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1 Introduction

In the present paper, we consider the following neutral reaction—diffusion equation

3L(u)(t, x) = D;—;L(u)(t, x) + F(L(u)(t, x), u(t,x), u(t —r, x)), t>0,x R, (1)

ot
where L(u)(t,x) = u(t,x) — bu(t — r,x),and D > 0, r > 0, 0 < b < 1 are constants; F(0,0,0) =
F((1-b)K,K,K) =0 for some K > 0.
When b = 0, then Eq. (1) reduces to the delayed reaction—diffusion equation

2

%u(t, x) = D%u(t, x) + F(u(t, x), u(t —r, x)). (2)

A special case of such equations reads as

ad 92
Eu(t, x) = Da—xzu(t, x) —g(u(t, x)) + h(u(t, x)) /Rf(u(t - r,y))](x —y)dy, (3)

or its local version (taking formally J(x) = §(x), the Dirac delta function)

2

%u(t, x) = D%u(t, x) —g(u(t, x)) + h(u(t, x))f(u(t -7, x)), (4)
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which has been wildly investigated in the literature (see [22, 26, 27, 31] and references
therein).

As a prototype of such equations, we mention the evolution model of the adult pop-
ulation of a single species with two age classes and moving around in an unbounded 1-
dimensional spatial domain as follows:

d 92
u(t x) = Da u(t,x) — du(t,x) + €

«/— = (u(t r.y)) dy, (5)

which was derived by So, Wu and Zou [25], where D > 0 and d > 0 denote respectively
the diffusion and death rates of the adult population, » > 0 is the maturation time for the
species, b(-) is the birth function, and € > 0 and « > 0 reflect the impact of the death and
the dispersal rates of the immature on the matured population, respectively.

There are also other prototypes of Eq. (2) or Eq. (3) which have been studied intensively,
such as the model

2

0 ad @-»?
u(t x) = D e u(t—r,y)dy, (6)

u(t x) — Bu(t,x) + e” y”/ m

proposed by Gourley and Kuang [8] to describe the evolution of the mature population of
a single species with age structure, the well-known diffusive Hutchison’s equation

2

u(t,x) = Da

Y 02 u(t,x) + u(t,x)(l —u(t- r,x)), (7)

and Nicholson’s blowflies diffusive equation

2

a a
u(t x)=D—

P u(t, %) — dult, x) + pu(t — r,x)e" ", (8)

or its non-local version

2

a a
u(t x)=D—

ox u(t,x) — du(t,x) +p/ K(x = y)u(t —r,y)e"c™ dy, 9)
R

and so on. For more details about these models, we refer the readers to 3, 18, 26, 33], and
the references therein.

The neutral equations are usually adopted to model the evolution of population [5, 7,
17]. To model a ring array of coupled lossless transmission lines, Wu and Xia [29] proposed
a neutral difference—differential system with discrete diffusion. In [30], by taking a limit,
they further derived the following partial neutral functional differential equation:

2

%[u(t, x) —qu(t —r, x)] = daa—x2 [u(t, x) —qu(t —r, x)] —au(t,x)

—aqu(t —r,x) —g[u(t, x) —qu(t —r, x)],

and established the existence and global continuation of rotating waves.
In the last few decades, neutral equations have been investigated wildly, and a variety of
themes have been touched, such as the existence and uniqueness, regularity and stability
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of solutions [1, 4, 9, 11, 14, 16, 28], periodic solutions [10, 24], controllability [23], and so
on. But, to the best of our knowledge, there are few works that treat the traveling wave
solution of partial neutral functional equations [12, 13, 20].

In [20], Liu and Weng established the existence of spreading speed and traveling wave
solution for Eq. (1) with 0 < b < 1 and with a quasi-monotone reaction (i.e., F(s, 2, s3) is
monotone in s3,s3 € [0, K]), and the equation

O Lw)(tx) = D L)
E u)t,x) = @ u)L,x

—alw)(t,x) + g[u(t, )€ 1 (¢ — 7, x)e )], (10)

wherep>a>0,0<b<1,1<a(+_b) <e.

However, when 0 < b < 1, it is still an open problem to study the existence of travel-
ing wave solution for Eq. (1) with non-monotone reaction F(s1,s2,s3), or Eq. (10) with
iy e

Concerning the traveling wave solution for the delayed diffusion equation (not of neutral
type) with non-monotone reaction, we firstly cite the paper by Ma [22]. In this paper, the
author established the existence of a traveling wave solution for a non-local delayed diffu-
sion equation (3) with non-monotone function f by constructing two auxiliary equations
with monotone reaction and by using Schauder’s Fixed Point Theorem. This method is
powerful when dealing with the traveling wave solution of evolution equations with non-
monotone reaction (see [2, 6, 15, 19, 33-35] and the references therein). Another paper
we cite here is [36] by Yi and Zou. In it, the authors studied a class of non-monotone
discrete-time dynamical systems. By using two properly chosen auxiliary systems with
order preserving, they obtained results on the asymptotic behavior, the spreading speed,
and the existence/nonexistence of traveling waves which can be applied to many classes
of evolution equation with non-monotone nonlinearity in the reaction term.

Motivated by the above paper, we study the traveling wave solution for Eq. (1) with
0 < b < 1 and with non-monotone reaction F(sy,Ss,s3), and this paper is organized as
follows. In Sect. 2, we will relax some conditions which were stated in [20] and investi-
gate the existence and asymptotic properties of traveling wave solution for Eq. (1) with
quasi-monotone reaction F(sy, sz, 53), by adopting new super- and subsolutions and using
Schauder’s Fixed Point Theorem. In Sect. 3, we study the existence and asymptotic prop-
erties of the traveling wave solution for Eq. (1) with non-monotone reaction. Two special

models are discussed in Sect. 4 as an application of our results.

2 The quasi-monotone case
In this section, we study the existence of traveling wave solution for Eq. (1) with quasi-
monotone reaction F.

In [20], the authors have obtained the existence of a traveling wave solution for Eq. (1)
with quasi-monotone reaction F and with 0 < b < 1, but they imposed more stringent
conditions on the reaction function F because of the methods they used. Here we relax
some restrictions on F and use new methods to establish the existence of a traveling wave
solution for Eq. (1) and list basic assumptions as follows:

(H1) F((1-b)s,s,s) >0 for s € (0,K) and F(s1,52,s3) is non-decreasing with respect to

$,83 € [0,K];
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(H2) F;,Fy>0,and F} + 13 (F; + F3) > 0, where F; = g—g(o,o, 0),j=1,2,3;
(H3) There exist o € (0,1] and My, M, M3 > 0, such that for any sy, s3,53 € [0,K],

0 < Fys1 + Fysy + Fys3 — F(s1,82,83) < Mys1™% + Masy™” + M3sy*;

(H4) F(s1,s2,s3) is Lipschitz continuous with respect to s1, 7,3 € [0, K].
Let v(¢,x) := L(u)(¢, x), then we get

ult,x) =Y bt - ir,x), (11)
i=0

and Eq. (1) is transformed into a partial functional differential equation with infinite num-

ber of delays as follows:

2 +00 +00
%v(t,x) = Daa—xzv(t,x) + F(V(t,x), IZO: biv(t - ir, x), IZO: bv(t— (i + 1)r,x)>. (12)

Obviously, v= 0 and v = (1 — b)K are exactly two equilibria of Eq. (12).
It is clear that the traveling wave solution v(¢,x) = V(&) (§ = x+ct) of Eq. (12) is a solution
of the wave profile equation

cV'(€)=DV"(€) + F(V(g),ZbiV(fg —cir), Y bV (& —cli+ 1)r)>, geR. (13
i=0 i=0

Next, we pursue the solution V(&) of Eq. (13), which satisfies
V(-00) =0, V(+o0) = (1 -b)K.

Let g(A, c) = 0 be the characteristic equation of Eq. (13) at V' =0, where

+oo +00
q(0c) = DA2 — cA + F, + F, the—m‘r +F, Zbie—kc(i+l)r
i=0 i=0
1
= D}\‘Z —CA + F{ + m(}:‘é + Fée—)ucr)' (14)

By a similar argument as in [20], we obtain the following lemma.

Lemma 1 Assume (H2) holds. Then there exists a pair (A, c,) such that
(i) q(heorc) =0, $L(hyc) = 0;
(i) Ifc € (0,cy), then g(x,c) >0 for all A > 0;
(ili) For any c > ¢4, q(A,c) = 0 has two roots Ay and dy with 0 < Ay < Ay and g(X,c) <0 for
all A € (A, Aa).

Remark 1 It is clear that ¢, in Lemma 1 can also be defined by

Cy =inf{c>0:q(c,)»)=0for somek>0}. (15)

Page 4 of 21
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Definition 1 V : R — R is called a supersolution (subsolution) of Eq. (13), if V is contin-
uous on R, twice differentiable on R\ I", V'(§+) < (=) V'(§-), & € I' and satisfies

DV"(€)-cV'(€) + F(V(s), D BV(E —cir), Yy bV (E-cli+ 1)r)>
i=0 i=0
<(>)0, &£eR\T, (16)
where I’ is a finite set.

For any c¢ > c,, define the functions
V(&) = min{(1 - HK,a ("¢ + 0e/1F)}], V(&) = max{0,a("f —0e/M1E)},  (17)

where 1 < 8 <min{l + o, i—f}.

Let &, &, be the roots of equations
ot(e)‘1é + He’”lé) =(1-bh)K and oe(em: - Beﬂ’\‘é) =0,

respectively, then & = —% < 0 whenever 6 > 1. By [32, Lemma 2.2], we have the fol-

lowing lemma.

Lemma 2 V(£) and V(£) have the following properties:
(i) V()= V()& eR;
(i) V(&) is non-decreasing on R;
(iii) Forany§',&" € R, |V(E) = V(") < apri(l - bKIE - &").

Lemma 3 Assume (H1)-(H3) hold, and for any ¢ > c., o, 6 satisfy the inequalities:

a>0, 0>1, and 0q(BAri,c)+a’ [Ml + (M, +M3):| <0, (18)

1
(1 _ b)1+a
then V(&) and V(£) are a supersolution and a subsolution of Eq. (13), respectively.

Proof Firstly, we show that V(&) is a supersolution of Eq. (13). In fact, by the definition of
V(), V(§) = (1 = b)K for any & > &}, and V(£) = a(eM® + 8eP*1€) for any & < &, so V(£)
is continuous on R, twice differentiable on R\ {&}, V' (£1+) =0 < V' (£1-) = a (A€M +
gﬁ)\’leﬁklgl ).

Furthermore, V(£) < (1 — b)K for all £ € R, so from (H1) it follows that, for any £ > &,

DV (&)= cV'(£) + F(T/(g), Y bV(E —cir), Y BV(E—cli+ l)r))
i=0 i=0

< F((1-b)K,K,K) =0.
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On the other hand, by Lemma 1(iii), we have g(81,c) < 0. Again, for any £ < &, V(& —
cir) = a(eME-cin 4 gePrilE=cin)y (= 0,1,2,...). So from (H3) we have

DV'(&)-cV §)+F( Zb’ — cir) Zb‘ (-cli+1) ))

= (D)Lf - ckl)ae’\ls + [D(,B)q)2 - cﬁkl]aé’e’%lé
+ F(V(g), Y bV —cir),y bV (E—cli+ l)r))
i=0 i=0

=q(A1, o)t + q(BAr1, c)abePré
+00 +00
- |:F{ +F) Z ble e F} Z bie’\lc(i*l)’:| aeté
i=0 i=0
+00
|:F’ +F) Zb‘ —Pheir y p Z plePricixlr :|019e‘“1é

i=0 i=0

¥ P(V(g), D BV(E —cir), Y bV(E - cli+ l)r))

i=0 i=0

<- |:F1V($) +F, Z b'V (£ - cir) + F} Z BV (& —cli+ l)r):|

i=0 i=0

F(\_/(S),Zbi\_/ (& —cir), Zb’ —-c(i+1) ))
i=0
<0.

Next, we prove that V(£) is a subsolution of Eq. (13). In fact, we have V(&) =0 for & > &,
and V(&) = a(e*® — 0ePM1%) for £ < &, so V(&) is continuous on R, twice differentiable on
R\ {&), V(5+) = 0> V'(&-) = ar(1 - ﬁ)@ﬁ. Note that V(§) > 0 for all £ € R, we get
from (H1) that, for & > &,

DV"(€) - cV'(§) + F(Z(sx D BV —cir), Y BV (& —cli+ 1)r))

i=0 i=0

> F(0,0,0) = 0.

On the other hand, for any & < &, V(£ — cir) = a(eM1¢ " — g1y (; = 0,1,2,...),
then from (H1), (H3) and Lemma 1(iii), we get

DV"(€) - cV'(§) + P(Z(sx Y bV —cir), Y BV (E—cli+ 1)r))

i=0 i=0
= (D)L% - c)q)(xe’\“% - [D(,BM)Z - c,B)»l]ocOeﬁM‘E

+F<V($) Zb‘V(é — cir), Zb’ —c(i+ 1)r)>

i=0 i=0

+00 +00
= g(r1,c)ae® — q(BAry, c)afePME — |:F{ +F) Z b'e™M" 4 F} Z b"e_“”(”l)’:| aett

i=0 i=0
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+00 +00
+ |:F{ +F, Z ble Prieir F; Z bie_ﬂllc(i+l)’:| afefrié

i=0 i=0

+ F(Z(g),Zbly(g —cir), Y bV (& - cli+ l)r))

i=0 i=0

= —q(Bh1, )aBePM1E — [Fiz(a +F) Y b'V(E —cir) + Fy Y BV(§ —c(i+1)r)
i=0 i=0

- P(Z(s), N bV(E —cir),Y bV (E - cli+ 1)r))]
i=0

i= i=0

+00 l+o
> —q(Brr, )afeP s — MV () - My [Z bV(E - cir):|

i=0

+00 l+o0
—M; [Z bV (& —cli+ l)r):|
i=0

+00 1+o
= -1t !aeq(ﬂxl,c) + Mye PHEVIO (€) + Mye PH1E [Z bV (€ - cir)}

i=0

+00 l+o
+ Mse PMiE |:Z b’!(é —c(i+ l)r):| I

i=0

+00 1+o
> _eﬁklé {Olgq(ﬂ)hl; C) " M1a1+ae(l+a—ﬂ)klé + M2a1+a e(1+a—ﬁ)klé (Z bie—klcir)
i=0

+00 l+o
+ M3a1+ae(1+a-ﬁ)xlg (Z bie—hc(iﬂ)r) }

i=0
+00 l+o +00 l+o
> —aeﬁxlé{Qq(ﬂkl,C) +af |:M1 + M, (Zb’) +M3<Zbi> :|}
i=0 i=0
1
= —aeﬁ)‘ls {Qq(ﬂ)\.l, C) +of |:M1 + m(M2 + M3)] }

>0.

From the above lemma, we indeed get a family of pairs of super- and subsolutions which
take a, B, 6 as parameters. Next, we just adopt a pair of super- and subsolution with & = 1,

and still denote them by V, V.
By (H4), there exist Ly, Ly, L3 > 0, such that, for any s},s] € [0,K],i=1,2,3,

|F(sh,55,85) — F(s],85,85)| < L1|sy = s{| + La|sy — s| + Ls]ss — s5|.
Let y > L; and rewrite Eq. (13) as follows:

cV'(§)-DV"(§) +y V(§)

=y V(E) + F(V(s), D BV(E —cir), Yy V(& -cli+ 1)r)>. (19)
i=0 i=0

Page 7 of 21
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Set
c—+/c* +4Dy c++/c*+4Dy
A1=T<O, A2=T>O, (20)

and let 0 < u < A,. Define

VIl :=sup|V(E)|[e™;  E:={VeC®R):|V],<+},
EeR

and

(i) V(&) is nondecreasing on R;
gl V(E) < V(E) < V() forall§ e R;

2:=1Ve
) [ViE) - V"] =20 -0k [ Je | forag'” <

’

then (E, || - ||,,) is a Banach space. Obviously, Ve 2 with r; <2
Moreover, it is easy to verify that £2 is convex and compact in E.

Z,1e., £2 is non-empty.

Set
H(V)(E) =y V(&) +F(V(§),ZbiV(§ —cir), Y bV (& —cli+ 1)r)), (21)
i=0 i=0

and define an operator 7 on £2 by

_ 1 £ " haes)
TWV)E) = m[/_we H(V)(s)ds +-/s e H(V)(S)dS:|, (22)

then a fixed point V(&) of T is the solution of Eq. (13), and vice versa.

Lemma 4 Assume (H1) and (H4) hold, then
(1) 0<TIVI(E) <=1 -Db)K forall V e C(R;[0,(1 - b)K]);
(2) Forany & € R, T[VI(&) is non-decreasing with respect to V € C(R; [0, (1 — b)K]);
(3) V(&) = TIWVIE) < TIVIE) < TIVIE) < V() forany V € 2,§ € R;
(4) ForanyV € 2, T[V1(§) is non-decreasing with respect to § € R;
(5) Forany V € 2 and §',&" € R, it follows that

|TIVIE) - TIVI(E")] <201 —b)K/%E’ -&’.

Proof (1) Firstly, we claim that, for any £ € R, H[V](§) is non-decreasing with respect to
V e C(R; [0, (1 - b)K]).
In fact, for any V1, V; € C(R; [0, (1 — b)K]) with V1(§) < V,(§), & € R, it follows that

H[V2](§) - H[V1](§)

=y[Va(§) - Va1(8)] +F<V2(§), Zbivz(é - cir),Zbin(S —c(i+ 1)7))

i=0 i=0

Page 8 of 21
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_F(Vl(g),ZbiVl(“;‘ —cir),Zbivl(E —c(i+ 1)r)>

i=0 i=0

> y[Va(§) - Vi(&)] + F(vz@),Zb”vl(s —cir), Y bV (& —cli+ 1)r)>

pry =0
- F(Vl(é), f b'Vi(€ - cir), f b'Vi(E —cli+ 1)r)>
=0 =0
> (y - L1)[Va(§) - Vai(§)] = 0.
The claim holds. So, for any V € C(R; [0, (1 - b)K]),
0<H[VI¢) <H[1-b)K]=y(1-b)K +F((1-b)K,K,K)=y(1-bK, £E€R,

and then, we get that, for any V € C(R; [0, (1 - b)K]), & € R,

yA-BK [ [ 4y " me | -

(2) The monotonicity of T[V](¢) with respect to V € C(R; [0, (1 — b)K]) follows from
that of H[V](§).
(3) For any V € £, from (2), we get that

TIVIE) < TIVIE) <TIVIE), E€R,
and a similar argument as in [21] shows that
V() <TLVIE), TIVIE) <V(E), &€R.

(4) Forany V € 2 and §,&” € R with &' < &”, we have V(§') < V(§”), so H(V)(&') <
H(V)(£"). Noting the fact that

3 +00
T(V)(E) = Di(Azl— 0 [ /_ N eMESH(V)(s)ds + fé e2EIH(V)(s) ds}

[ s O ]
_D(AZ—AI)[/O eMH(V)E S>ds+f_we H(V)(§ - s)ds |,

it is easy to see that 7(V)(&) is non-decreasing with respect to £ € R.
(5) For any V € §2, we have 0 < H[V](§) < y(1-b)K, & € R, and then, forany §/,§” e R
with &' > &7,

D(Ay - AD|T(V)(E) - T(V)(&")

"

g, ! "
< ‘ / eMES (V) (s)ds — / eMEIH(V)(s)ds
— -0

+/ e2E (V) (s) ds — / 2" IH(V)(s) ds

%-/

Page 9 of 21
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/ "

’ E !’ "
< / eMEIH(V)(s) ds + / |eM1E=) _ M E=I) | H(V)(s) ds
E//

—00

+00 13
+/ ’eAz(g =) _ ghalé _s)‘H(V)(s) ds+/ eA2 “H(V)(s) ds

'/ ! E” " !
<y@d- b)K{/ eME ) gy 4 / [eM16E7=9) — eME=I] g
” _o0

!

+oo !’ " S "
. / [e/26'5) _ "] g o / A2(E"-) ds}
!’ "

<y(l- b)1<{2|§’ —£"| + i[em@’-f”’ ~1]+ = [1 - e126"4)] }
A A

2

"

ie.,

4y(1-b)K
ITOE)-TW(E")| = =——— /( €' -&"| <2(1- b)K\f g - ¢€"|. 0

D(As — Ay)

Theorem 1 Assume that (H1)—(H4) hold. Then
(1) Forany c > cy, the traveling wave solution V(§) of Eq. (12) exists; V(§) is
nondecreasing on R, V(-00) = 0, and V(+00) = (1 — b)K. In addition, for c > c,

lim V()™ =1 and lim V/(§)e™* =iy;
E——00 §—>-00

(2) Forany c<cy and A > 0, there is no traveling solution V(&) of Eq. (12) which satisfies

lim V(E)e™ =1 and lim V'(£)e™ = 2.
E—-00 §—>-00

Proof (1) Firstly, by Lemma 4, we have 7 (£2) C £2.
Next, we will show that 7 is continuous with respect to || - ||, in £2.
In fact, for any V1, V; € £2, we have

|T(V)(E) - T(V2)(§)|e "

_uE £ +00
= m [/_Oc eMESH(V)(s) ds +/§ e2EIH(V1)(s) ds]

& +00
- [ / eMEI (Vo) (s)ds + / e2C9IH(V,)(s) ds}
—00 £

< L[/ E eI |H(V)(s) - H(Va)(s)| ds
D(Ay— A )

+ /m e 2| H(V1)(s) — H(V2)(9)| dS]
§

e 1

g
— A1(§-s) _
= D(Ay— 4y) [(y +L1)[_/_Ooe [Vi(s) - Va(s)| ds

+ / eAz(E-S>|v1(s)—v2(s)|ds]
&

Page 10 of 21
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+00

&
+ L, |:/ eAl(E_s)Zbi|V1(s—cir) - V2(s—cir)|ds
% i=0
+00 oo
+ / eA26-9) Z b | Vils = cir) = Vo(s — cir)| ds:|
§ i=0
£ +00
+L3 |:/ eA1E-9) Z b ’ Vi (s —c(i+ l)r) -V, (s —c(i + l)r) | ds
% i=0

+ /; eA2(-9) ;b’w Vi (s —c(i+ 1)r) - Vz(s —c(i + l)r) | ds:| }

—uE §
Vi Value ™ [ +Ll)[ [ e omagn [T eme o ds]
D(Az - Ay) —00 &

IA

£ +00 +00 +00
+ 1L, |:/ eAl(é—s) Z bieu(s—cir) ds + / eAz(é—s) Z bie#(S—CiV) ds]
-0 i=0 §

i=0

+00

& +00 +00
+1Ls / eAl(S—s) Zbie,u(s—c(iﬂ)r) ds + / eAg(é—s) Z bieu(s—c(i+l)r) ds
-0 4 i=0

i=0

Vi = Vall e oL+ Ly + Lze™
DA, - Ay |\ T T peer

& +00
X |:/ eME=S) | ohts go / eA2E=s)  gs ds:“
—00 £

Vi-Vall, < Ly +L36_”)
= +Li+ — ).
D(Ay — ) (e — Ar) 1-ber

IA

By virtue of Schauder’s Fixed Point Theorem, for any ¢ > c,, there exists a fixed point
V(&) of T(V) on £2, i.e., there exists traveling wave solution V(&) of Eq. (12) which is
nondecreasing on R, and V(-00) = 0, V(+o0) = (1 - b)K.

Furthermore, by using a similar argument to the proof of [20, Theorem 3.3], we get

Slim V(E)e™™ =1 and Slim V/(€)e™5 = Aq.

For the case c = c,, let {c,} be a sequence such that ¢, > c,, n=1,2,...,and lim,,, o, ¢, =
¢w, then forc=c,, n=1,2,..., Eq. (12) admits a nondecreasing solution V,,(&), which sat-

isfies

3 +00
V, () = zﬁ[ / N eI (V) (s) ds + /g esz"(S‘S)H(Vn)(s)ds]

and

vn(O)zu‘%, V,(=00) = 0, V,(+00) = (1 - b)K,

where

Cn — /2 + 4Dy Cn ++/c2 + 4Dy
—_— <0, Ayy=——"———>0, n=12,....

Ay, = ,
Ln 2D ’ 2D g
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Adopting a limit argument similar to the proof of [20, Theorem 3.3] or [34, Theo-
rem 2.5], we can obtain a subsequence of {V,(§)} which is convergent uniformly for & in
any bounded subset of R. Without loss of generality, denote it still by {V,,(§)}, then there
exists limit lim,,_, o0 V() = V4 (§), € € R, and V,(0) = %, V(&) is nondecreasing in R,
Vi (=00) =0, and V,(+00) = (1 - b)K.

(2) Suppose that there exist some c < ¢, and A > 0, such that the traveling wave solution
V(&) of Eq. (12) exists and satisfies

lim V(€)™ =1, lim V'(&)e™ =2,
E—>-00 E—>-00

then we have

cV'(§)e™
=DV"(£)e™ + e’\EF(V(E), D BV(E —cir), Yy bV(E - cli+ 1)r)>.
i=0 i=0

Let £ - —o0, we get

+00 +00
. / _A i i | eliel
D lim V'(£)e S=ch—F{—Fyy be Y pletlirlr,

i=0 i=0
and then
D li (€)™
Jim [V'(§)e™]
+00 +00
_ _D)L2 +oh— F{ _ Fé the—kar _ F:; the—Ac(l+1)r
i=0 i=0

= —61()\; C)'

From limg_, o V'(€)e™ = A, we get lims, _o[V'(€)e™] =0, so q(k,c) = 0. This is a
contradiction to Lemma 1(ii). a

Theorem 2 Assume that (H1)—(H4) hold. Then
(1) Forany c > cy, the traveling wave solution U(£) of Eq. (1) exists; U(E) is
nondecreasing on R, U(—00) = 0, U(+00) = K, and for any ¢ > ¢y,

1 A
. —ME _ . / A& _ 1 .
égr—noo UE)e™ = 1—beMer and EEI—noo U§)e = 1 - be*er’

(2) Forany c<cy and A > 0, there is no traveling solution U(§) of Eq. (1) which satisfies

1

: —AE _
R =

d lim U'E)e™=———.
an E—1>r—noo (e 1— beter

Proof (1) For any ¢ > c,, by the Theorem 1, the traveling wave solution V(&) of Eq. (12)
exists, and V(&) is nondecreasing on R, V(-00) =0, V(+00) = (1 — b)K, and for any c > c,,

slim V(g)e™™® =1 and Slim V/(£)e™5 = Aq.
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Firstly, the boundedness of V(§ — cir) (i = ...) implies that ) /T b'V(§ — cir) is
uniformly convergent on & € R. Let U(§) = Z”’o b'V(& — cir), then U(£) is a travel-
ing wave solution of Eq. (1) and is non-decreasing on R, U(-00) = 0, U(+00) = K and
uE) =Y 5bv'v'E-cir).

Furthermore, for any ¢ > c,, Zwo V'V (E - cir)e 1% and Z+°° b'V'(g - cir)e ¢ are uni-
formly convergent for £ € R, respectively, since

lim V(é _ Cir)e—M(S—cir) -1, lim V' (‘5 czr)e‘“ (E=cir) _ = A

E—-00 £——00

foralli=0,1,2...,and

+00

. . 1
i —Aicir _
Zbe ! _l_be—klcr'
i=0
So,
+00 1
: A& _ 18 i i\ oA (E—cir) j—Aqcir _ .
él_l)r_nOQ U(&)e = g1_1)131OO Z():b V(& —cir)e e =1 peiie’
i
and
+00 )\‘
: 4 -AME _ 13 iV (& _ pip)p—P1(E—cir) —Aicir _ 1
Sgr_noo u)e = EEr_nocgb V(& —cir)e e =1 pee
=l

(2) Assume that there exist ¢ < ¢, and A > 0, such that Eq. (1) has traveling wave solution

U (&) which satisfies
lim U(g)e™ = _ and lim U'(&)e™ = A
£—>-00 1— beer E—>—00 1—beter’

Let V(&) = U(§) — bU(& — cr), then V(§) is a traveling wave solution of Eq. (12) and

lim V(£)e™ = lim [U(&)e’*g -bU(& - cr)e”\(é’”)e’}‘”] =1;

E—>—00 §—>-—00

and
shm V(€)™ = slim [L[/(S)e"f —bU'(£ - cr)e e e’“’] _y
This is a contradiction to Theorem 1(2). 0

3 The non-monotone case
In this section, we will discuss the traveling wave solution of Eq. (1) with the non-
monotone reaction F(si, s2,s3), and we need the following assumptions: there exist con-
tinuous functions F4 (s1, $2,3) and constants Ki, K5 > 0, such that K; < K < K5 and
(A1) F4(0,0,0) = 0, F, (1 = b)Ky, Ky, K») = F_((1 = B)Ky, K1, Ky) = 0, F,((1 = b)s,5,5) > 0
for s € (0,K3) and F_((1 - b)s, s,s) > 0 for s € (0, Ky);
(A2) F_(s1,52,83) < F(s1,52,83) < F.(s1,52,53) for s1,52,53 € [0, K3];
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(A3) FQ:,/ = Fj’, where F’i,j are defined similarly to F}/ in (H4),j=1,2,3;
(A4) There exist o € (0,1] and M4 1, M5, M43 > 0, such that

O<F  sy+F ,s5+F 3s3—F (s1,52,53) < M_151%7 + M_s5™ + M_3s3*;

for any s1, 85,83 € [0,K7], and

l+0,

! ! ! l+o l+o
O<F,  s1+F, 580 +F, 383 —F(51,52,83) S M, 15" + M, 28" + M, 353";

for any s1, s, 83 € [0, Ky];

(A5) F.i(s1,52,s3) is non-decreasing with respect to sy,s3 € [0, K;] and Lipschitz
continuous with respect to sy, 3,53 € [0, K3].

Consider the following equations:

%L(u)(t, x) = DaazzL( )(t,%) + Fy (L(w)(t, %), u(t, ), u(t — 7, %)) (23)
and

9 L =D o L F_(L 24

5, L)(6:x) = Do Lw)(t, %) + (L@t %), ult,x), ult - r,x)). (24)

From (A1), it is obvious that # = 0 and u = K; are equilibria of Eq. (23) and # = 0 and
u = K, are those of Eq. (24).
By the transformation v(¢,x) = L(u)(¢, x), Egs. (23) and (24) reduce to

%(t, x) = Dg—;}(t, x) + F, (v(t, x), ; biv(t — ir, x), ; biv(t — (@@ +r, x)) (25)
and
(t x) = D (t x)+F_<V(tx Zb’ (t—ir,x), Zb’ t—(z+1)r, )), (26)
i=0 i=0

respectively, and the wave profile equations are given as follows:

V'(€)=DV" +F, (V(g), f bV (€ - cir) Z BV (E -cli+ 1)r)> (27)
=0
and
cV'(§)=DV" +F. (\/(g) > BV(E - cir), Zb’ —cli+ l)r)) (28)
=0 =0
respectively.

It is obviously that, Egs. (13), (27), and (28) have the same characteristic equation,
q(x,c) =0at V =0, where g(A, ¢) is defined in (14). Let ¢, and A; are defined as in Lemma 1,
then we have the following lemma.
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Lemma 5 Assume (H2), (A1)—(A5) hold. Then:
(1) Forany c > cy, the traveling wave solutions V,(§) of Eq. (25) and V_(§) of Eq. (26)
exist; V(&) is nondecreasing on R, Vi(—00) =0, V_(+00) = (1 - b)K7,
Vi (+00) = (1 = b)Ky, and for any ¢ > c,,

lim Vi@E)e™ =1 and lim Vi (£)e™ = Ay
E—>-00 §—>-00

(2) Forany c<cy and A > 0, there is no traveling solution V. (§) of Eq. (25) and V_(§) of
Eq. (26) such that

S1im Vi(E)e™ =1 and Slim Vi(E)e™ =

Lemma 6 For any ¢ > c,, let V.(§) and V_(§) be the traveling wave solution of Egs. (25)
and (26), respectively, then there exists &€ € R such that V_(§) < V(€ + &), € e R,

The proof is similar to that of [34, Lemma 3.5] and we omit it here.
Assume L, ;,L_; >0 (j = 1,2, 3) are Lipschitz constants of F, and F_, respectively, and L;

is as defined in Sect. 2. Let ¥ > max{L, 1,L_;,L1} and rewrite Egs. (27) and (28), respec-
tively, as follows:

cV'(§)-DV"(§) + YV (§)

=yV()+F, (v(é), Z bV (& - cir), Z V(s —cli+ 1)r)>

i=0 i=0

and
cV'(E)-DV"(E)+ Y V(&)

=yV(E) +F. (V(g), D BV(E —cir), Y bV(E - cli+ l)r)).

i=0 i=0

Set
—  c—+/t+4Dy —  c+/cE+4Dy
M=y <0 A=y 20

and let 0 < Tt < A,. Define

Vg := §u£|\/(s)|e*ﬁf; E:={VeCRR): |Vl <+oo},
€

and

i) V) <V(E) <Vi(E+8)6eRs

2:=1V e C(R;[0,(1-b)Kz]) | (i) VE)-VED] <20 - b)1<2/7|g — ¢
for all &’ ,E” eR

Page 15 of 21
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Then (E, | - llz) is a Banach space and £2 is non-empty since V. € £2. Moreover, it is easy
to verify that £2 is convex and compact in E.
Set

HL(V)€) =7V(E) + a(v(sx Y bV(E —cin), Y BV (E-cli+ 1)r)>,
i=0 i=0
and define an operator 7 on £2 by

TV)E) = _ [ / : eMES (V) (s)ds + / ~ e2ES (V) (s) ds:|,
D(Ay — A7) L/ -0 §

where H is defined as in (21) with y replaced by y.

Theorem 3 Assume (H2), (H4), (A1)-(A5) hold. Then for any c > c., there exists a trav-
eling wave solution V() of Eq. (12) with V(-o0) =0,

1-b)K; < lsiminf V(&) <limsup V(§) < (1 -D)K>,
— +00

E—+00

and for any ¢ > c,,

1< liminf V(E)e™E < limsup V(§)e ™ 1¢ < M,

£——00
Proof Forany V € 2, wehave 0 < V_(£) < V(£) < V,(£ + &) < (1 - b)K,, and then
0<H_[V](§) <H[V](E) <H.[VIE)<y(1-b)K;, &e€R.

Furthermore,

_ y(1-b)K, I:/g A1 (E—s) f+m Ao (E-s) :|
0<TWV)E)<s——— e ds 4 e ds| < (1-b)K,, &€l
D(Ay - Ay) L £ ?

Again, since V_(§) is a solution of Eq. (28) and H_(V)(§) is non-decreasing on V €
C(R, [0, (1 - b)K;)) for any & € R, we have that, for any V € 2, £ € R,

& _ +00
V.(€) - [ [ ey ds /E eI (V)(5) ds]

D(Ay - Ay)

LT e " s }
< DA, =) I:/_ooe H_(V)(s)ds+/S e H_(V)(s)ds

1 T hees " Ao }

< D(Zz—zl)[/we H(V)(s)ds+/; e H(V)(s)ds
=T(V)E).

Similarly, we have T(V)E) < V.(& +&) for any Ve f2,&eR.

By a similar proof to that of Lemma 4(5), we get that, for any V € £2,

ITWV)(E)-T(V)(E")] <20 - b)](z\/g |¢'~&"| forallg’,&" eR.

Page 16 of 21
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So, T(£2) C £2.Itis easy to verify that 7 is continuous with respect to the norm || - ||z on £2
by making use of a similar argument as in the proof of Theorem 1. By virtue of Schauder’s
Fixed Point Theorem, operator 7 has a fixed point V(&) on £2, which is the traveling wave
solution of Eq. (12) and satisfies

V_(E)<V(E)<V,.(E+E), &€k
Furthermore, by Lemma 5, we have V(-00) =0,
(1-b)K; = lim V_(&) <liminf V(&) < limsup V(§)
E—+00 E—+00 £—+00
< lim V,(§ +§) <(1-D)Ky,
E—+o00

and for any ¢ > ¢,

1= lim V_(§)e™¢ <liminfV(&)e ™% <limsupV (&)e ¢

E——00 E——00 E>—00
< lim V, (& + §)e‘*1<f+5>e*1§ = eME, 0
E—-00

By a similar proof as for Theorem 2, we obtain a theorem as follows.

Theorem 4 Assume that (H2), (H4), (A1)-(A5) hold. Then for any c > c,, there exists a
traveling wave solution U(§) of Eq. (1) with U(-o0) =0,

K< léiminfl,l(é) <limsup U(§) < K3,

—>+00 £ +00

and for any ¢ > c,,

uSt3
.. -ME . —A1E
T pener = Amigfl®)e ™ <Imsup L&) = 775 515

4 Applications and discussions
In this section, as an application of Theorem 4, we firstly consider the following partial
functional differential equation of neutral type:

ad 92
gL(u)(t, x) = DﬁL(u)(t, x) —g(L(u)(t, x)) + h(u(t, x))f(u(t -, x)). (29)

We need the following assumptions:

(al) g(0) =f(0) =0; g((1 - b)K) = h(K)f (K) for some K > 0;

(a2) There exists K > K such that 0 < f(«) < g((1 - b)K3)/h(K3), u € (0,K,];
8((1=D)u) < g((1 - b)K>)/h(K3), u € (0,Ky);

(a3) h(0)f"(0) > (1-b)g'(0) > 0; f'(0)u > f (), g(u) > g'(0)u, h(0) = h(u) > 0 and
£/ > (1= byu)/hu), u € (0,Ka);

(a4) There exists o € (0, 1] such that

lim sup[f’(O) —f(u)/u] u° < +00; lim sup[g(u)/u —g’(O)]u“’ < 400;

u—0* u—0*
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and

limsup[/(0) — A(u) Ju~*) < +o0;

u—0*

(a5) g, hand f are Lipschitz continuous on [0, K3].
Let

Ky = inf{ulg((1 - byu) /h(u) = nf [1/(s) <g((1 - b)) /hs)) I
S V)
From the conditions f'(0) > (1 — b)g’(0)/h(0) and f(u) > 0, u € (0,K5] in (a3), K is well
defined and 0 < K; < K and f (&) > g((1 — b)u), u € (0,K3).
Define the following functions:

) = min{minge, i, f(s),g((1 - K1)/ h(Ky)},  w e [u, K],
P minf ), g((@ = BYKDIBELD), e (K, +00);

A min{f’(0)u,g((1 - b)Ky)/h(K3)}, u € [u,Ks],
u) =
? max{f(), (1 - A, u € [Kyy +00),

then fi and f; have the following properties:

Lemma 7 Assume (al)—(a5) hold. Then
(1) fu (n=1,2) is Lipschitz continuous on [0, +00) and non-decreasing on [0, K, ];
(2) filw) =f(w) <fo(u), u € [0, +00);
(3) £,(0) = 0, £u(K,) = (1 = BYK,)/(Ky) andd () > (1 = byu) (us), w € (0,K,), 1 = 1,2
(4) £,(0)=/"(0),n=1,2;
(5) limsup,,_, o+ [f1(0) — fu(u)/u]u ™ < +o0.

Set

F(s1,82,83) = —g(s1) + h(s2)f (s3),

and

F,(s1,52,53) = —g(s1) + h(s2)fa(s3), F_(s1,52,83) = —g(s1) + h(s2)f1(s3).

From assumptions (a3)—(a5) and Lemma 7, it is easy to verify that F and F, satisfy as-
sumptions (H2), (H4), and (A1)—(A5).
Let

h(o)f/(o)e—kcr

2
q(x,c) =DA* —ch —g'(0) + =

’

and assume c, is defined as in (15). Then from the Theorem 4, we have
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Theorem 5 Assume that (al)—(a5) hold. Then for any c > c., there exists a traveling wave
solution U(&) of (29) with U(-o0) =0,

K< hmlnfl,l(é) <limsupU(§) < Ky,

§—+00 £—+00

and there exists some € € R such that, for any ¢ > c,,

eMé

P It ré
1_;,37A1cf51§§_lgofu(§) <lgsipu($)e S 1 peine

where ) is the smaller root of g(A, c) = 0.

As another application example of Theorem 4, we consider Eq. (10) and state it again as
follows for convenience of reading:

0 02
QL(M)(t,x) = DwL(u)(t,x) —aL(u)(t,x)
+ g[u(t, x)e ) 4yt —r, x)e_”(’_”")], (30)
where p > a > 0, 0<b<1 1

u=0andu=K = al— > 0.
Let F(sq,89,83) = —as; + ’%[sze’s2 +s3e7%3], Ky = ﬁ, then K, > K, and F(sy, 8, $3) is non-

i > e ltis obvious that Eq. (30) has exactly two equilibria

monotone on s, s3 € [0,K5].
> __p
Setf(s) se‘s, and choose K € (0,K), such that f(K) = £K,e™2 = Mﬁ_b)e al-b) | Let
K = me = 7, then K < K; < K.
Define

P
—asy + 5[s2 + s3], s1,82,83 €[0,1],
F,(s1,82,83) = 2

-as, +p, 51,82,83 € (1, +00),
and
—asy + §[s,e™ +S3e’s3], $1,82,83 € [0,K],
F_(s1,52,583) = _
—as; + (11’ 5e ~ain b, 1,582,853 € (K, +00).

Then it is easy to verify that F and Fy satisfy assumptions (H2), (H4), and (A1)—(A5).

Let
p (1 +e

Ac)=DA*—ch—a+ ————r
q(r,c) c u+2(1—be‘“’)

—Acr)

)

and suppose ¢, is defined as in (15). Then from Theorem 4, we have

Theorem 6 For any ¢ > c,, there exists a traveling wave solution U(E) of (30) with
U(-00) =0,

2

p p
m “(1 b) < hmlnfl,[(%‘) < lélgfip U(S) (1 _ b),
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and there exists some & € R such that, for any c > c,,

A1€
< lsim inf LI(£)e™ ¢ < limsup U(&)e ™ < ¢
——00

1 — he—rer £ 00 — 1= bpetier’

where M is the smaller root of q(A,c) = 0.
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