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1 Introduction and preliminaries

In [5], the extended r-central factorial numbers of the second kind and the extended r-
central Bell polynomials were introduced and various properties and identities related to
these numbers and polynomials were investigated by means of generating functions. The
extended r-central factorial numbers of the second kind are an extended version of the
central factorial numbers of the second kind and also a central analogue of the r-Stirling
numbers of the second kind (see [2, 7, 10, 11, 14, 15, 17, 22]). The extended r-central Bell
polynomials are an extended version of the central Bell polynomials and also a central
analogue of r-Bell polynomials (see [3, 8, 11, 12, 15, 18]).

Here we study the extended r-central factorial numbers of the second kind and the ex-
tended r-central Bell polynomials by making use of umbral calculus techniques. In partic-
ular, we represent the extended r-central Bell polynomials in terms of many well-known
special polynomials. Here the special polynomials are Bernoulli polynomials, Euler poly-
nomials, falling factorial polynomials, Abel polynomials, ordered Bell polynomials, La-
guerre polynomials, Daehee polynomials, Hermite polynomials, polynomials closely re-
lated to the reverse Bessel polynomials and studied by Carlitz, and Bernoulli polynomials
of the second kind. The necessary facts about umbral calculus will be briefly reviewed in
the next section.

The central factorials " (7 > 0) are given by (see [1, 4-6, 10, 12, 20])

20 =1, PN YIS | I | Y PO | (n>1). (1.1)
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For nonnegative integers n, k, with n > k, the central factorial numbers of the second
kind T'(n, k) are given by the coefficients in the expansion (see [1, 4—6, 10, 12, 20])

x" = Z T (1, k)X, (1.2)

k=0

It is well known that T'(2n, 2n — 2k) enumerates the number of ways to pace k rooks on a
3 D-triangle board of size (1 — 1) (see [1, 16]). The central factorial numbers of the second
kind T (n, k) are given by the generating function

1
k!

t

L - k = ﬁ
(e2 —e72) _;T(n,k)n!. (1.3)

From (1.3), we can easily deduce that they are explicitly given by

k

k (k\
T(n,k) = % > (i>(-1)l<5 - i)
=0

R A T

"4 (v (5+9)

(—1>"-ka K, ol kY

= k! £ (i>(_1)k <—5 +l> . (1.4')

Thus (1.4) yields

T(n,k)=0, ifnzk(mod2), (1.5)
and that
B 1 k k n_ 1 ke
T(l’l,k) = E A <—§) = k'8 0 5 (16)

where Ak(—g)” = Akx"|x=7§, Af(x) = f(x + 1) — f(x) is the forward difference operator,
8K0" = 8%x"| -0, and 8f (x) = f(x + %) —flx— %) is the central difference operator.

For these results, one may refer to [19, 20].

Let r be any nonnegative integer. The central factorial numbers of the second kind
T (n, k) were generalized to the extended r-central factorial numbers of the second kind
T.(n+r,k +r) (see [5]). For nonnegative integers n, k, with n > k, T,(n + r, k + r) are given

by the coefficients in the expansion

w+r)" =Y Ton+rk+r)a®, (1.7)
k=0

The extended r-central factorial numbers of the second kind, T, (# + r,k + r), are also
given by the generating function

1 > t"
Ee’t(e% —e‘é)k:ZT,(n+r,k+r)E. (1.8)

n=k
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An explicit expression for T,(n + r,k + r) can be deduced from (1.8) as follows:

k

T,(n+rk+r)= %Z (?)(_1)k1<r+ . g)n

" 1=0

1 k_.n
ZES}", (19)

where 87" = 8%x"|,_,, and by induction we can show
k

Sy =) C)(-l)klf(x +1- g) (1.10)

=0

For some details on these, one may refer to [4, 5, 20]. The central Bell polynomials Bgf) (x)
are defined by (see [5, 10, 12, 13])

o0

sed e ) _ Sy

e = E B} (x)n'. (1.11)
n=0 :

Then it is immediate from (1.11) that

BO@) =) T(m k), (1.12)
k=0

and that (see [12])
n n n k n-k
BOx) =) " (Z)Sz(l, k) (—5) i, (1.13)
k=0 I=k

where S (/, k) are the Stirling numbers of the second kind, given by

%(et - l)k = ZSz(rz,k)

n=k

t}’l

—. (1.14)
n!

Further, the central Bell polynomials are given by the following Dobinski-like formula

(see [12]):
30w =33 (" )y (L L) (1.15)
" , j (I+jr\2 2 ‘ ‘
=0 j=0
On the other hand, the extended r-central Bell polynomials Bﬁf’r) () are defined by (see [5,
6, 21])
rt x(e% —27% ) - (c,r) t"
e'le :X(;Bn’ (x);. (1.16)
e

Then it is easy from (1.16) that

n
Bff") (x) = Z T,(n+r,k + r)x~, (1.17)
k=0
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and that (see [5])
n n " k n-k .
B () = ( )Sz(l,k)(r——> W, (1.18)
I=k

In addition, the extended r-central Bell polynomials are given by the following Dobinski-

like formula:

o0 o0 l B ) l . n .
B (x) = ZZ < ;]>(—1)’ 7 -ij)! <§ - é + r> x, (1.19)

which can be observed immediately from the proof of Theorem 2.3 in [12].

2 Quick review of umbral calculus
Here we will briefly recall some of the basic facts about umbral calculus. The reader is
advised to refer to [20] for a complete treatment. Let C be the field of complex numbers,

and let § be the algebra of all formal power series in the variable ¢ with the coefficients
in C:

ok
5= {f(t) = Zﬂk%‘ﬂk EC}
k=0 ’

Let P = C[x] denote the ring of polynomials in x with the coefficients in C, and let P* be the
vector space of all linear functionals on P. For L € P* and p(x) € P, the notation (L|p(x))
will be used for the action of the linear functional L on p(x).

For f(£) =Y 1o ak% € §, the linear functional (f(¢)|-) on IP is defined by

fOl")=a, (n=0). (2.1)
In particular, from (2.2) we see that
(t1a7) = nSux (k= 0), (2.2)

where §,,x is the Kronecker symbol.

For L € P*, let fi(¢) = ZZZO(LW‘)% € §. Then we note that (f;(¢t)|x") = (L|x"), and the
map L — f1(¢) is a vector space isomorphism from P* to §. Henceforth, § denotes both the
algebra of all formal power series in ¢ and the vector space of all linear functionals on P.
Thus an element f(£) of § will be thought of as both a formal power series and a linear
functional on P. § is called the umbral algebra, the study of which the umbral calculus is.

The order o(f(t)) of 0 #f(t) € § is the smallest integer k such that the coefficient of t*
does not vanish. In particular, for 0 # f(¢) € § it is called an invertible series if o(f(¢)) = 0
and a delta series if o(f()) = 1. Let f(£),g(¢) € §, with o(g(¢)) = 0, o(f(t)) = 1. Then there

exists a unique sequence of polynomials s, (x)(degs,(x) = n) such that

(g@)f OF|su(x)) = n18,p,  for mk > 0. (2.3)
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Such a sequence is called the Sheffer sequence for the Sheffer pair (g(¢),f(¢)), which we
denote by s, (x) ~ (g(¢),f(¢)). Then s, (x) ~ (g(¢),f(¢)) if and only if

o0 Vl

xf(t (2.4
g(f Z )

n=0

where f(t) is the compositional inverse of f(t) satisfying f(f(£)) = f(f(t)) = ¢.

t'px)=pPw),  p)=pr+y),  (€'p®)=p®). (2.5)

Let s,(x) ~ (g(2),f(¢)). Then we have the following: The Sheffer identity is given by

n

sa@+y) =y (Z) sk (X)Pn-k (), (2.6)

k=0
where p,(x) = g(t)s,(x) ~ (1,f(¢)). Then the conjugate representation says that

n

su() = Z k,(g(f(t)) F@f 12", (27)

We also have the recurrence formula

_ g\ 1
Sn+1(x) - (x - g(t) )f,(t)sn(x)r (28)
S@)sn(x) = ns,_1(x)  (n=0), (2.9)
xsu(x) =Y (Z) (e(F®) "¢ (F®O) " )se()
k=0
n+l
(e .10

The derivative of s, (x) is given by

n-1

Z( ) FOI" sk(x)  (n=1). (2.11)
k=0

Assume that s, (x) ~ (g(2),f(¢)), ra(x) ~ (h(2),1(t)). Then s,(x) = >} _o cuxrk(x), where

nf )
ek = < (o)

> (2.12)

Let p,,(x) ~ (1,£(¢)), gu(x) ~ (1,1(¢)). Then the transfer formula says that

e x(’%) o) (= 1), (213)

Finally, for h(t) € §, p(x) € P,

(n(®)lxp(x)) = (8:1(D) Ip(x)). (2.14)

Page 5of 17
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3 Main results

Here we will derive some properties, identities and recurrence relations for the extended r-
central Bell polynomials by making use of umbral calculus techniques and the formulas in
Sect. 2. In addition, we will express those polynomials as linear combinations of quite a few
well-known special polynomials. Here the special polynomials are Bernoulli polynomi-
als, Euler polynomials, falling factorial polynomials, Abel polynomials, ordered Bell poly-
nomials, Laguerre polynomials, Daehee polynomials, Hermite polynomials, polynomials
closely related to the reverse Bessel polynomials and studied by Carlitz, and Bernoulli
polynomials of the second kind.

We first note from (1.16) and (2.4) that

t+ V2 4\ t+ V2 + 4\’
B;c,r)(x)~(< + : + ) ,log( + . + ))

= (g(®).f(2)). 3.1)

Using (2.14) for n > 1, we have

cr) - (c,r) " n
) = ZBm )|

_ [ rt e% eié n
(e |x>

+

1
e
2)’

n-1

- rB0) + %yZ LB ()01~ Dl 1)
+ yZ ,B”(y)(n—l)m<e-%|x”-1-m)
_ rB(C’r)(y) N 1 nz_l n—1 BE() 1 nilim(l + (~1yr1om)
- n-1 Zy ot m m 2
) n-1 ) 1 n-1-m
=7B,,(9) +y > )( . )B,,i" (y)<§> . (3.2)

0<m=<n-1,n#m(mod2

Thus by replacing n by n + 1, we obtained the following theorem.
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Theorem 3.1 For any nonnegative integer n, we have

B =B (x) +x D (Z)Bii”)(x)e)nm. (3.3)

0<m<n,n=m(mod?2)

For n > 1 and from (2.11), we get
n-1 n
t
B(cr Z ( ) _e s |xn7k>B§(c,r) (x)

n-1 n-k
EO0 0o
k=0

" 1 n-1-k
> (k) (g) B ).
0<k<n-1,n#k(mod?2)

Again, by replacing n by n + 1, we have shown the next result.

Theorem 3.2 For any nonnegative integer n, we have the following expression
d n+1\ 1\
EB(;;? (x) = 3 ( . ) (5) B (x). (3.4)
0<k<n,n=k(mod?2)

From (3.2), we first observe that

2 J40) —2r
"(8) = : = : (3.5)
/ Vit +4 g6 Ver+a
Then, by using (2.8) and (2.9), we obtain
( )= ( .\ 2r > t2+4B(cr)( )
n+ X X n X
g 244 2
t+vV2+4 ¢
= x(—+ 5 A E)BEIC") (%) + rB" (x)
t
= x(eif ® _ 5)3;”) (x) + rB (x)
1 d
— xe3/ O BN (x) — 5xd— B (x) + rB" (x)
- 1 d
Z f(6)* B (x) — —x— B (x) + rB“ (x)
2 dx
k=0
1 d
Y < ) B = o3 B0 + B ) (3.6)
k=0
This does not give us a new result. In fact, combining (3.3) and (3.6) yields Eq. (3.4).
In order to apply Eq. (2.10), we first note from (3.5) and]_‘(t) —e% —e 7 that
Zn-1 /(7 —2r e
o) d(f®) = ——  f(®)= (3.7)
ez +e 2
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Then, by (2.10), we have

Kk >B,(f’r) (%)

=0 el te
n+l
Z ( n >< 2 xnk+1>B(C'7‘) (%)
= \k-1/\es 43 ¢
n " n+l "
= —VZ (k>E:—kBl(<C’r)(x) + Z (k _ 1) Z—kHB;:,r)(x)
k=0 k=1
n+l " n
i {_r(k)E:k ' (k— 1)E:k”}3(kc’r)(x)'
k=0

2 N
=) B (3.8)
Thus we have shown the following theorem.

Theorem 3.3 For n > 0, we have the following identity:

n+l
n n o,
*BE (x) = Z{—r( k)E:k + (k 5 I)E:ku }Bi' @),

where E;, are the type 2 Euler numbers given in (3.8).
Noting that BY(x) = g(®)B"(x), from the Sheffer identity in (2.6), we have

n

B4y =y (Z> B (0B 0). (39)
k=0

Noting that the Bernoulli polynomials B,(x) is Sheffer for the pair (etT’l,t), we write
BEf'” (%) = >0 CuiBi(x). Then

Z T,(l+rk+ r)ﬁx”’l

1=k

L L
ez —e?2

k
<e37‘e2 -1

- -ty
= (7) T.(I+rk+ r)<e ; x"‘l>. (3.10)

I
=
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Before proceeding, let us recall that B}, are the type 2 Bernoulli numbers, which are defined

by
t X
— =SB 3.11
e ZO - (3.11)

From (3.10) and (3.12), we have

t
n e2 —e
Cox = (’;) T.(l+rk+ r)<ef

n n-l 7 *%
-1 er-e 2 _1
= (’Z) (n ) T.(l+rk+ r)Bfn<67
1=k m=0 m ¢

n n-l
-1 1
(n) (n )T,(l+r,k+r)Bfn—(ee
prirt ) m n-l-m+1

(SN
|
=
[
=]
§*
S
b
\>

Nl
&
1
D~
—_
X
X
T
N
+
pA
=

n N\ (n-1 1 > ts
)T+ rk+ B, ————(Y BY-
(l>< m) (e ken) mn—l—m+1<Z S sl

I=k m=0 s=1

3

x”-l-’”“>. (3.12)

Here BY are the central Bell numbers, given by

et iB(C)ﬁ (3.13)
n * .

n n-l
-1 1
Couk = (’Z ) (" ) —  T.(+rk+r)BBY,
=0

e mJn—-l-m+1
1 SE 1\ n-1+1
S el ( ! )( ” )T’(’+”’< +1B,BY ... (3.14)
I=k m=0

This completes the proof for the next theorem.

Theorem 3.4 For n > 0, we have the following representation of B (x) in terms of Br(x):

n n n-l
1 n+1\/n-1+1
(¢,r) — * p(c)
B (x) = E (n T1 E E ( / ) ( )T,(l +rk+ r)BmBn—l—m+l)Bk(x)’

k=0 I=k m=0 m

where B}, are the type 2 Bernoulli numbers in (3.11) and Bﬁf) are the central Bell numbers
in (3.13).

Page9of 17
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Let us write B (x) = Y %-o0 CukEx(x). Here E,(x) are the Euler polynomials with E,(x) ~
etT”, t). Then
x”>

t
—e 2
rt +1
!<e 7|
Lot
T,(l+rk+ r)(ee2 ey 1|x”’l)

52()
23
(7) T.(l+rk+7r) (Bile + 8k (3.15)
1=k

ef L ik
—(e2 —¢ 2)

an—

| =

t
2
l

This shows the next result.

Theorem 3.5 For n > 0, we have the following representation of Bff’r) (%) in terms of Ex(x):

1 ¢
B =33 <'Z> To(L+ 1,k +7) (B, + 8,,1) Ex ().

k=0 I=k

We let Bgf’r)(x) =Y -0 Cuk(x)k. Here (x), is the falling factorial sequence with (x), ~
(1,e! —1). Then

Cuk = <le"(ee§‘e_5 -1)f

Il
/\
e
(%}
N
~
—~
'~
+
X
=~
+
~
-~
|
—_
[\
[
|
ml
Bl
SN—

" 1, t
= ZSZ,(Z+ rk + r)<ﬁ(ez —e2

1=k

n o0 tm
= ZSQ,,(Z +r,k+ r)<Z T(m, l)%
I=k m=1l

x">
n n 1
= Z Sor(l+rk+r)T(m,l)—n's,,,
I=k m=l m!

= ZSZJ(Z +r,k+r)T(nl). (3.16)
I=k

Here S, (/ + r, k + r) are the r-Stirling numbers of the second kind, given by

n

1 ’ k ad t
¢ ‘e =1)" = Z,Sz,,(n +r,k+ V)E' (3.17)

This gives the next result.

Theorem 3.6 For n > 0, we have the following representation of BY"(x) in terms of (X)i:

B ) =Y Syl +rk+ ) T(m, ) (@)

k=0 [=k

Page 10 of 17
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To obtain another expression, we compute C,x in (3.16) in a different way as follows

t

Lt e

1i0<

I

k 00 m
() <235sf>«>f—'x">
=0 m=0 m:
1 £ kl

a2 () enaea.

1=0

]l() rt 1(27—6 7 |x )

=l -

(3.18)

This finishes the proof of the next theorem

Theorem 3.7 For n > 0, we have the following representation of B “)(x) in terms of (x)x

n k
Bglc,r)(x) _ Z % Z <ll<> (—l)k‘lef'r)(l)(x)k'
k=0 7" =0

Let B (x) = Y ko CnikAk(x;a). Here A, (
(1,te™), (a #0). Then

) are the Abel polynomials with A, (x; )

Cuk = %(e"(e% - e’%)keak(e%’e_§)|x”)
- n ak(e%—e_%) n—1
=Z(Z)Tr(l+r,k+r)<e ")
I=k

. n - (c) " n-1
—Z T.(l+rk+r) ZBm(ak)—x
I=k ! m=0 m!

= <’;) T,(l +r,k + B (ak). (3.19)
1=k
Thus the following has been verified
€ (x) in terms of A (x; a):

Theorem 3.8 Forn > 0, we have the following representation of B

B (x) = ZZ() l+r,k+r)B”(ak)Ak(x,a)

k=0 i=k
(%) = > r_0 CuiObx(x). Here Ohy,(x) are the ordered Bell polynomials

Let us write B"
with Ob,,(x) ~ (2 - €', t). Then
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-3 <’Z ) T,(l+ 1,k +7)(28,, - BY). (3.20)

1=k

This shows the following result.

Theorem 3.9 For n > 0, we have the following representation of B (x) in terms of Oby(x):

B =" (’Z ) To(l + 1,k +1)(26,,1 — B,) Oby (x).

k=0 I=k

We write B (x) = > o Cn,kL,(f‘)(x), where L;f’)(x) are the Laguerre polynomials with

L (x) ~ (1= )%, 4). Then

= (-1 <7> T.(l+rk+ r)<(1 - (e% - e_%))_(a+k+l)|x"_l>. (3.21)

=k

~

Before proceeding, we recall several definitions. The central Fubini polynomials F9(x) are
defined by (see [9])

o0 tn
=N FOw) —. (3.22)
—eh) WZ(} 7!
For x = 1, F9 = F9(1) are called the central Fubini numbers.

More generally, for any real number «, the central Fubini polynomials F)(x) of order

«a are given by

(%)a = ZF,(,”‘“)(x);—V;. (3.23)

1 —x(e% —e72)

For x = 1, F*® = F%)(1) are called the central Fubini numbers of order «. Now, from

(3.21) and (3.23) we have
xn—l>

n 00 tm
Coi = (-1) Z <7> T,(0+rk+ r)<Z FV(;'“”(“)%

I=k m=0

n

=Dy <’l’> To(L+ r, k + P)EeSHkeD)
1=k

This verifies the following theorem.

Page 12 of 17
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Theorem 3.10 For n > 0, we have the following representation of BY"(x) in terms of

L ().
B (x) = (_1)kz< z) To(l+ 1,k + P)ESS DL (),
k=0 I=k
Let us write B = > -0 CuiDi(x). Here D,(x) are the Daehee polynomials with

Dy(x) ~ (£, ¢t - 1). Then

t t
2-¢ 2
_ i rt 4 e _l(ee%—e_% —l)k X"
k! e% 67% t
_ k+1 ert t 1 ( eé—f% _ 1)k+1xn+l
n+1 e% e % (k+ 1)'
k+1 N
= S(lk+1) e —e2) x"!
n+1<e§_e§ 1%;12 ( )

ZT(m+r,l+r)—x >

k+1 n+l n+l "t ¢
lk+1)2< )T(m+r,l+r)< x"*l_’">

n+l
t
el — Y Sk 1)<

lkl

] Poeh
k 1 n+l n+l
— ZZSg(lk+1)T(m+r,l+r)< ) o (3.24)
I’l

I=k+1 m=1l

This completes the proof for the next result.

(c,r)

Theorem 3.11 For n > 0, we have the following representation of B’ (x) in terms of Di(x).

n+l n+l

B (x) = Zl”l ZZSZ(lk+1)T(m+r,l+r)( i > s Delw).

I=k+1 m=1

Let us put B (x) = Yo C,,,kH,((V) (x). Here H,((v)(x) are the Hermite polynomials with
v 2
H,((”)(x) ~ (€7 ,t). Then

/1(6"6"(62 e 2)2/2(6 —e*%)k|x")

" (n Loby
:Z(Z)Tr(l+r,k+r)<e”(e ¢ )/zlx"_l>

I=k

n © m o,k —E\om
:Z(W)Tr(l+r,k+r) v—ux"

P [ m! 2m

m=0

Cn,k

—f>

Page 13 0of 17
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&=

" (n QCmh™ [ 1 L _t\om|

-2 (Z>T,(l+r,k+r)§ T <(2m)!(e2—e 2)*"|x >
" (n x 2m)h™

= ( )T,(l+r,k+r)2 —_T(n-1,2m). (3.25)
P l — mi2"

This shows the following theorem.

Theorem 3.12 For n > 0, we have the following representation of B (x) in terms of
(v)
k

non 15

Bgfv’) (x) = (7) T.(l+rk+ r)m!<2n2n> (%) T(n—-1, 2m)H,Ev)(x).
0

k=0 I=k m=

The Bessel polynomials y,(x) are given by

n k

(n+ k) (x

2@ =2 w\z)
k=0

which satisfies the differential equation

*%y + (2x+2)y —n(n+1)y=0.

The reverse Bessel polynomials are known to be

1 " (m+ k) xk

Qn =x" n\ — | = T N A

(e) ="y (x) k;(n—k)!k! 2K
which obey

xy" = 2(x+n)y +2ny=0.

On the other hand, Carlitz defined a related set of polynomials,
1
Py(x) = x”yn_1<—> =x0p1(x) (n=1),  Po(x)=L
x

Then we can show that P, (x) ~ (1, £— 3£%) (see [20]). Let us write B (x) = > o CukPi().
Then

-2)'

1]
|
N =
S~
>~
~ =
Y
~
N~
=
—~
~
+
3
=~
+
~
==
—~
8
DOl
|
®,
[
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k

k n

) (n) T.(l+rk+r <Z ( ) (=2)F m et —e x”l>
I=k =0

k Vl) k k 1, ¢ t\m

T,(l+rk+r) ( )(—Z)kmm!<— ez —¢e2

) s ( ; m m!( )

k m
Z(’Z)( )(%) mIT,(L+ 7,k +7)T(n =1, m). (3.26)
=0

ol
~—
3

1
2

l\3|>—‘

(-
(-

I=k m

This completes the proof for the next theorem.

Theorem 3.13 For n > 0, we have the following representation ofBE,C'r) () in terms of Pi(x):

Z(;% ( )( )(—l)mmm(u rk+n)T(n— l,m))Pk(x).

We write Bﬁf’r) (%) = >"¢_o Cuxbi(x). Here b, (x) are the Bernoulli polynomials of the sec-
ond kind with b,,(x) ~ (ﬁ, e’ —1). Then

t t
1 ez —e 2 L5
_ rt e2—¢ 2 k
Cn,k_ E e 7% (e —1)

t t
ez —¢e2 |1 5 % k
_ rt( e2—e 2 n
—<7t — Fe (e —1) X
eeZ—e 2-1 .
ek
e? — Nl
— Sz(l k) e 62 —e2)x"
667 —
n t _t 00
ez —e 2
:ZSz(lk< — Z m+r,l+r >
I=k eel—e 2-115, 7

xn—m>

n n " 00 1 . e
:ZSz(l,k) (m>T,(m+r,l+r)<ZBsE(e2 —e 2)
1=k m=1 5=0
= S(Lk)
1=k

(n>T(m+r,l+r)ZB< —e )
1
ZZZ( )Sglk)B Tm+r,1+nT(n-1s), (3.27)

I=k m=l s=0

n

m=

where Sy(/, k) are the Stirling numbers of the second and B; are the Bernoulli numbers,

given by

°°ts

Thus we have shown the next theorem.
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Theorem 3.14 For n > 0, we have the following representation of B (x) in terms of b (x).

Z(ZZi( )52(1 K)B,T,(m +r, L+ ) T(n—1, s))bk(x)

I=k m=] s=0

From (3.2), B“" (x) = (et 2+4)2rg0) (), and hence

t+ 2+ 4\ "
BE:,HS)(X):( + . + ) Bglc,r)(x). (328)

In particular, for s = 1 we have

£+ V2 + 4\
B = (Z5 ) B

= DB (x)
oo

=Y O B
k=0
=Y (Z)B;f"k) (). (3.29)

k=0

Thus we have shown the following theorem.

Theorem 3.15 The following identity holds true.

n

BE,IC'”D(JC) _ Z (Z>Bj<c,r) (x)

k=0

4 Conclusions

In this paper, we studied the extended r-central factorial numbers of the second kind and
the extended r-central Bell polynomials by making use of umbral calculus techniques. We
noted that the extended r-central factorial numbers of the second kind are an extended
version of the central factorial numbers of the second kind and also a central analog of the
r-Stirling numbers of the second kind. Also, the extended r-central Bell polynomials are
an extended version of the central Bell polynomials and also a central analogue of r-Bell
polynomials.

We derived some properties, identities and recurrence relations. In addition, we rep-
resented the extended r-central Bell polynomials in terms of many well-known special
polynomials. Here the special polynomials are Bernoulli polynomials, Euler polynomi-
als, falling factorial polynomials, Abel polynomials, ordered Bell polynomials, Laguerre
polynomials, Daehee polynomials, Hermite polynomials, polynomials closely related to
the reverse Bessel polynomials and studied by Carlitz, and Bernoulli polynomials of the
second kind.

Finally, along the same line as this paper, we will continue to investigate some special

numbers and polynomials from the umbral calculus viewpoint.
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