)?s < +oo}.

Corollary 3.1 Assume that conditions (Hy)—(Hs) are satisfied. Further assume that the
following condition (Hy) holds:
(Hy) f(t,u,v,w) is continuous on J x R3, and there exist nonnegative functions a, b, c,d €
Y1 such that, for all (u,v,w) e R3 and t €],

If (¢, u, v, w)| < alt) + b(®)|ul + c(@)v] + d(®)Iw].
Then boundary value problem (1.1) and (1.2) has at least one solution.

Proof Let 2r={ueY : |lully <R}. For any u € §2g, s € J, we have

|Fu(s)| = [f(s,u(s),HDﬂlu(s),HDﬁzu(s))|
< a(s) + b(s)u(s) + c(s)" DPru(s) + d(s)" DP2 u(s)

u(s)
1 + (logs)*1
HDPy(s)
1+ (logs)x—Fi-1

= a(s) + b(s)(1 + (logs)* ™)

+¢(s)(1 + (logs)* 1)

1+ (logs)*#2 (logs)?*h2—

d
© (logs)?tP2— 1 + (logs)*—F2

(HDﬂ2 u) (s)

a—fo
<a(s) + R[b(s)(l + (logs)*™") +c(s)(1 + (logs)*#171) + d(s)%}

(logs)2+h2-e

2 ().

Obviously,

/+00 t/z(s)q(s)é < /+<>0 a(s)L(s)q(s)é < 400,
1 N 1 S

+00

/ T b1+ (logs))glo)Z < / L)% < +os,
1 N 1 S

f )1+ (logs) P )g(9) 2
1

< /wo c(s)L(s)q(s)é < 400,
S 1 S

+00 a—f2
/1 d46s) 1+ (logs)

ds +00 ds
(log s)2+Pr—a CI(S)? < /1 d(s)L(s)q(s)? < +00,

hence [,"™ q(s)fz(s)% < +o0.

By Theorem 3.1, we get that problem (1.1), (1.2) has at least one solution. O
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4 Example
Example 4.1 Consider the Hadamard-type fractional boundary value problem on un-

bounded domain:

5 £2(lo, t)%u(t)(HD%u(t))(HD%u(t))
HD3y(t) + et L0805 s ) -0, 1<t<+oo,
(1+(logt) 2 )((1+(log ) 4)(1+(logt) 4)
u(1) =0,
(4.1)
HDiy(l) = [ 4 &,
s3(logs)2
HD3 u(+00) = o L)l%
s3(logs) 2
Leta = 3, Br= % Ba= % q(t)=e*, &1(t) =g (t) = 0 . Sr(t) = 21
ogt)?2

£2(log )3 uvw

ft,u,v,w) = 3 = —.
(1+ (log#)2)(1 + (log#)#)(1 + (logt)#)

Hence

1+ (log t)%

3 w) = Puvw < £ = f(t),
(log#)#

f(f’ (1+(logt)?)u, (1+ (logt) )y,

Vte],0<u,v,w<r.

T r0a0)F =7 [ et dt =5¢71r.

1 3dt 1
h=6=—+ ——(logt)2 — = = ~0.0836 <1,
ra)h t3(1ogt)§ t 9r()
1dt 1
=41 = ——(logt)z — = 57 ~ 03761 <1,
F( ) t3(logt)? t 3I'(3)

and ! = (1-8,)(1 - 8,) — hl, ~0.5403 > 0.

AL +l(512 +5(1-32)>+5(5(1-51)+ sl )
I_F(a) "\Tw  Ta-1) \ "o " T-1

= ——(2+518)~ 1.0432,
3r( )

a1 l Sly 5(1-8,)
2" Te-p) 1(r(a—ﬁ1>+ r(a—ﬁl—l))

5 ( 8(1-87) . sh )
\r@-p) Ta-p-1)

1
= ——(4+9,8)~ 1.1899,
C50(3)
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a1 1 sl 5(1—8,)
TTa-p) 1<F(Ot—ﬂz) * F(Oé—ﬂz—l))

'8 (8(1—81) s IR )
\T@-42) Tla-p-1)

B 4
Ss5r(d)

5
(1 + 1116) ~ 1.3166,

Ay=1+8011+8(1-81)8=1+8]; ~1.1547.

Therefore, conditions (H;)(H;) hold. Choose A = max{Aj, Ay, A3, Ay} = A3, R < SLA,

then A ffoofR(t)e‘t% =5A¢e™1R3 < R, so condition (H3) holds. By Theorem 3.1, BVP (4.1)
has at least one solution.
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