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1 Introduction

The classical dispersiveless long wave equations
Up + Ully + hy, hy+ (uh), =0 (1)

have a number of dispersive generalizations [1]. Kupershmidt [2] investigated the com-
muting hierarchy and the Hamiltonian structures of the following generation of (1):

up = (302 + 1+ Buuy)s,

(2)
hy = (uh + oty — By,
and further turned (2) into the following system:
ity = (3 + h + pia),,
e o ®)
htz(uh_//«hx)x: M=V+,3=i«/za +:3)’

by using the invertible change of variables: u = i, & = h + yii,. For a = %, B =0, system
(2) was given by Broer [1]. For B = 0, in terms of the potential ¢ : u = ¢,, system (2) was
derived by Kaup [3], who found its multisoliton solutions. Matveev and Yavor [4] algebro-
geometrically found a large class of almost periodic solutions of system (3). In the paper,
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we want to apply the Lie group analysis method [5] to study the point symmetries and Lie—
Bicklund transformation symmetries of system (2). In fact, many symmetries, similarity
reductions, and conservation laws were obtained by Lie group analysis [6—10]. Lou et al.
[11, 12] applied the symmetry group method to study some coherent solutions of nonlocal
KdV systems and primary branch solutions of a first-order autonomous system. In addi-
tion, Ma [13] obtained some new conservation laws of some discrete evolution equations
by symmetries and adjoint symmetries. Qu and Ji [14] studied inhomogeneous nonlinear
diffusion equations by invariant subspace and conditional Lie—Backlund symmetry meth-
ods. It was shown that the equations admit a class of invariant subspaces governed by the
nonlinear ordinary differential equations, which is equivalent to a kind of higher-order
conditional Lie—Backlund symmetries of the equations. Ji and Qu [15] used the condi-
tional Lie—Backlund symmetry method to study the invariant subspaces of nonlinear dif-
fusion equations with convection and source terms and obtained a complete list of canon-
ical forms for such equations, which admit higher-order conditional Lie—Backlund sym-
metries and multidimensional invariant subspaces. Ma [16, 17] discussed the conservation
laws of differential and discrete equations, respectively. Recent studies by Ma et al. [18—
22] also show a remarkable richness of rational function solutions, called lumps, as well
as interaction solutions and solutions of other kinds. In addition, the invariant solutions
can be formulated from the invariant submanifold method in [23].

Ibragimov and Avdonina [24] applied the Lie group method to propose a new approach
for looking for conservation laws and exact solutions to nonlinear self-adjoint differential

equations. For a system of m differential equations
Fo(x,u,uqy, ..., ui) =0, a=1,2,...,m, (4)

where uy = {uf'},..., ug = {uf‘lmis}, the steps are as follows.

Step 1: Introducing the adjoint equations of (4) by using the variational derivative:
8¢
F;k(xruy V,I/l(l),V(l),...,u(s),V(s)) = W =0, (5)

where ¢ = Y5 VP Fg(x, u, u), - .., ).
Step 2: Let

V=Y (xu), a=1,2,...,m, ©)
and require the following relations to be satisfied:

F; (x, w, (%, u), ..., us), w(s)) = AgFﬂ(x, Uy... U) (7)

We say that system (4) is nonlinearly self-adjoint if (7) holds for the solutions of (4), where
)»5 are functions dependent on x, u, 1), . ...
Step 3: Assume that the infinitesimal symmetry of the nonlinear self-adjoint system (4)

is given by

0
due’

. d
X:g‘(x,u,u(l),...)a—xi + 0% (%, u, uq),...) (8)
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Then a conservation law for the system is presented by
D;(C)) =0, 9)

where the components of the conserved vector are the following:

. a a 0
Ci = w* <P_Dj 99 + D;Dy % \_...
ouf O 8u§}k

+D,(W“)|:a—(p _Dk<3_‘ﬂ> +} +DjDk(Wa)|:88(§ _] (10)

o o
0 uij G uijk uijk

where W = n® - &/uf.

By applying (9) and (10) some conservation laws of some nonlinear self-adjoint differen-
tial equations were obtained in [5-9]. In addition, Goktas and Hereman [25] proposed a
new method for looking for conservation laws of nonlinear differential equations without
using the symmetries of differential equations. The explicit steps are as follows:

(1) Consider the form of conservation laws
Dy(p) + Dx(J) =0 (11)
for system (4). Assuming the uniformity in rank in the ith equation, form the linear system
Ai={rin 12, Fia)

and then gather the 4; to form the global linear system A = [ J7; A;.

(2) Solving for the unknown weights w(u;), w(d;).

(3) Set V = {v1,...,vq} to be the sorted list of all the variables with positive weights,
excluding 9;. Form all monomials of rank R or less by taking combinations of the variables
in V and form sets consisting of ordered pairs.

Set By = {(1;0)}. Forg=1,2,...,Q, m=0,1,...,M — 1, where M is the number of pairs

. Pq,m
n Bq—l: form Bq,m = Ui:q1 {(Tq,s; Wq,s)}’ Tq,s = q—l,mV;: Wq,s = Wg-1m t SW(Vq)r Pgm =
[[R_Wq—l,m]]

w(vg) ‘

Denote B, = Y2, Bym-

(4) Let G = By, which consists of all possible combinations of powers of the variables
that produce rank R or less. For each pair (Tqs; W) in G, apply a"—;, to the term T, where
I =R — Wq,. Set H to contain the terms that result from computing the various aa—; (Tqs)-

(5) Removing those terms in  that can be written as a total derivative with respect to
x,0r as a derivative up to terms kept previously in the set, we denote such a set by 1.

(6) For all terms from I with desired rank R, let

p= (i), (12)
i=1

where (i) is the ith element in I, o is the number of the terms in I, and ¢; are constants to
be determined later.

Page 3 of 20
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(7) Computing D;(p) and replacing the terms with derivatives with respect to 9; by us-
ing the original system (4), we denote the result by E. Then act on E by the variational
derivatives S‘STEQ (e =1,...,m). Next, solving the system % =0 (a = 1,...,m), we obtain
the relations among the coefficients ¢;. Thus we get the density p in (12). Substituting c;
into the expression E, we can obtain the resulting fluxes of differential equations.

In the paper, we apply the Lie group analysis method and the above approach to inves-

tigate the conservation laws of system (2).

2 Point symmetries, Lie-Backlund symmetries, and conservation laws
By using the Lie-group analysis method we easily get the point symmetry of the system

(2):
Vi =0, Vy = 0y, V3 = t0y — Oy»
1=0 2 3 (13)
Vi =10 + 50, — 59, — hoy,.
Set
L =p(us — utty — hy — Btyx) + q(hs — thxh — thy — Oty + Bhyy).
Then the adjoint equations of system (2) are given by
B2 = —py + path — Bprx + Gl + A = O,
: a1

Sh = T4qttPx T UGy + Iqux =0,

where u, h are solutions to system (2). System (14) has the solutions

Hence system (2) is strictly self-adjoint. Besides, system (14) has some special solutions
for given u and /. For example, when u = /1, (14) has the solution

p=-C1x+Cy, q=c(x—1)+cs,
where c1, ¢y, ¢3 are constants. In particular, for 8 = 0, system (2) reduces to
( N2 _ 2 3
u) =u"—-u’. (15)

Obviously, (15) is solvable. Since system (2) is nonlinearly self-adjoint, we can look for the
conservation laws by using the Lie group method. For system (2), the conservation laws
are of the following form:

oL

oL
cl=w+—=+wh—=, 16
ow, " o, (16)

2 - we| O£ -D, LN (2 + Dy (W") oL -D, L
Oty Oty T\ Othnx 0ty Oy

2 (yyy L h[ac_ (E)} n 0L
+Dx(W)auxxx+W o D, B +Dx(W/)ahm. (17)
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For the vector V3, the conservation law is
D,(C") +D,(C?) =0. (18)
Note that W* = -1 — tu, and W” = —th,. Then we have

C' = (1 + tu,)p + thyq = h + D,(thu) — uh,
C? = (1 + tu,)(2hu - B, + Bk + Alhyyy) — ty (—Bh + Bu + Alt) + tlhypsth

+ tht(h +ul+ ,Bux) - Bthyu.
To cancel the trivial operation in computing conservation laws, we may assume that
Cll@) = C" + Dy(H*) + D,(H*) + -+~ . (19)
Then the conserved vector C = (X!, C?,...,¢") = 0 can be written as
.,C") =0 (20)
with the components
cl, C=C*+Di(H*), .., C"=C"+Di(H"). (21)

Based on versions (18)—(21), we get the reduced forms of the components of the conserved
density:
C'=h—uh,
C? = C? + D,(thu)
= (1 + tuy)(2hu — Bhy + Bty + Qttyyy) — Lty (—Bh + B + atlt) + U tlhrs
+ tht(h +ul+ ﬂux) - Bthyu.
In particular, when u = i, p = —c1x + ¢3, and q = ¢1(x — £) + ¢3, we can obtain the special
components of the conserved density:
Cl=—cix+ ¢y + tug(—c1t + ¢y + ¢3),
C’=(1+ tut)[(—clt +Cy+C3)u+ 2(31,3] - tuxt[(2c1x —cit+c3—c)p
+ocy(x — 1) + o3| + Attty [ 1 (2 — 8) + 3]

+tug[—crx+ ca + (cr(x = £) + c3)u + Ber | = Btue[c1(x — £) + c3].

For the symmetry vector V,, we have that

1 1 1
wH = —§u — tuy — Exux, Wh=—h—th, - Exhx.

Page 5 of 20
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Similarly as before, we can obtain the components of the density of system (2):

1 1 1 1 1
Cl= (Eu + tu; + ixux)p + (h + thy + Exhx)q = (iu + tu; + Exux)h

1
+ <h +thy + Exhx) u,
, (1 1
Ce= iu + tuy + Exux (pu+qh — Bpy + Bqx + Alhyyy)
1 1 1
+ (tuxt + Exuxx) (=Bp + Bq + aqux) — (tum gt t Exum> Gxxx
1 3 1
+\ h+th + Exhx (p + qu + Bqxx) — B\ thy + Ehx + Eth q
1 1
= (Eu + tus + Exux)(2hu — Bhy + By + Alhyry)

1 1 1
+ (tuxt + Exuxx) (_ﬁh + :Bu + auxxx) - (tuxxt + Euxx + ixuxxx> Uxxx

1 3 1
+ <h +th + Exhx) (h+u? + Buyy) — ﬁ(thxt + Ehx + Exhxx> u.

In what follows, we investigate the Lie—Bédcklund symmetries of system (2) and the re-
sulting conservation laws.
Set

X = 0", & 1ty 1y ey s Ui s U M) O
177,810, 1, iy Py ey Py s M) O (22)
Substituting (22) into system (2), we infer the following Lie-Backlund symmetries by using
the software Maple:
X1 = hedy + U0y, X5 = hdy + (1 + tuuy)0,,
X3 = (61t + ths + Qs — PhcOp + (Uthy + Pl + N1) O
Xy = thu, + 2tuhy, + 200ty — 2Bthyy + Ny + 2h) 0y
+ (2tutty + 2Bty + 2thy + Uy, + 1)y,
Xs = (6hutsy + 36 hy — 6Buchy, + 60Uty — 6B + 120U My + 4B s
+ 6hh; + 40t hy ) O + (31 thy + 6Bl + 6BUL + 4P U
+ 6hu, + 6uh, + 4auxxx) Oy
X6 = (6tuhux + 3tu*h, — 60thy,ity + 60 tUlyy — 6BtUN,, + 1200t U Uy, + 4ﬂ2thxxx
+ 6thhy, + 2xhu, + 251Uy, + 40 th e, + 200X U gy — 2PNy, + 4
— 10Bh, + 60143y) Oy + (3t thy + 6B tuth s + 6BLH + 4Bty + 6thusy + 6tuh,

+ A0y + 26Ul + 2 Xty + 20M + 1 + 41) 0.

Page 6 of 20
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Applying (10), we can deduce the components of the conserved density for system (2).
For X;, we have

C' = up + heq = uyh + hou = D (uh), hence C; =0,

C? = “2huu, + Buh, — ﬂui — Bhityy + BUlhyy — Ul y, — Hhy — uh,

— Buyhy + Buh iy + Buhy,.

For Xy, W* = n* = 1 + tu,, and W" = n" = ,; substituting into (16) and (17), we have that

Cl=W'p+ W'q=(1+tu)p +hg =1+ tu)h + uh,,
C? = (Bp. — pu — qh — aqe) W* + (aqx — Bp)DL(W*) — agDH (W)
—(p+qu+Bg)W"+ ,Bqu(Wh)
= (Bpx — pu — qh — aqu)(1 + tu) + (@ qx — BP) ttknn — 0Ll xx
=+ qu+ Bqo)h + Pahi.

Similarly, for X3, we get that

Cl = W'p + W'q = p(utty + Bibay + ) + (6t + thy + Qthyry — Bhixy),
Cc*= (ﬁpx —pu— qh - aqxx)(uux + Bty + hy) + (C\qu - ﬂP)Dx(MMx + Bty + hy)
- ani(uux + Butyy + ) — (p + qu + Bqx)(6uy + by + Aty — Bhyy)

+ BgD,(6uy + uhy + 0ttty — Bhyy).

For X, we have

c! = pQRtunty + 2Btuyy + 2thy + Uy, + )0y,
+ q(2thu, + 2tuhy, + 20ty — 2Bthyy + Hyy + 24),
C? = (Bpsx — put — qh — Q) (2tutsy + 2ty + 2Ny, + Uy + 14)
+ (agy — Bp)Dx(2tuns, + 2Bty + 2thy + Uy, + 1)
- ani(2tuux + 2Bty + 2tHy + Uy + 1)
-+ qu + Bqx) 2thu, + 2tuhy, + 20ty — 2Bthyy + Ny + 2h)

+ BqD,(2thu, + 2tuh, + 200ty — 2Bthyy + hyy + 2h).
For X5, we have
c! :p(3u2ux + 68Uty + 6/3“9% + 4% Uy + Ot + 6uh, + 4auxxx)

+ q(6huux + 3u2h, — 6Buhy + 60U, — 68Uy + 12010,
+ 4% Nyns + 6M + dthy),

Page 7 of 20
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C? = (Bpx — put — qh — 0 qx) + (0 — BP) D (3t + 6Butthy + 614 + 4B U
+ 6hty + 6uly + 40ttt yy) — gD (3uP Uy + 6Bttty + 6BUL + 4B Uy + Gl
+ 61thy + A Ues) — (P + qui + B) (6hutty + 3u”hy — 6Bl + 60 Ullysy — 6B 11hsy
+ 120U M + 4B Mans + Gl + d0thsns) + BqDx (6huts, + 3u”hy — 6Buch,

+ 60 Ulhx — 6B UMy + 1201 hy + 4B M + 6h + A0t ).
For Xg, we infer that

C' = p(3tu’ ty + 6Btuthy + 6B} + 4B Uy + 6thity, + 6tuhy + 4t tlLys
+ 2xuity + 2BXUyy + 2N, + u+ 4h) + q(6tuhux + 3tu’h, - 68thyu,
+ 60Uy — OBLtUNL, + 1200 U Uy, + 4ﬂ2thmx + 6thh, + 2xhu, + 2xuh,
+ Aoty + 200X Uy — 2B%M5y + 4w — 1080, + 6omxx),
C? = (Bpx —pu—qh - aqxx)(Btuzux + 6B tuisy, + 6;6th,2€ + 4B tU gy + 6L, + 6tuh,
+ A0 Uy + 20Ul + 2B XUy + 20H, + U + 4h) + (aqx — Bp) Dy (3tu2ux + 68 tutsyy,
+ 6BtHE + AL tityry + 6thity + 6Ll + A0t tU gy + 26Uy + 2BX1Lyy + 20H,
+u® +4h) — agD2 (3tuPuy + 6Btutty, + 6BLH + 4Bty + 6thuy + 6tuh,
+ Aot Uy + 20Uy + 2BX Uy + 200, + u+ 4h) -p+qu+ /qu)(6tuhux + 3tu’h,
— 6Bthyty + 60 tUlyy, — 6BtUNL, + 1200t U Uy, + 4/32thxxx + 6thh,
+ 2xhuy, + 2xuhy + 40ty + 200Uy — 2Bxhyy + 4y — 1080, + 6auxx)
+ BgDy (6tuhux + 3tuhy — 6Bthyity + 60Uy — 6Btuhyy + 120015y
+ 4B% th g + 6thhy, + 20Ny, + 2x0h, + 400y + 20X Uy — 2BX My

+4hu — 10Bhy + 60t1tyy),

where p = i and g = u, which can substituted into the above conserved densities so that

we obtain more explicit formulas for ¢! and C2. Here we omit the computations.

3 Lie symmetry groups and similarity solutions
In this section, we apply the point symmetries (13) to consider the Lie symmetry groups
and some similarity solutions to system (2). Denote the Lie symmetry groups generated

by V1, Va, Vi, V4 by g1, 82, g3, g4, respectively. It is easy to see that

g tuh) — (5t +€,u,h),
g tuh) = (x+¢€,t,u,h),
g3: (% t,u,h) > (x,eet,u—e,h),

1 1
g tu, h) —> (efex, et,e 2y, e‘eh).
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If u = f(x,t), h = g(x,t) are solutions to e system (2), then we can get the following new
solutions based on these symmetry groups:

uV =uxt-€)=fxt—e),  hY=glxt—e),
u? =fx-e,0),  h?=glx-e1),
u® =f(xet)—e, ) =g(xet),

1 1 1
u® = e 2f (e, e t), = eg(e2x,e7¢).
Of course, we can go on getting some iteration solutions following the work [8]:

uBb = f(x,et) — 2,
hGY = g(x,e7¢t),

1
u®D = e=¢f(e” 3%, e~“t),

B = e 2 g (e3¢, e L),

2n-1
4n) _ - 1 .
U = o= Ef—iex,e 1),

B = e e g(em3¢x, e¢t),

where n € N*.
For the transformation groups g; and g, the invariant solutions are traveling wave so-
lutions. Indeed, set
u=UE), h=H(), E=x—ct (23)

Substituting (23) into system (2), we have

—cU' =UlU' +H' + U,
—cH' = (UH) +alU" — BH".

Integrating gives rise to

—cl =3U*+H + U,

(24)
—cH =UH +al” - BH'.
From (24) we find that
2 1/ 1 3 3 2 2
(a+BU —ELI—ECU -U=0. (25)

Let U’ = y(£¢). Then (25) turns to

1 (1
'’ = —<—u" el +c2u2>. (26)
o+ pB2\4
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Suppose U’ = all + U?. Then inserting this into (26), we have that

1
a2+,32=—, a=2=xc.
4
Thus we get
U'=24cll+U?*=:2ecll + U

Solving (27) yields

2ecce*t

- 1 — ce2ect’

and hence

_ 2ect(ec—2ech)e* 1 4c2cetek
ST e 27 )@ ey

(27)

(28)

(29)

where ¢ is an integral constant, which does not vanish. Again applying (23) and (28)—(29),

we have

2ec(x—ct)

_ 2ecce
M(x’ t) T 1—ge2ec(x—ct) ?

_ 2666(60—260)3)62“("_”) 1 40252 gheclx—ct)
h(x’ t) - _W - (E + ﬂ) (l_geZE(x—cz))z N

The characteristic equation of the vector field V3 presents

dt_dx_du

0o ¢t -1
which gives
w=£&x+u, x€ =t

The resulting group-invariant solution reads

u=fO) -tx,  h=gQ.

Substituting (30) into system (2), we infer

%+tf:x+t2x,

% = _tg(t)r

which has the following set of solutions:s

2 2
F@) = exp(~12)[x [fexp(Le2) dt + 2e - 2xeT +7],

g(®) = coexp(-31%),

(30)

(31)

Page 10 of 20
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where ¢, ¢y are constants. Substituting (31) into (30), we obtain the similarity solutions of
system (2):

u t) = xe 2% [*e3” dp + 1a(£3 - 2) + ce 3" 1z,

h(x, £) = coe 3 £2.

Similarly, for gy, the characteristic equation reads

dt dx du dh

= = T
t  3x —ju —h

from which we get the invariants
§=r, u=afE),  h=xig) (32)

where f(§), g(§) are arbitrary invariant functions with respect to the variable &. Inserting
(32) into the system, we get the following ordinary differential equations with variable
coefficients:

—f'(§) = (2B - DE2f(€) + 2(1 - B)ETS(§) — 26 %¢g(§)
+2671¢/ (&) + 2B (£),

-g/(€) = —382f(§)g(&) + 2671/ (6)g(€) + 267 f(§)¢' (§) + 6aE 2 (§) (33)
—20E7M () - 2af"(§) + 4 f(§) — 6BE 2g(§)
+6BE71g'(5) - 4Bg ().

Now we look for the formal series solutions to (33), so we assume that

fE =) a&", &) =) bi" (34)

n=0 n=0
Substituting (34) into system (2) and comparing the coefficients of both sides in the system
(33), one infers that
2b = (2B - )ag,
(4B - 2)aoar +(2-2p)a =0,
(48 - 2)agay + 4as +2by + (28 — l)a% +a; =0,
—2a, + (48 — 2)apaz + (4B — 2)aya, + (68 + 6)az + 4bz + 2a, =0,

4 4
- Z@M-k +8(4— B)as +8by + 28 Zﬂkﬂ4—k =0,
k=0 k=0

(1-n)a,_1 =2nb, + (28 - 1) Zakan,k +(2n-4Bn +2Bn’)a,, n>5,
k=0

ﬂ()bo - 20(!1() + Zﬂbo = O,
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dobl + dlbo - 40[611 =0,
ﬂzbo — ﬂlbl + ﬂobz + 2ﬂob1 — 2(1612 — 14-,3b2 + bl + 6ﬁb1 =0,

—gﬂgbo + 2a1b2 + 3d0b3 + 2b2 + 120[&3 + 12,3]93 = 0,

cey

4 3 4 3
“3az=-3) abii+2) (3-Kasi+2) (4-Kas+2) (3-Karbs i
k=0 k=0 k=0 k=0

4
+2 2(4 — K)axbs_i — 8aay — 24a, — 30Bba,
k=0

5 5 5
~4ay=-3) arbsk+2) (5-Kasibi+2) (5 -K)arbsi + 190cas - 56pbs,
k=0 k=0 k=0
n n n
(1-na,-1=-3 debn-k +2 Z(rz —K)a,_xbi +2 Z(rz —Kk)agb,_x + 6aa,_,
k=0 k=0 k=0
+ [—Zan —2an(n—1) +4an(n—-1)(n — 2)]61,,

+[68n-68-4Bn(n-1)]b,, n=>é6.
When a; #0, there exists a constraint between « and 8:
582 —8af —4B +4a +1=0.

In terms of the above relations among a;, b; (i =0,1,2,...,n), we can write out the formal
series solutions where a; is a free parameter. As for the convergence of the series, we skip
the discussion. However, we can follow the way presented in [8] to proceed.

4 A new scheme for seeking conservation laws of system (2)
In this section, we adopt the approach given by Goktas and Hereman to investigate the
conserved densities and the fluxes of the system for the given rank of ever term in the

equations. We rewrite the system (2) as follows

Ul = ULy + Uy + Bl 2y, (35)

Uor = (Urta)x + Uy 32 — B, 2xs

where u;,, denotes the nth derivative with respect to x for the variables u; (i = 1,2). We
denote the weight of the variables u; and derivative 9, by w(u;) and w(d;), respectively. We

easily find that
rin = w(u) + w(dy), ri2 =1+ w(ur) + w(u),
r3 =3+ w(u), ra =2+ w(uy),
o1 = W) + w(dy), rao =1+ w(up) + w(uy),

a3 =3+ w(u), roq =2+ w(uy).
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Solving

rag=ri2=ri3=ri,

1 =12 =13 =",
we get
w(ur) = 1, w(us) = 2, w(0;) = 2.
List of the variables in system (2):
V={v,n}, Vi = Uy, Vo = .
In what follows, we consider the case where rank = 4 and
Bo = {(1;0)}.

For ¢ =1 and m = 0, a direct calculation gives

4-0
Tvs =V =u, Wis =sw(vy) = 2s, P10 = H ]‘ =2.
w(v1)

Hence s =0,1,2, and
By =Bio = {(1;0), (u32), (u3;4) }.
For ¢ =2 and m = 0, we have

4-0
Tos = uj, Wos = Wi +sw(in) =s, P20 = |[T]] =4.

Hences=0,1,2,3,4, and
Byo = {(1;0), (u1; 1), (u752), (u353), (u1;4) }.

For g =2 and m = 1, we have that

4-2
T2,s = MZMSP WZ,S =2+ S, P21 = |:|:—1 :|:| =2.

Thus s = 0,1, 2. It follows that
BZ,I = {(uz; 2), (Mlbtz; 3), (Mzbl%,‘l') }

For g =2 and m = 2, we find that

o ) CTa-wap | [4-4T
Tz,s = Uy, Wzys =4 +s, D22 = =||——| =0.
W(Vz) 1
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Hence s = 0. Thus we get

By = {(u3:4)},
By =ByyUBy1 UBgy

={(1;0), (u1; 1), (u352), (u; 3), (3 4), (023 2), (w1123 3), (i3 4), (u3;4) .
Computation of / for each pair of B, reads
1=4,3,2,1,0,2,1,0,0.

Gathering the terms by applying the number / of partial derivatives with respect to x, we
get that

2 2 4 2 2
H= {0, U1 300 Uy UL UL, 2000 BT U gy UY 5 U 20y UL U2, U U, U AT, Uy }

Removing from H the constant terms and the terms that can be written as an x-derivative,

or an x-derivative up to terms retained earlier in the set , we have that
1= {u%x, Uy, Uiy, o}, u%}

Let
p= Clu%,x + CzlxtzlL + C3UUx + C4M2M% + Cgug,

where ¢; (i = 1,2, 3,4) are constants to be determined. Then we have

3
Dy(p) = 2c1u1,xU1,50 + 4ottt + C3(Un it + Uil xr)

+ c4u2,tu% + 2cau Uty ¢ + 25U Uy ;. (36)
Substituting (35) into (36) to cancel the terms with ¢-derivatives, we get

Dy(p)|(35) = 2c111,2(07  + U112 + U0 + Bth1,32) + 4CoUT (Urth1 e + U + Blt1 1)
+ [ ta(Urtin e + U + Buir o) + iy (Uth 2 + 201 5l
+ UL 0 + QUL 3x — BUiac) | + 2catiythy Uyt + Uo + Blt12x)
+ Catty (U xlhy + Unthy  + QU 4 — BUn3)
+ 2051y (U x Uy + Ul + QUL 3y — BU2x)-

Acting on the variational derivative to D,(p)|s) and comparing the coefficients of the

same terms, we get the following relations:

S={acs+c1=0,28c4 +¢c3=0,2Bc4 + c3=0,20ec3 —4Bc1 =0,a¢5 + ¢ =0,

2Bc¢s +c3=0,c4 —c5 =0}.
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Solving S gives that
c] = —0cy, c3 = —2fcy, C5 = Cy, (37)

where ¢, is a free parameter, and ¢, can be an arbitrary constant.
Suppose ¢4 =1 and ¢ = 0. Then ¢; = —«, ¢3 = =2, ¢5 = 1. Thus, we have the conserved
density:

2 2., .2
p=—au—1,x"=2Buius, + usui + ;.

The resulting flux of system (2) when rank = 4 is given by

2 2
J = o (2u1u7 , — uiun 0x) + 200(u1 b, — Upth o) + 20011 11 35

—2B%urUg 9y + 2Buntin x + 3PS Uy . + UTUy + 205Uy .
If ¢; = ¢3 = ca = ¢c5 =0 and ¢, # 0, then the conserved density is of the form
P = 021/1*,
whereas

Dy(p) = Acous} (uythy 5 + Uy + Bir 2z)

1
= Dx[gczui + 402ui’u1,x + 402,Bui’u2 - 12C2D;1 (u%u%x) - 1202,8D;1 (u%mulyx)].
Hence the flux has nonlocal differential form
1
J=c [—guf - 4u§’u1,x - 4ﬂu§u2 + IZD;I(M%M%W) + IZﬂDxl(u%uguLx)}.

When rank = 5,6,..., we can obtain the resulting conserved densities and fluxes of system
(2), and we omit the complicated computations.

5 Special solutions of the stationary system (2)

An important application of the conservation laws of evolution equations is the study of
nonvariant solutions of symmetry groups. In this section, we want to apply the conser-
vation laws of system (2) to investigating some noninvariant solutions of the symmetries.
For simplicity, we only choose simpler conservation laws and only consider the solutions
of the stationary system (2). System (2) can be written as

1
Uy = (5142 +h+ ﬁux> ’ he = (uh + Qe — Bhi)s (38)

where the conserved densities are # and /, and the corresponding fluxes are %uz +h+ Buy
and uh + auy, — Bh,, which are the simplest conservation laws. We further want to use
them to deduce some stationary solutions of system (2). Taking

u=gx), %u2+h+/3ux =f(8),
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and substituting into the second conserved equation in (38), we have that

! / 3 / / 1 " 1"
f®)=g@f () - 58°¢ () - 288 (x)* ~ 2B + ag" + Bge”". (39)
Assume that f(¢) = 0 and then integrate (39):
2 1 1 2( . 1\2 / 1 3
(v’ ~14°(6)" ~26e8 ~ 2 =0 40)
Case 1: When « > 0, 8 =0, Eq. (39) reduces to
1L,
= _ 0’
ag 2g
which has a special solution

, €==l1.

2/a
EX

Thus we obtain a set of special solutions to system (2):

2 2
u:—ﬁ, h:——(;. (41)
€X X

Case 2: When 8 # 0, assume a formal solution of (40)

= . 42
S Cx (42)
Then we get
, AC Y 24%C
£ (43)

TBrcr? S T BrCxp

Inserting (42) and (43) into (40) and comparing the coefficients at the powers of x, we infer
that

o
A=-—C, B=4 44
5 B (44)

Taking B = 1, we have the special solution to system (2)

—__aC
u= 4(11—2C962)’ (45)
b= a“C aC

T2 T o’

where C #0 is a parameter.
In the case f(¢) = 0, we find that u; = i, = 0. Hence the system becomes the following
ordinary differential equations:

D.(3u* + h+ Buy) =0,
D, (hu + au — Bhy) =0,
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which can be written as
1,
Eu +h+ Buy=cy, hu + ottty — Bhy = o, (46)

where ¢;, ¢, are integral constants. It is easy to rewrite (46) as the following differential
equation with respect to the variable u:

1
EMS - (a + ﬂz)um =cU —Cy. (47)

When ¢; = ¢; = 0, solving (47) yields

2 a + B2

u=- (48)
€x
Substituting (48) into the first equation in (46), we get
1 2o+ B2 2+ B
h=—Bu,——u®= “+p - (@+p ). (49)
2 ex? x2
When ¢; #0 and ¢, #0, (47) becomes
1 3 cau C 0 (50)
Uy + u’ - + =0.
2+ B2) a+p? a+p?
Let u, = y. Then (50) can be written as
dy u? au ¢
—_—+ - + =0. 51
ydu 2@+ B2 a+pr a+p? D)
Integrating (5) with respect to u, we get
1, 1 . cru? U 0 (52)
-y + u* - + +¢=0,
2 T8 T 2a+p) wrpr
where ¢ is an integral constant. Thus (52) can be written as
2 1 2
W= | S ut = =% _ 2¢p. (53)
a+ B2 4dla+p?) o+ B2

Fan [26] studied the solutions to the formal ODE (53) taking different parameters. Now
we follow his method to give some exact solutions to (53).
(i) When ¢g = 0, (53) has the following solutions:

u:«/4clsech< Lx), c1>0,a+ B,>0,
Voa+pB?

C1
u=~Aeysec| [-———x), a>0,a+p<0,
a+p

1 2
Uu=—————, =0+ p8°<0.

—4(a + ﬂz)x,
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(if) Equation (53) still has the following three Jacobi elliptic function solutions: when
ZC%WIZ(WIZ—I)
(a+B2)2m2-1)2"

~ 4¢cym? a )
"IN a1 Cn(\/(a T B2 — 1)x)’

a
a+p?

>0,C()=

2.2
1 _ 2cym
when arf? < 0,¢c0= (a+p2)(m2+1)’
4cym? —a
U=,/ sn x|;
m? + 1 (a + B2)(m? +1)
2 2
o1 _ 2c7(1-m”)
when v 0,¢0= VDI

_ 4C1 d C1
TV 2w “(v (a+ﬂ2)(2—m2)x>’

where m denotes the module of Jacobi elliptic functions. Substituting all these u into (46),
we can obtain the resulting /.

From the above discussion we find that we indeed obtain some new special solutions
of system (2). However, there are two questions to further consider. One is that when
f(t) #0, can we obtain solutions dependent on the variable £? Of course, we can. Because
we may investigate the traveling-wave solutions of system (2) by setting & = x — ct, which
can transform system (2) to the ODEs with respect to the variable &. As for this, we do
not further discuss them. Another one is that when f(¢) = 0, can we obtain solutions only
dependent on the variable x and not on the variable t? We do not think so. In fact, if we
replace system (2) with the system

u = (302 + b+ Bhy)s,

hy = (uh + Qe — Bhy)x,

(54)
then we can get a set of solutions dependent on the variable ¢. In fact, taking u, = g(x),
1u® + h+ Bhy = 0, we have

1 __LZ
hx+gh— 2I3g (x).

Substituting this into the second equation in (54) gives rise to

1
G, +—-G=0,
p

where G(x, t) = hg(x) + agyx — Bh,, which has the solution
-1
G=o(t)e??,
from which we have

hg(x) + Qg — Bhy = o (D)7,

Page 18 of 20
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where o (¢) is a function to be determined. A direct verification indicates that

PR e

is a set of solutions of (54). We see that the function /% is dependent on the variable ¢.
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