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1 Introduction
In this paper, for simplicity, set A2u = tyyer, —AUh = —thyy, Vit = tt. We consider the follow-
ing stochastic coupled suspension bridge equations of Kirchhoff type:

Ui + DUy + S + Ky = u2)* + (p = [ Vi | ) Dot + fis(1) = gs(x) Wi,
inlU x [t,+00),T € R, (1.1)

U — BDU + Syt — k(uy — )" + fi(uz) = gs(®) W,  in U x [1,+00), T € R
subject to boundary conditions at both ends

ur(x,t) = Auqy(x,6) =0, xedl,t>r,

(1.2)
ur(x,£)=0, xedl,t>r1,
and the initial-value conditions
ui(x, 7) = uro(x), u(x, ) =unlx), xel,
(1.3)
Uy (%, T) = uso (), Uy (%, 7) = un(x), xel,
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Figure 1 A model of the one-dimensional bridge The main cable represented by a vibrating string
represented by the coupling of the cable
(a vibrating string) and the roadbed (a vibrating

qu (x,7)

beam) by the stays, treated as nonlinear springs

Nonlinear springs
(cable stays)

The roadbed represented by a vibrating beam with hinged

where U is a bounded closed interval of R with a boundary oU = {0, L}. The first equation
of (1.1) represents the vibration of the road bed in the vertical direction, and the second
equation describes that of the main cable from which the road bed is suspended by the
tie cables, see [1, 2]. We assume the ratios between the length of the bridge and other
dimensions to be very small, which entails that the torsional motion can be ignored, so
that the road bed can be simply modeled as a vibrating one-dimensional beam. In addition,
by neglecting the influence of the towers and side parts of the bridge, such a beam can be
assumed to have simply supported ends (see Fig. 1).

Now, we introduce the meanings of each terms in (1.1) as follows.

— uy =ui(x,t): [0,L] x [t,+00) — R represents the downward deflection of the beam
mid-line (of unitary length) in the vertical plane with respect to the reference
configuration.

— Uy =up(x,t): [0,L] x [r,+00) — R measures the vertical displacement of the string.

— o >0and B > 0 are the flexural rigidity of the structure and coefficient of tensible
strength of the cable, respectively.

— 81,8, > 0 represent the viscous damping constants due to external resistant forces
which linearly depend on the velocity.

— k>0 is the spring constant, the nonlinear terms +k(#; — u3)* model the restoring
force due to the suspenders, which are assumed to behave as one-sided springs. Such
a restoring force is proportional to the elongation of the suspenders if they are
stretched and vanishes if they are compressed. In addition, it holds the road bed up
and pulls the cable down; therefore, into the first equation, the plus sign in the front
of k(11 — up)* occurs, but into the second equation, the sign in front of the same term
is minus.

— p € Raccounts for the axial force acting at the end of the road bed of the bridge in the
reference configuration: it is negative when the beam is axially stretched, positive
when compressed.

- ||V ||%2(U) takes into account the geometry of the beam bending due to its
elongation.

— f and fs are given vertical dead-load distributions acting on the deck and the main
cable, respectively.

In addition to normal vehicular load, a bridge is also occasionally subject to random
loads such as seismic and wind forces. Such random forces can be modeled by two noise
terms W;(¢) and W5(¢) on the right-hand side of equation (1.1). W) (i = 1,2) are the
scalar Gaussian white noises, i.e., formally the derivative of the two-sided real-value scalar
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Wiener processes {W;(t)}:cr (i = 1,2). We assume that the functions f3, fs, s, gs always
satisfy the following assumptions.
(i) The nonlinear terms f3 € C3(R,R) and fs € C*(R, R) with f3(0) = f5(0) = 0, which
satisfy the following conditions.

(a) Growth conditions:
()] [fs(t)| < Co(L+71"), ¥y =1VreR, (1.4)

where Cj is a positive constant.
(b) Dissipation conditions:

Fp(7) Z=A fB(r) dr > C1(|‘L’|y+l _ 1)’
’ (1.5)
Fs(7) ’:/ fs(ydr=Ci (] -1), y>1VreR,
0

and
tf3(t) = Co(Fa(r) - 1), tfs(t) = Cy(Fs(r) - 1), VreR, (1.6)

where C; and C, are positive constants.

(ii) gp(x) € H3(U) NH(U) and gs(x) € H*(U) N H} (U) are not identically equal to zero.

The suspension bridge equations were presented by Lazer and McKenna as new prob-
lems in the field of nonlinear analysis [1]. Equation (1.1) models a random perturbation
of the coupled suspension bridge equation of Kirchhoff type. If we ignore the effects of
white noises in (1.1), that is, gz(x) = gs(x) = 0, then there are a lot of profound results
on the dynamics of a variety of deterministic systems related to (1.1), see [3—19] and the
reference therein. For example, just for a single deterministic suspension bridge equation
(without white noises), in [3-9, 18], the authors investigated the existence, uniqueness,
and global attractors of the solution. And for the deterministic coupled string-beam equa-
tions (without white noises) and the similar problems, Woinowsky—Krieger gave existence
and uniqueness of the solution in the different spaces [17]. The authors achieved the ex-
istence of strong solutions and global attractors for both the autonomous case in [13] and
the nonautonomous case in [14]. Other results have been obtained in [10-12, 15, 16, 19]
and the reference therein.

From the above presentation we can see that the universal attractors for the determin-
istic suspension bridge equations are better investigated. On the other hand, the random
dynamics of the suspension bridge equations are little considered. Ahmed [20] presented
the stochastic versions of the models used in [2] and also their extensions to models that
include torsional motions. This permits to study suspension bridges subject to random
wind or seismic forces in addition to deterministic loads. They proved the existence,
uniqueness, and regularity properties of solutions of these stochastic models on these
Hilbert spaces. In case of sustained stochastic wind forces, it is conceivable that a ran-
dom nonempty set as an attractor may exist and may lead to collapse of the bridge unless
the attractor contains the rest state and the bridge returns to the rest state after the storm

has passed. Therefore, it is necessary and meaningful to study the random attractors for
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the suspension bridge equation. Recently, the authors studied the existence of random at-
tractors for both the single extensible suspension bridge equation in [21] and the coupled
beam-string system in [22]. To the best of our knowledge, the existence of random attrac-
tors for the coupled suspension bridge equations of Kirchhoff type with white noises is
still not considered, while it is just our concern.

The concept of random attractors was introduced in [23-25] for the infinite-dimensional
random dynamical systems (RDS). A random attractor of RDS is a measurable and com-
pact invariant random set attracting all orbits. It is the appropriate generalization of the
now classical attractor from the deterministic dynamical systems to the RDS. The reason
is that if such a random attractor exists, it is the smallest attracting compact set and the
largest invariant set [25]. These abstract results have been successfully applied into many
stochastic dissipative partial differential equations such as reaction diffusion equations,
Navier—Stokes equations, and nonlinear wave equations, see [26—30] and the references
therein. For instance, the existence of random attractor for a damped sine-Gordon equa-
tion was proved in [26]. Yang, Kloeden, and Duan [28, 29] studied random attractors for
the stochastic semi-linear degenerate parabolic equation and the wave equation with non-
linear damping and white noise, respectively.

As we know, for a dynamical system perturbed by a white noise, there is no chance that
bounded subsets of the state space remain invariant. White noise pushes the system out of
every bounded set with probability one [23, 24]. It implies that the classical results of global
attractors for the deterministic dynamical system are not suitable for RDS. Therefore, how
to establish a compact random invariant set is the main task in studying these problems.
Considering our system (1.1)—(1.3), the parameter p € R and the term —|| Vu||i2(u)Au also
bring some difficulties, they make the calculus more complex than those in [22, 30]. In
order to prove the existence of random attractors for system (1.1)—(1.3), we use the meth-
ods established by Crauel, Flandoli, Arnold, and others in [23-25], which are still vital and
useful until now.

The article is organized as follows. The definition of RDS and some abstract results are
stated in Sect. 2. In Sect. 3, we present the existence and uniqueness of the solution corre-
sponding to system (1.1)—(1.3), which determines an RDS. Finally, the existence of random
attractors is shown in Sect. 4.

In this paper, the letters C; (i € N) below are generic positive constants which do not
depend on w, 7, and ¢.

2 Necessary notations and abstract results
In this section, we recall some basic concepts related to the RDS and random attractors
for an RDS in [23-25], which are important for getting our main results.

Let (X, | - |lx) be a separable Hilbert space with Borel o -algebra B(X), and let (£2, F, P)
be a probability space, where

2 = {o(t) € C(R,R?) : 0(0) = 0}
is endowed with compact-open topology, P is a Wiener measure, and F is the P-
completion of Borel o -algebra on £2. In addition, we write W (t,w) = (W, (£), Wa(£))T =

o(t), t € R, w € 2 and define

Oiw(-) =w(-+t)—w(t), teR,weSs.
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Then 6;: 2 — 2,t € R is a family of measure preserving and ergodic transformations
such that (¢, w) — 6;w is measurable, 6) = id and 0, = 6,0, for all t,s € R. The flow 6,
together with the probability space (£2, F, P, (6;):cr) is called a metric dynamical system.

Definition 2.1 Let (2, F, P, (0;):cr) be a metric dynamical system. Suppose that the map-
ping ¢ : R* x 2 x X — X is (B(R*) x F x B(X), B(X))-measurable and satisfies the fol-
lowing properties:

(i) ¢(0,w)x=x,x€X,and w € 2;

(if) (¢t +s,w) = P(t,6;w) o Pp(s,w) for all t,s e R*, x € X, and w € £2.
Then ¢ is called a random dynamical system (RDS). Moreover, ¢ is called a continuous
RDS if ¢ is continuous with respect to x for £ > 0 and w € £2.

Definition 2.2 A set-valued map D : £2 — 2% is said to be a closed (compact) random set
if D(w) is closed (compact) for P-a.s. w € £2, and w — d(x, D(w)) is P-a.s. measurable for
allx € X.

Definition 2.3 If K and B are random sets such that for P-a.s. w there exists a time #z(w)
such that, for all £ > #g(w),

o(t,0_;w)B C K(w),
then K is said to absorb B, and tz(w) is called the absorption time.

Definition 2.4 A random set A = {A(®)}wee C X is called a random attractor associated
with the RDS ¢ if P-a.s.:
(i) A isarandom compact set, i.e., A(w) is compact for P-a.s. w € £2, and the map
o — d(x, A(w)) is measurable for every x € X;
(i) A is ¢-invariant, i.e., ¢(t, w)A(w) = A(G;w) for all £ > 0 and P-a.s. w € £2;
(iii) A attracts every bounded (non-random) set B in X, i.e., for all bounded (and
non-random) B C X,

lim d(¢(t,0_,w)B,A(w)) =0,
t—00
where d(-,-) denotes the Hausdorff semidistance:

d(A,B) =supinfd(x,y), A,BeX.
xcA YEB

Note that ¢(¢,0_,w)x can be interpreted as the position of the trajectory which was in x

at time —¢. Thus, the attraction property holds from ¢ = —oco.

Theorem 2.5 ([14]; Existence of a random attractor) Let ¢ be a continuous random dy-
namical system on X over (§2,F, P, (6;)icr). Suppose that there exists a random compact
set K(w) absorbing every bounded non-random set B C X. Then the set

A={A@)},., = As)

BCcX
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is a global random attractor for ¢, where the union is taken over all bounded B C X, and
Ap(w) is the w-limits set of B given by

Ap(w) = (| J ot 0-10)B.

s>0 t=s

3 Existence and uniqueness of solutions

Let (H,(-,-), || - ||) be a real Hilbert space, and let A : D(A) — H be a strictly positive self-
adjoint operator. For any r € R, the scale of Hilbert spaces generated by the powers of A
is introduced as follows:

H'=D(A%), (), = (ATu, ATv), ||ul, = |[A%u.

When r = 0, the index r is omitted. In particular, we have the compact embeddings H'*! <
H" along with the generalized Poincré inequality, there holds

loll¥,, > Arllull?, VYueH™, (3.1)

r+l

where A; > 0 is the first eigenvalue of A.
In order to establish more general results, we recast system (1.1)—(1.3) into an abstract
setting. Without loss of generality, we define
Yo=L*U), Yi=HyU), Yo=HU)NHyU),
D(A) = {u, Au € H*(U) | u(0) = u(L) = Au(0) = Au(L) =0},

where A = A%, A2 = —A. For brevity, we introduce some spaces V1, V5, E which are used
throughout the paper, that is,

V1=Y1XYO, V2=Y2XY(), E=V2XV1,
and endow spaces V1, V5, E with the following norms, respectively:

2 2 2 2 2 2
lyillv, = leallz + lvalls 21y, = luzll + [Ivall™;

Iylz = cllu |3 + Ivall> + Blluall} + llvall®
for all y; = (u;, vi)T € Vi, y = (51,92) = ((u1,v1)T, (u2,v2)T) € E, i = 1,2, here T denotes the

transposition.
_ T LY _ (qg®) 0 (81 0 B
Let u(x,2) = (6, 0), (6 0)", @ = (1), QW) = (7 ) A = (54,) f) =

(f(u1) + k(uy —u2)* — (p— w1 ||%)A% uy, fs(ua) —k(ur —u)*)T, W(t) = (Wi(2), Wa(2))T. Then
system (1.1)—(1.3) can be written as

Uy + Pu+ Auy + f(u) = Q)W (t), inl x [r,+00),T €R,
u(, H)lau = (ur (%, ) gus w2 (x,8)|5u) " = (0,0)7,
Au(x’ t)|3LI = (Aul(xr t)|8L[r O)T =0, (32)

u(x, 7) = up(x) = (u10(x), u20(x))7,
)T

u (%, T) = ur (%) = (u11(x), ua1 ()
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Let
. aA1dy BNA182
£=min| — ) . (3.3)
281 + 3 2(32 + 3,3«/)\,1

By the transformation, u = u, z = (z1,22)7 = (w1, + euy — qe(X) W1 (2), uz, + suy — qs(x) x
Wo ()T = us + eu— Q(x) W (t), we obtain the following random partial differential equation

(RPDE):
% =z-cu+ Qx)W(),
L~ _Az+ez—Pu+eAu—e*u—f(u) - AQR)W(E) + eQx) W(1), (3.4)
u(x, 7) = up(x), 2(t,w) = z(x, T, w) = uy(x) + eug(x) — Qx)W(r), xel.

In contrast to the stochastic differential equation (3.2), no stochastic differential appears
here. Let ¢ = (¢1,92) = ((t1,21)7, (42,22) 7). Hence equation (3.4) can be written as

(blt + ngol = Fl(‘pl,&)): <P1(T» w) = (ulorzl (7:> w))T» t>r,

(3.5)
@2t + Lapa = F>(@3, w), @o(T,0) = (20, 227, 0)) T, t>7,
where
el -1 el -1
Ll = ’ L2 = 1 »
(aA —e(61—-8e) (8, - 8)1) (,BA2 —&(8y =) (89— a)[)
qs(x) Wi(t)
Fi(p1,0) = |
—k(u1 —u)* + (p— w1 1) AZur — f(u1) — (81 — €)qp(x) Wi (¢)
and
gs(x) W (2)
F. ,W) = .
22 ) (k(ul — )"~ fs(ua) ~ (8 - E)QS(x)Wz(t)>

We know from [31] that L;, L, are the infinitesimal generators of Cy-semigroup
el1f, el2t on V,, Vi, respectively. It is not difficult to check that the functions F(-,w) =
(F1(+, ), Fo(+, w)) : E + E are locally Lipschitz continuous with respect to ¢ = (¢1, ) and
bounded for every w € £2. Thus, by the classical semigroup theory on the local existence
and uniqueness of solutions of evolution differential equations in [31], we have the follow-

ing theorems.

Theorem 3.1 Let (1.4)—(1.6) hold, qp(x) € H>(U) N HZ(U), qs(x) € H*(U) N Hy(U), then
forany T >0,7 e R, w e 2, and ¢(t,w) = (¢1(7, w), p2(7,w)) € E, RPDE (3.5) has a unique
solution ¢(-,w) € C([t,t + T);E) in mild sense, i.e.,

Pt ) = g (z,0) + [ 1 EIF (g1 (s), w) ds,

(3.6)
Pa(t, ) = 2o (v, 0) + L2 IEy (o (s), w) ds.

Moreover, o(t, o(t,w)) is continuous in t and (T, ).
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Theorem 3.2 Let (1.4)—(1.6) hold, qp(x) € H>(U) N HZ(U), qs(x) € H*(U) N Hy(U), then
the solution ¢(-,w) € C([t, T + T); E) of system (3.5) generates a continuous random dynam-
ical system (0, S¢(t,w)) on E as

Se(t,w): o(t,w) = @(t, w), E—E, (3.7)

by S:(t,w) =t +1,7,0(t,w)) = (p1(t + 7,7, 0(1, ®)), P2 (£ + T, T, (T, ))), where

(t+7,7,0(t,0) = ui(t+1,7,0(t,0))

B et +7,7,9(7,0)) + eur (£ +7,7,0(7,0) - g Wi(0) )
_ ur(t+7,7,0(1,0))

P2t + r,r,w(f,w)) - (uzt(f +7,7,0(T,w)) + eus(t + 7,7, 90(1, ) — qs(x)Wz(t)> .

To show the conjugation of the solution of the stochastic partial differential equation
(3.2) and RPDE (3.5), we introduced the homeomorphism

RO)y = (y1,52 - ey + QIW(©)', y=(y1,90)" € E

with the inverse homeomorphism being

RYG.0)y = (y1,92 + ey - Q)W ().
Then the transformation
S(t, w) = R(O,w)S: (t, )R (B,0) (3.8)

also determines an RDS corresponding to equation (3.2).
We will also use the transformation, let

n(&) = (Mm@, ma(®)) = (12 (), w1(8) + e (D), (a8, e (2) + 12 0)) ),
0

G1(’71:(D) = 1 .
—k(ur — u2)* + (p = llur A2 uy — fz(u1) + qp(x) Wi (2)

and

0
G, 0) = . )
212, ) (k(m — )" — fs(ua) + qs(x) WZ(t))

then RPDE (3.2) can be rewritten as

ne + Lim = Gi(n1, ), n1(t, ) = (10, w11 + eur0)7, (39)

N2t + Lang = Ga(72, 0), 2T, ) = (t20, a1 + i) 7.

We introduce the isomorphism Ty = (y1,y2 +&y1)T, ¥ = (y1,¥2)T € E, which has the inverse
isomorphism T_.y = (y1,y2 — eyl)T. It follows that (8, S, (¢, )) with the transformation

S.(t,w) = T.S(t, w) T, (3.10)
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isalso an RDS corresponding to (3.5). Therefore, the two RDS S(t, w) and S, (¢, ) are equiv-
alent.

4 Existence of a random attractor

In this section, we prove the existence of a random attractor for RDS (3.5) in the space E.

Lemma 4.1 Let (1.4)—(1.6) hold, q5(x) € H3(U) N H3(U), gs(x) € HX(U) N Hy(U). There
exist a random variable r1(®) > 0 and a bounded ball By of E centered at 0 with random
radius ro(w) > 0 such that, for any bounded non-random set B of E, there exists a determinis-
tic T(B) < -1 such that the solution ¢(t, w; p(t,w)) = (p1(t, w; P1(1, W)), P2 (L, w; P2 (T, W))) =
(u1(t, @), 21 (t, @) T, (ua(t, @), 2o (t, ))T) of (3.5) with the initial value ((u19, u11 + €uro)’,
(t20, 1 + 12p) ") € B satisfies, for P-a.s. w € 2,

le(-1,w50(t,®)) |, <ro(w), ©=<T(®B),

and forallt <t <0,

lo(t, w5 0(x, )| < Ri(t, ), (4.1)

where z1(t, ) = u1(t) + eur(t) — qe(X) Wi(t), 22(t, w) = uae(t) + cua(t) — qs(x) Wa(t), and
R(t, w) is given by
Ri(t,w) = e-““-ﬂ<||um||§ + ety + euroll® + lgsl?| Wi ()| + lluaoll? + llua + sz >

1
+ llgsI?| Wa (o) + 5 (ol —p)” + k|| (10 — ua0)*|*

+ 2/~QFB(u10)dx+ 2/;2F5(u20)dx> +Mrf(a))).
It is easy to deduce a similar absorption result for
n(=1) = (n1,72) = ((s1(=1), s1e(=1) + 201(~1)) ", (2(=1), tne(=1) + £102(-1)) ")
instead of (-1).
)T

Proof Taking the inner product in V; of the first equation of (3.5) with ¢; = (41,2;1)", and

taking the inner product in V; of the second equation of (3.5) with ¢, = (15, 2,)7, in which
z1 = 1 + eug — qp(x) Wi(2), zo = ug + cup — gs(x) Wa(t), then adding them, we find that

1d,_ 1d.
5 gl + (Ligr, 1)y, + 5 712l + (L2g2, 92) vy
= (Fl(‘Pl;w): (/71)\/2 + (FZ((/)ZIQ))! (pZ)Vly Vit >T. (42)

Due to (3.1), using the Holder and Young inequalities, we get

(L1g1, 91)v, + (La2@2, 92) 1

= ellur 3 + (@ — D)(Aur, z1) — e(81 — &)(u1,21) + (81 — &) |21 1|
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+ellua ) + (B — 1) (A2 n, 25) — £(8y — ) (14, 22) + (82 — &) 1222

1d
> o 2 (@ =Dl + (6 = Dlall}) +e(alar 3 + Blluzll)
£01 2 882 )
- —=lml2llz1ll + (61 = &)llz1 1> - T=llual1llz2ll + (82 - &) |22 |
v I

+ (1= @) (Aug, gs@) Wi () + (1 - B) (A% s, g5(x) Wa(2))

1d e
= Ed—t((a - 1)||I/t1||§ +(B - 1)||u2||f) + 8(Ot||u1||§ + ﬁ||u2||%) _ Z””l”%

ed} 2 2 &P ) e8] 2 2
——lz1ll” + (61 — &)llz1 I” = — |lu2ll7 — 22| + (82 — &)z
a1l + G =llal? - sl - 2=zl + 6 - ol

+ (1 - ) (Aur, gs@) Wi (1) + (1 — B) (A, gs(x) Wa(0))

1d 3 €
z 5 (@ =Dz + (8= Dlwalt) + S el + 7 («lllls + Bllull)

b)) )
+ Elnzl 12+ 32 2212 + (1 — o) (Auer, g () W1 (0))

+ (1= B)(A% z, qs(x) Wi(2)),

noting that we use (3.3) in the last inequality. In addition,

(Fl((/’l,w),ﬁl’l)‘,z + (F2(<P2,w);<ﬂ2)vl
= (w1, qsX) W1 (D)), + (2, gs(X) Wa(2)) | — (k(ur — u2)*, 21) + (k{1 — u2)*, 2,)
= (fs(ur),z1) + ((p - ||M1||%)A%M1,Zl) - (81— &) (g Wi (0),21) - (fs(u2), 22)

- (82 — ) (gs(x) Wa(), 22)
1d

(4.3)

= ———k||(u1 — u)"* ||2 — ke || (w1 - uz)* ||2 + (w1, gs(X) WA (1)), + (12, gs(x) Wa(2)),

2 dt
+ k(w1 — u2)*, q(X) W1 (2)) — k(1 — )", gs(x) Wa(2)) — (81 — &) (q8(x) Wi (¢

— (82— &) (qs@ Walt), 20) + ((p - llwr 1) A2 1y, 21)
- (fB(M1)721) - (fs(uz),zz)~

We deal with some terms in (4.3) and (4.4) as follows:

a(u1, qe(X) W1 (), + B(u2, gs(x) Wa (),

o 2 B 2
(a||u1||§+ﬂ||u2||%)+;||q3||%|W1(t)‘ +;||qs||%|W2(f) ;

’

k(1 — u2)*, qe(x) Wi (2)) — k(w1 — u2)", gs(x) Wa () |

k. k k
< 7’3 e = )| + g||q3||2|W1(t)|2 + = llasll* [ Wa(0) 2

|-(81 — &) (qs(x) W1(£), 21) — (82 — &) (qs(x) Wa(), 22) |

) I} ) 2 6 2
< Elnzln% §||zZ||2+§||qB||2!WI(t)| + §||qs||2|wz(t>| .

)!Zl)

(4.4)

(4.6)

(4.7)

Page 10 of 20
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Furthermore, we get

— (Il = p) (A2 1y, 1)

2

1d 2 & 2 & ep

== 7 (mli =p)" = S (1l = p)" = Sl + -
1

+ ([l 13 = p) (A2 w1, g5 (x) WA (2))

1d s € 2 € p® ¢ 2
=37 (Il =p)" = S (il =p)" = Sl + ==+ 7 (il - p)

e lgsllt "

+§||M1||1+ 283 |W1()]

1d 2 ¢ 2 e’ llgslt "
:_ZE(HWH%_I)) —L—L(Hlfﬁ”%—l)) ot 2831|W1(t)|~ (4.8)

By means of (1.4) and (1.5), we conclude that

(fa(u1), g5 (x) W1 (2))

< C'o/ (1+ |m]”)gs(x) Wi (2) dx
u
2
< Gollgsll| W1 (2)| + Co(/ g |7 dx> Igally 1| Wa(8)]
u

Y
__Y_ y+1
< Gollgsll|W1(8)] + CoC, ( f (FB(u1)+Cl)dx)y lgally+1|Wi(e)|
u

SC()Cl_l

C a1 eCGlU|
< Collgsll | WA (0)] + /Fg(ul)dm z—zann;iHWl(t)V Ty OT’ (4.9)
u

so together (1.6) with (4.9), this yields

- (fB(ul)»Zl)

= _(fB(ul), Ui + Ul — qp Wl(t))

d
S_E,/ FB(M1)dx—8C2/ Fp(ur) dx + eCo|U| + (fa(u1), gs Wi (2))
u u

d e(2C, — CyCt
<2 / Fyuy) ds — £2C2= Q€1 / Falur) dx + Colgs || WA (0)|
tJu 2 u

C . a &(Co+2Cy)
+ 2 lasl [ Wa)] ™+ == ). (4.10)

Similarly, there holds w

- (fS(MZ):Z2)
= —(fs(u2), uze + €1 — G2 W ()

d £(2C, — CoC71
<2 / Fo(uy) dx — 22~ CC1) / Fs(us) dx + Collgsll | Wa(0)
t u 2 u

C a1 e(Cy+2C)
+ o2 laslly | Wa) + ===l (4.11)

Page 11 of 20
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Therefore, collecting with (4.2)—(4.11), we get

d 1
E(W”% + E(llm”% —p)2 +kH (11 — up)* H2 + 2/ Fp(uy)dx
u
+2/ Fs(ug)dx+4C1|U|> +8<||</’||}25
u
1
+ E(”ul”% —p)2 + k||(u1 - M2)+||2 + (2C2 - CoCl_l)/ Fp(uy)dx
u

+(2C, - CoCrY) f Fs(uy) dx + 4C1|L[|>
u

<M(1+|Wi@)| + W) + [ W) + Wi
+ [ Wa()| + | Wa)” + [ Wate)|"™)

= M(l + E(t)),

4
where M = max{2¢(Cy + 2Cs + 2C)|U| + ep% 2Collgsll, 2 lgzl3 + (61 + Z)liqs)> 21,
| gg 711, 2Collgsl, 2 lgsli3 + (62 + Z)ligsli® < ligsl):1). Using (1.5), we have the fact

2 [, Fi(u)dx +2 [, Fy(us) dx + 4C1|U| > 0, let

1
10 = ol + 5 (Il ~p)” + ks ) +zf Fl(ul)dx+2f Fy(up) dx
u u

+4C|U| = 0.

£(2Cy-CoCy!

Choosing ¢; = min{e, f)} and C, > o

C—l
2‘ , then we have that

%I(t) +e11(t) < M(1 + E()). (4.12)

By the Gronwall lemma, we conclude that

lo(t 00t 0) |7

t
< e 19 (q) +M/ e 1079(1 + E(s)) ds
T
_ _ 2
=1t f><||um||§ + loay + eurol)® + lgs > Wi ()| + lluaoll} + lluar + suzol)?
2 2 1 2 2 112
+ llgs|?| Wa(o)|” + §(||M10||1—19) + k|| (10 — o) || " +2 | Fa(uro) da
u
t
+2 f Fg(ugo)dx+4C1|U|> +M f e 17)(1 + E(s)) ds. (4.13)
u T

Take

M -1
ro@) =1+ + sup e (lgsl* Wi (0] + llgs | Wa(o)[*) + M / e 119K (5) ds
1 -0

7<-1

Page 12 of 20
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and

1 0
()= — +/ eV E(s) ds.

&1 o

Since lim;_, « WlT(t) =0, im0 WZT(t) =0, r5(») and r3(w) are finite P-a.s. Given a bounded
set B of E, choose T(B) < —1 such that

1 2
—e1(-1- 2 2 2 2 2
e T)<||M1o||2 + [la11 + euro|l” + luaolly + llu21 + e l|” + §(||M10||1 -p)

+ k”(ulo — )t ||2 + 2/ Fg(u10) dx + Zf Fs(uoo) dx + 4C1|U|) <1 (4.14)
u u

for all (419, 11 + e110) T, (t20, tia1 + ettp)T) € B, and for all T < T(B).
This completes the proof of Lemma 4.1. d

In order to obtain the regularity estimates later, we decompose the solution u(t) =
(u1(t), us(t)) of system (1.1)—(1.3) with the initial value ((u10,u11 + eu10)7, (t20, 21 +
gu)’) € Binto two parts u; (£) = y11(£) + y12(8), ua(t) = y21(2) + y2o(t), where (y11(2), y21 (£)),
(012(2), y22(2)) satisty

Ve + o D%y11 + 81y11e + (p = [ull) Ay =0, inlU x [r,+00), T €R,
Y216 — BAYa + 82y21: =0, inlU x [1,+00),T €R,

y1uxt) = Ay t) =yulx,t) =0, xedl,t>r, (4.15)
Y11, T) = (%), Y, 7) =unlx), wxel,
y21(%, T) = uzo(x), (%, ) = ua(x), xel

and

Yiou + @D*y13 + 81910 + (0 = ullD) Ayra + k(uy — up)*
+fo(u1) = ge(x) W1 (), inlU x [r,+00),T €R,
Ya2ur — BAY2 + Sayane — k(ur — uz)*
+fs(uz) = gs(x)Wa(2), inl x [r,+00), 7 €R, (4.16)
y12(%,8) = Ay1a(x, £) = yoo(x,£) =0, x€dl,t>rt,
y12(%,7) =0, y12:(x,7) =0, x€lU,

Y2 (x,7) =0, You(x,7)=0, xel.

oA
3

(10, w11 + eu10) 7, (a0, 21 + U20)T) € B,

Lemma 4.2 Assume that p < , B is a bounded non-random subset of E, then for any

11107 = @ |y110)]; + [712600) + ey11O)|* + By O]} + [ 21:(0) + £921(0)||*

ET

2 2 2 2
alluioll; = plluoll] + llury + euroll” + Blluolly

ez
=2

+ llua1 + suzoll® + llusoll}), (4.17)
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where Y1 = (711, 9110 + €y11) T, (921, ¥21¢ + €y21)T) satisfies (4.15), and

1, p=0,

1- 4, 0<p< @,

Clp) = (4.18)

Proof Taking the scalar product in L2({l) of the first and second equation of (4.15) with
V1 = y11¢ + €y11 and vy = Y914 + €21, respectively, then adding them, we conclude that

1d 1
Ea(anyun% +vill® + Blly2 13 + [vall?) + (2 = llull}) (A2y11,v1) + eeliyn 3

+(S1 = &)vill* - e(81 — &) (11, v1) + Byl + (82 — &) l|va 1
— (82— €)(y21,12) = 0. (4.19)

It is easy to derive that
1
(]} = p) (A2 y11,v1)

1d
= EE(uun%nyun% =pllwall}) + (Il lynl} - plynl?)- (4.20)

Due to (3.3), we derive that 0 < € < min{%l, %, %2, ﬂ;é’z\_‘}, then it follows that

eallynll; + (1 = &)llvill* = £(81 - £)(y11, 1)

+eBllyall} + (82— &)vall* — (82 — &) (ya1, v2)

2681 e &d
= sallynll + 2 Ivall® = — Nyl = S—=ll®
1

285 eB €82
2 2 2 2 2
+ & + — |2l = — - 1%
Bllyally + == vall® = ==yl 2ﬂm” Al
&
> E(o¢||yn||§ +vill® + Bllya1llf + llval?). (4.21)

Substituting (4.20) and (4.21) into (4.19) yields

d
%(allynllﬁ = pllynly + val® + Bllyall + Ivall* + 1y l17)

+e(alynlly = 2plyan T + vall® + Bllyan T + Ivall? + 20wl 3y 17) < 0. (4.22)
Let
G(&) = allynll3 = plynll} + [vall® + Bllyan 3 + Ivall + Null Iy 113,
then (3.1) ensures that
G(®) = C(p)In1llz >0,

and

G(t) forp<

2 2 2 2 2 2 2
e(@lynllz=2pllyallF + Vil + Bllya T+ Ivall® + el Ty l17) =

Ol\/)\l
3 .

N ™
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Thus, from (4.22) we conclude that

d £
—G@)+=G(t) <0.
7 ()+2 (H =<

By the Gronwall lemma, we get

G(0) <e? G(7)

ex 2 2 2 2 2 4
<e? (allmoll; —plluroll; + llury + euroll® + Blluso T + lluay + unoll® + llusoll})-

Noticing that
G(0
1Y10)]7 = &y ©) |3 + [11:(0) + €11 (0)|* + B[ y210) |} + [210(0) + €321 (O |* < CL@;,
we complete the proof. O

Lemma 4.3 Assume that (1.4) holds, there exists a random radius ry(w) such that, for P-

as.we $2,

ri(w)

Clp)’

|44 Y5 (0,0 Ya(r, )|} < (4.23)

where Y3 = ((y12, y12¢ + €12 — gs(x) W1 ()T, (322, Y22c + €22 — qs(x) Wa(2))T) satisfies (4.16),

provided that p < @

Proof Provided that
Yy = (Ya1, Ya2) = (71209126 + €912 — q5(x) Wi (2)) h (y220 ¥22¢ + €¥22 — qs(x) Wa(2)) T),
then equation (4.16) can be reduced to

Yoie + L1 Yo1 = Hi(Yay, w), Y1(7) = (0, —gs) Wi (x))T, t>r7,

(4.24)
Yoor + Lo Yoy = Hy (Yo, w), Yo (7) = (0, ~gs(x) Wa(2))T, t>r1,

where

qe(x) W1 (t)

Hy (Y, 0) = A
—k(ur — u2)* — (p = llull A2 y12 — f(u1) — (81 — €)qp(x) Wi (2)

and

Hy(Yo) < ( as(x) Wa(t) ) .

k(uy — uz)* — fs(u2) — (82 — €)qs(x) Wi (t)
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Taking the inner product in V; of the first equation of (4.24) with Az Y51, and taking the
inner product in V; of the second equation of (4.24) with A3 Ys,, we find that

1 1 1d 1 1
L, ¢ (LAt v, o 2 vl + (YA,

1 1
= (H1(Ya1,w),A? Yzl)v2 + (Ha(Yap, w), A2 Yzz)vl, (4.25)

where
1 1
(H1(Ya1,0),A2 Y21)v2 + (Ha(Ya, w),A? Yzz)vl

= (=k(ur — m3)* = (p = 1 112) A2 y12 — fs(r) — (81 — £)gn(x) Wi (2),

A (y12¢ + €312 — g () WA (1))
+ (K = 1n)* = fs () — (85 — £)gs () Wa(£), A% (yas + £ym — qs(®) W (£)))

+ (A2y12, g WA(8)),, + (AZy22,45(®) Wa(0)) . (4.26)

According to (4.3), we have
(L1 Yoi, A2 Y21)V2 + (L, Yo, A Yzz)vl
1d 1 1 e 1
> 14 (- )labyal? 4 (8- Dabyal?) + Sl
£ labyul2+ plabyml?)

8 8
+ EIHA‘ll (y12: + €312 — g W (D)) |* + EZHA%L (a2: + €922 — gsX) Wa(®)) ||

+(1-0) (A1, A2 () Wi (0)) + (1 - B)(A 2y, A2 gs(x) Wa(0)). (427)
Thanks to the Young inequality, we obtain
1 1 1
a(Ay12, A2 qp(x) Wi (2)) + B(AZy22, A% qs(x) Wi (2))
< £ alatynl?+ plabml?) + < Jatgs Wi
Latglzwaol. w29
Below we estimate (4.26) one by one:
—((p = llm ||%)A%J’12,A% (12¢ + €912 — (X)W (2)))
1d e
= 5 (lallilyallz = plyils) + 5 (vl - plyol3)
(4.29)

1 1
- <§|p| + 2 (lpl+ ||’f‘)2)||yun§ -3 |42 qs|*| WA @] = N 1311l

|—(k(1/l1 - u2)+,A% (y12t +&y12 — (%) Wl(t))) + (k(ul - )",

A3 (yay + €322 — gsX) Wa(®))) |
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< k”A%LUI ” ”A% (y12t +&y12 — qa(x) Wl(t)) ”
+ k”A% 172 H ||A% (7126 + €312 — gs(x) W1 (2)) ||
k| A i A% (322 + 322 - as)Wa(0) |

+ k”A% | ||A%‘ (226 + €y22 — gs() Wa(2)) |

4k 4k

<€ + —)HA w |+ —||A4(y12t+8yu—q3( YW1(0)) |

2

(4.30)

4k*
(8—1+—)||A wl + 24 G+ ey - as@Wa0) |

(81 — &)gp(x) W4 (£), A2 (712¢ + €912 — gs(X) W1 (0)))
+ (82— £)gs@) Wal£), A2 (7220 + £y — gs(x) Wa(0)))
1 ) 1
<24 ||AIQB||2| Wl(t)|2 + gl ||Az (ylzt + Y12 — qp(%) Wl(t)) ||2
1 8 1
+28,|| At gs |} Wae)| + §2 |A% (yaz: + £330 — gs@) W () | . (4.31)

Besides, by (1.4), (4.1), and the Sobolev embedding theorem, we show that f;(s), f{(s) are
uniformly bounded in L*, that is,

d _ _ _
‘afB“) < Co(jull=' +1) < Gs(lully ™" +1) < GRY (8, 0), (4.32)
LDO
similarly,
d / y-1
pr 5(8)] < CaR]” (¢ w). (4.33)
LOO

Combining with (4.32) and (4.33), it follows that

‘ (ﬂB(Ml AZ (y12t +ey12 — qplx )) (fs Us), %(y22t + &Y — qg(x)Wz(t)))}
< ||A1f3(u1)|| ||A1 (y12¢ + €12 — qe(R) W1 (2)) |
+ A3 fs() [ | A% (yoae + 2322 — a5 Wa () |

2C Rz(}’_l) t, 5
2GR o), e §1||A% (y12e + 12— 2 W1 (D) [

<L Ty
V161 >
CsRA V(8 ) 8o 1
+ “5—||uz||% + ZZ 1A% (yaze + €322 — gs@) Wa(0)) |- (4.34)
2

Thus, collecting all (4.26)—(4.34) from (4.25) yields, for T < T(B),

d
E(”A% Y, ||i~ = pllyw2ll3 + w13 lly2ll3) + 8(HA% Y, Hi— =plyal3 + w3 1y1213)

8k2 + 4CR V(tw)  8K2 )
< ( jrla # e elpl+ (1 + ) )||u1||§
101 102

8K2 + 2CsR2 Vg, o) |
+
)

8k?
5 a1 + 2121 13 N2
1
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(bl +anlatasl” + atal” ) waco
(bl vt ) wacol”
We have
%H(t) +eH(t)

2
< CRY (t,w) + GRS (t, ) + (%" |Atgg| + a8, At qs|” + ||AiqB||2)|W1(t)|2

2
+ (?ﬁ”AiqS”f +452||Aiqs||2>|wz(t) 2 r<t<0,
where

= A3 Va2 = plyali? + e 12 ya2.

Noting (3.1) and C(p) defined as in Lemma 4.2, it follows that H(z) > C(p) |A4 Y>||2 > 0.
Applying the Gronwall lemma, we arrive at

H(0) < e (| Ak g |*|Wri()|* + |Adgs || Wa(n)[)

0
+/ e’ C6R ta))+C7R?(t,a)))dS
0
o (22 At g} e aniatas] + [Abgs]?) [ e |wato) s
& T
2 0
. (§||Aiqsnf+4az ”AiquZ) [ ewaiopas (435)

It is easy to see that

A1Y5(0,05 Y(r,0) |3 < 2%. (4.36)
Set
@) = [43as| supe” WA + 4R gs]*supe [Wao)
/ (CoRY (¢, ) + CHRS(t, ) dis
(CElatal s fatal s Jatal”) [ e lwiol e
(il samlatasl?) [ oot (@37)
»

Since lim,_, oo Y29 = 0, lim,_, o WZT(” =0, r3(w) is finite P-a.s. By (4.35)—(4.37), we have

t

|44 Y5 (0,0 Ya(r, )|} < CEZ))

for all ((¢410, w11 + €u10) T, (to0, ta1 + €un)T) € B, and all T < T(B). O
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Theorem 4.4 Let (1.4)—(1.6) hold, p < © 3’\1 ,qs(x) € H3(U)NHZ(U), and gs(x) € H*(U)N
H}(U). Then the random dynamical system S(t, w) possesses a nonempty compact random
attractor A.

Proof Let B;(w) be the ball of H3(L) x H}(U) x (H2(LI) NHA (L)) x H}(U) of radius %.
From the compact embedding H3(U) x Hi(U) x (HX(U) N Hy(U)) x H}(U) into E, it
follows that B;(w) is compact in E for every bounded non-random set B of E and any
©(0) € S.(t,6_,0)B. From Lemma 4.2, we know that Y>(0) = ¢(0) — ¥;(0) € B;(w), where

Y5(t, w) is given by (4.24). Therefore, by means of Lemma 4.3, for 7 <0,

. 2
1(0)23{@) ” ¢(0) - (0) ”E

2
= A8
%
e
2 2 2 2 2
< C—(p)(aﬂlho”z = plluoll? + llury + guroll® + Blluso T + lluar + eusol|?).
Thus, for all £ > 0,

d(S'g (t,0_;w)B, B; (a)))
e’%

< c—(p)(“””w”% = plluoll? + lluay + eurol® + Blluso | + lluar + euazo]?).

Finally, from relation (3.9) between S(¢, ) and S, (¢, ), one can easily obtain that, for any
non-random bounded B C E P-a.s.,

d(S(t,0_,0)B,B(w)) > 0 ast— +oc.

Hence, the RDS S(t, w) associated with (3.7) possesses a uniformly attracting compact set
B;(w) C E. Then, applying Theorem 2.5, we complete the proof. g
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