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1 Introduction and main results

In this paper, a meromorphic function always means meromorphic in the complex plane.
We adopt the standard notations in Nevanlinna theory; see, e.g. [11, 21]. In addition, we
use the notations o (f), 0»2(f) to denote the order and the hyper-order of f(z), respectively,
where

log*log" T'(r,f)

. log" T'(r,f) .
o(f) =limsup ngrf, o5(f) = limsup T

A meromorphic function «(s£ 00) is called a small function of f provided that T'(r,«) =
o(T(r,f)) as r — 00, possibly outside a set of r of finite logarithmic measure. We use S(f)
to denote the family of all meromorphic functions which are small functions of f, and
denote g(f) = S(f) U {oo}.

Let f and g be two non-constant meromorphic functions, and let « be a meromorphic
function. We say that f and g share « CM (IM), provided that f — « and g — « have the
same zeros counting multiplicities (ignoring multiplicities). If fl and é share 0 CM (IM),
then we say that f and g share oo CM (IM).

Nevanlinna’s four-value theorem shows that if two non-constant meromorphic func-
tions f and g share four distinct values CM, then f is a Mobius transformation of g. In [4],
Gundersen constructed a counterexample to show that four-value theorem is not valid if 4
CMisreplaced by 4 IM. But when g is the derivative of f, Gundersen and Mues—Steinmetz,
respectively, obtained the following result.
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Theorem A ([5, 18]) If a non-constant meromorphic function f and its derivative f' share
three distinct finite values ay, as,as IM, then f = f'.

Remark 1.1 Observe that a meromorphic function f and f’ trivially share co IM. So, in
this sense, the four-value theorem is valid for f and f’ sharing four values IM.

Furthermore, Gundersen and Mues—Steinmetz improved Theorem A as follows.

Theorem B ([6, 19]) If a non-constant meromorphic function f and its derivative f’ share
two distinct finite values ay,a; CM, then f =f'.

Recently, the difference analog of Nevanlinna theory has been established; see, e.g. [2,
7-10, 14]. Many researchers ([1, 12, 13, 15-17], etc.) started to consider the uniqueness of
meromorphic functions sharing values with their shifts or their difference operators. For
a nonzero finite value 7, f(z + 1) is called a shift of f(z), its difference operators are defined
as

Af(2)=fz+n)—f(z) and Alf(z) = A;"l(Anf(z)), neN,n>2.

It is well known that A,f can be regarded as the difference counterpart of . So, consid-
ering the difference analog of Theorems A and B, the following results are obtained.

Theorem C ([15]) Let f be a non-constant meromorphic function of o(f) < co. If f and
A,f share four distinct values ay, ay, as, as IM, then f = A,f.

Theorem D ([1]) Let f be a transcendental meromorphic function such that o (f) is finite
but not an integer. If f and A, f ( 0) share three distinct values a,,as, 00 CM, thenf = A,f.

In [1], the authors conjecture that the condition “order of growth o (f) is not an integer
or infinite” can be removed. Lii [17] considered this conjecture and obtained the following

result.

Theorem E ([17]) Let f be a transcendental meromorphic function of o (f) < oco. If f and
A,f share three distinct values ay,a,, 00 CM, then f = A,f.

It is natural to pose the question: what can be said on replacing shared values in Theo-
rems C—E by shared small functions. Concerning this question, we obtain the following
results which extend Theorems C-E. For the convenience of statement, we need the fol-
lowing definition; see [21].

Let f,g and « be three distinct meromorphic functions, Ny (r, @, f,g) denote the counting
function of common zeros of f (z) — a(z) and g(z) — a(z), each counted only once. If

N(r, ! )—No(r,a,f,g>=5(nf)
f-a

and

N(r, L )—No<r,a,f,g>=5<r,g>,
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where S(r,f) = o(T(r,f)) as r — o0, possibly outside a set of r of finite logarithmic measure,
then we say that f and g share o “IM”. Obviously, if f and g share « IM, then f and g share
a “IM”. But the reverse is not true.

Theorem 1.1 Let f be a transcendental meromorphic function of o(f) < 1, aj € S(f) (j =
1,2,3,4), and let 1) be a nonzero finite value. If f and A,f share oy, a9, 03,04 “IM’, then

f=Af.
Remark 1.2 Obviously, Theorem 1.1 is an improvement of Theorem C.

Theorem 1.2 Let f be a non-constant meromorphic function of o (f) < 00, ay,02 € S(f),
and let 1) be a nonzero finite value. If f and A, f share o,0,00 CM, and if f and oy, o
have no common poles with the same multiplicity, then f = A,f.

Remark 1.3 Obviously, Theorems D and E are direct results of Theorem 1.2.
By Theorem 1.2, we get the following corollary.

Corollary 1.1 Let f be a non-constant entire function of o (f) < 0o, a1, 2 € S(f), and let n
be a nonzero finite value. If f and A, f share a1,00 CM, then f = A,f.

We do not know whether Theorem 1.2 is valid, if f and A, f share three distinct functions

ay, 0, a3 € S(f). But under some additional restriction on o, we get the following result.

Theorem 1.3 Let f be a non-constant meromorphic function of o5(f) < 1, aj € S(f) (j =
1,2,3), and let n be a nonzero finite value. If, for j = 1,2, 3,

E(e,f) CE(aj, Ayf), Ayoi=a,
where E(a, f) is the set of zeros of f — o, counting multiplicity, then f = A,f.

Remark 1.4 The condition A, = o; (j = 1,2,3) in Theorem 1.3 is necessary. For exam-
ple, let f(z) = ﬁ,n =1l,a;=0,00 = 1,3 = %, it is obvious that E(ay, f) C E(ej, Ayf) (j =
1,2,3). But A, # o (=2,3), and A,f(2) = 25 #£(2).

2 Lemmas

Lemma 2.1 ([10]) Let f be a non-constant meromorphic function, € > 0, and n be a finite
value. If f is of finite order, then there exists a set E = E(f, €) satisfying

fEﬂ[l,r) dt/t <

lim sup <eg,

r—00 IOg r

i.e. of logarithmic density at most €, such that

flz+n)\ _ (logr
(T3 )= o(S o)
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for all r outside the set E. If 05(f) < 1 and ¢ > 0, then

fz+m)\ ([ T(nf)
’”(” /@ )“’(rl-@w—f)

for all r outside of a set of finite logarithmic measure.

Lemma 2.2 ([10]) Let T : [0, +00) — [0, +00) be a non-decreasing continuous function and

lets>0.If
. loglog T'(r)
limsup————=¢<1
F—00 logr

and § € (0,1 - ¢), then
T(r+s)=T(r)+ 0(@),
r

where r runs to infinity outside of a set of finite logarithmic measure.

Let f be a meromorphic function, it is shown in [3], p. 66, that, for an arbitrary complex
number ¢ # 0, the inequalities

(1+0)T(r~lel.f(2) < T(rf(z+0) < (1+0(1)T(r +1cl.f(2)
hold as » — oo. Similarly, we have

(14 0N (7 - lel,f(2)) = N(ruf(z + 0) = (1+ ()N + [el,f(2), (> 00).
So combining the above inequalities and Lemma 2.2, we get the following result.

Lemma 2.3 Let f be a non-constant meromorphic function of o5(f) < 1. Then, for an arbi-
trary complex number ¢ # 0,

T(r,f(z+¢)) =T(r.f(2) + S /) N(r,f(z +¢)) = N(r.f(2)) + S(r,f).

Lemma 2.4 ([20]) Let f be a transcendental meromorphic function and o; (j=1,...,q) be
q distinct small functions of f. Then, for ¢ > 0,

q
(q-2-)T(rf) < Zﬁ<r,

j-1

f—la») +0o(T(r.f))
j

asr & E— oo for a set E of finite linear measure.
Remark 2.1 In [23], Zheng pointed out that the ¢ in the above inequality can be removed.
Using a similar argument to that of [21], Theorem 4.4, we obtain the following result.

Lemma 2.5 Let f and g be non-constant meromorphic functions, and share four distinct
Sunctions oy € S(f) N S(g) (j=1,2,3,4) “IM” If f # g, then
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(i) T(r’f) = T(r,g) + S(I‘,f), T("’g) = T(I‘,f) + S(r,g).
(i) 30y N 7=5) = 2T ) + S(f).

Lemma 2.6 ([22]) Let f and g be non-constant meromorphic functions and let o; (j =
1,...,5) be five distinct elements in S(f) N S(g). If f # g, then

4
No(r,as,f,8) <Y Nua(r, e, f,8) + S(r.f) + S(r,2),
j=1

Whereﬁlz(’”,%f;g) :ﬁ(";ﬁ) +ﬁ(}", g%a) —2N0(V;0lyf;g)‘

Lemma 2.7 ([21]) Let fi,...,f, (n > 2) be meromorphic functions, and gy, ...,g, be entire
functions satisfying the following conditions.
(i) Zlef;(z)eé’i(z) =0.
(ii) gi(2) — gx(2) are not constants for 1 <j<k <n.
(iii) For1<j<ml<t<k=<n, T(rf;)=o(T(r,e¥8)) (r — oco,r ¢ E), where E C (1,00)
has finite linear measure or finite logarithmic measure.
Thenfi(z)=0(=1,...,n).

Lemma 2.8 Let (£ 0) be a meromorphic function, and let ¢, n be nonzero finite values. If
a(z +n) = ca(z), then T(r,a) > dr — O(1) holds for sufficiently large r, where d is a positive
number.

Proof Tt follows from «(z + 1) = ca(z) that a(z) is transcendental. If 0, co are the Picard
exceptional values of @(z), then there exists a non-constant entire function %(z), such that
a(z) = €"@. This implies that T(r,a) > dr — O(1) holds for sufficiently large r and some
positive number d. If «(z) has at least one zero or one pole z, then zy + jn,j € Z are zeros
or poles of «(z). This implies that N(r, é) > dr or N(r,a) > dr holds for sufficiently large r
and some positive number d. So we get T(r,«) > dr — O(1) holds for sufficiently large r. O

Lemma 2.9 ([9]) Let M be the set of all meromorphic functions in the complex plane, N'
be a subfield of M, and let f € N'\ ker(L), where L : M — M is a linear operator such that
m(r, LT(’()) =S(r.f). If ay,...,a4 are q > 1 different elements of ker(L) N S(f), then

q
(4= DTN+ N ) NS + N (1) #5600,
=1 U

]
where NL(f)(r’f) = 2N(V,f) _N(r:L(f)) + N(r» LL([’))
3 Proofs of the results

Proofof Theorem 1.1 Supposethatf # A,f, fromthe factthatf and A, f share ay, o, o3, s
“IM” and Lemma 2.5, we get

T(r,f) = T(r Af) + S(nf)y  T(r Ayf) = T(r,f) + S(r, Ayf),
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from which we deduce that A, f is transcendental and
S(r, Ayf) = S(r, f). (1)

By Lemmas 2.4 and 2.5, we get

4
3T(r.f) SI\_I(r,f)+Zﬁ<r,f : >+S(r,f)
j=1

< N(r.f) +2T(r.f) + S(r.f)
SN(rf) +2T(r.f) + S(r.f),
from which we deduce that
T(r.f) = N(r.f) + S(r.f) = N(r.f) + S(r. ). 2)
Since n()(r,f) < 2(n(r,f) — u(r,f)), it follows from (2) that

N(Z)(rrf) = S(V,f), (3)

where n(y)(r,f) denotes the number of multiple poles of f in |z| < r, counting multiplicity,

N)(r,f) denotes its corresponding counting function. Similarly, we get

Noy(r, Ayf) = S(r, Ayf) = S(r,f). (4)
On the other hand, from the fact that f and A, f share o, @, o3, 04 “IM” and Lemma 2.6,
(1), we get
4
No(r,00if, Af) < Y Nua(r, o3 f, Agf) + S(r,f) + S(r, Ayf) = S(r,f). (5)

j=1

Let N(r,f(z) = a,g(z) # b) denote the reduced counting function of those points in |z| <,
which are a-points of f, not b-points of g(z), (5) and Lemma 2.3 imply that

N(r, Aof =f) = N(r, Ayf = 00,f(2) #00) + N(r,f(2) = 00, A,f # 0)
+ No(r, 00;f, Ayf)
= N(rf(z+n) = 00,f(2) #00) + N(r,f(2) = 00, Ayf 7 00) + S(r.f)
<N(rf(2) = 00, Ayf # 00) + S(r.f)
<N(r.f) +S(r.f). ©)

Hence by (3), (4) and (6), we get

N(r, Ayf —f) < N(r, Ayf —f) + Noy(r, Anf —f)
< N(r,f) + Npy(r, Ayf) + Ny(r,f) + S(r,f)

Page6of 11
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< N(r.f) +S(r.f). 7)

Then, by Lemma 2.1, Lemma 2.4 and (7), we get

4
3T(r,f) < N(r.f) + ZN(n

Jj=1

1

5ﬁ(r,f)+ﬁ<r, )+S(r,f)

1
T
< N(f) + N f = Agf) + mr,f = Agf) + S(, )
<2N(,f) + mlr,f) + S f)

<2T(r.f) + S(r.f),
which implies T'(r,f) = S(r,f). This is absurd. So we get f = A, f. g

Proof of Theorem 1.2 It follows from Lemma 2.3 that A,f is of finite order. Since f and
A,f share ay,a,, 00 CM, we get

Ay f - Af -
A - ) ®
f — o1 f — 0
where P, Q are polynomials.
Suppose that A,f #f, then e’ # 1,62 # 1 and e # e?. By (8), we get
(@ _ 1

f(2) = a1(2) + (0!2(2) - al(z))m )

and
eL@+Q@) _ op(2)

Ayf(2) = a1(2) + (“2(2) - al(z))W' (10)

On the other hand, (9) also implies
eQz+m _ 1
Af(2) = Ay (2) + (a2 + 1) — (2 + ﬂ))m
eQ@ _1
- (az(z)—al(z))m- (11)

Now we discuss the following three cases.
Case 1. Suppose that both e” and e? are constants, then, by (9), we get T(r,f) = S(r,f).
This is absurd.

Case 2. Suppose that only one between e’ and e? is a constant, without loss of generality,
we assume that e’ = ¢, by (9), we get

T(r,f)= T(r, eQ) +8(r.f), S(r.f)= S(r, eQ). (12)
Subcase 2.1. If eQ#*" = ¢2@  then deg Q = 1. (10) and (11) imply that

{(1 - Q)a1(2) + can(2) — Ayaa(2) €9 = (1 - ) Ayt (2) + coa(2) — Ayata(2). (13)
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By (12) and (13), we get
(1- oy (2) + caa(2) = Ayon(2) =0, (1) Aye1(2) + con(z) — Ayaa(z) =0, (14)
Solving (14) implies A, a1 (z) = oy (2), that is,
o1 (z + ) = 200 (2). (15)

Then, by Lemma 2.8, (12), deg Q = 1 and (15), we get liminf,_, », Trro}l > 0, which contra-
dicts that oy is a small function of f.
Subcase 2.2. If eQ# =£ Q@ et z, be a zero of e? — —eaw then zg is a zero of
eQern _ ¢ So by (11), we know that one of the following cases must occur.
(i) zo is a pole of A, f(z). Since A,f and f share co CM, by (9), we know that if z; is not
a pole ofoq or ay, then zy must be a zero of e2® — ¢. This implies that z is a zero of
eQz+m)-Q@) _ 1.

(ii) zo is not a pole of A,f(2). By (11), we know that if z; is not a pole of Ao} or ay — g,
then z is either a zero of az(z +1) —ai1(z +1n), or a zero of e?? — ¢. For the latter, z,
must be a zero of eQ#"-Q@) _ 1. While if z, is a pole of A,a; or ay — ay, then, by
(12), we get

N(r, e — ¢ A, = 00) < N(r, Ayar) = S(r,f) = S(r,e9),

where N(r,e?#" = ¢, A, a1 = 00) denotes the reduced counting function of those points in
|z| < r, which are c-points of e2**" and poles of A, (2). Similarly, we have N(r,eQ#" =
¢,y —ag = 00) = S(r,eQ).

From the above analyses, (12) and Lemma 2.3, we get

_ 1 _ 1
N(r, —) - N(r, 7>
e - m Qe — ¢

— 1
- - Q
< N<r, pIET 1) +5(r,e?)

=S(r,e?). (16)
So from the second main theorem related to small functions and (16), we get T(r,e?) =

S(r,e9). This is absurd.
Case 3. Suppose that both e’ and e? are not constants, by (10) and (11), we get

Hzpe + Hopag e 4 H, zqep Q4 Hoyy, 2 4 Hp+qu+Q + Hpep + quQ =0, (17)
where
Hyp = (a2 — Ayoy)e®, Hpiq = (01 — az)e™®, Hyioq = (00 — a7)e™%,

Hag = (01 — Aya2)e®?, Hppy = (Agon — a1)e®12 + (A1 — az)e?, 19)
Hy(2) = (a2(2) — 1 (2))e*""@ — (2 + 1) + a1 (z + 1),

Hy(2) = (1(2) — 22(2))e® %9 + ay(z + 1) — 1 (2 + ).

Page 8of 11
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Subcase 3.1. deg P > deg Q. By (9) we get
S(r.f) = S(r,€). (19)

Equation (17) implies that

y1e® + e’ = s, (20)
where
wl = H2p + H2p+qu: WZ = Hp+2qe2Q + Hp+qu +H,, WS = _H2q32Q - quQy

such that T'(r, ;) = S(r, e?) (=1,2,3). Then, by (20) and Lemma 2.7, we get Y, =0(=
1,2,3). From this and (18), we get

(a2 = Ayor) — (o2 —1)e? = 0,

(21)
(o2 — a1)e®12Q 4+ (A0 — 2)e PR 4 (o — e P = (ot — o).

Solving (21) deduce
(o — A,,oel)(2a2 -0 — Anal)(eA"Q - eA”P) =0.

Since deg(A,P) =degP—1>degQ—1=deg(A,Q), we get a1 = A,y or Ao =205 — 0ty

From this and (21), we get e? = 1 or e? = —1, which contradicts that e? is not a constant.
Subcase 3.2. deg P < deg Q. By (9) we get S(r,f) = S(r,e?). Using a similar argument to

subcase 3.1, we get e’ = 1 or e’ = —1, which contradicts that e’ is not a constant.
Subcase 3.3. deg P = deg Q = m > 1. By (9), we get

S(r.f) = S(r, ezm). (22)
Set

Pi) =az" + 12"+ +ag, Q@) =bz" + by 12"  + -+ + by, (23)
where a,d,,1,...,40,0,b11,. .., bo are constants such that ab # 0. By (17) and (23), we get

> i) =0, (24)

jeA
where

A={2a,2a + b,a +2b,2b,a + b,a, b},
P2a = H2py2, D2a+b = H2p+qV277' Pa+2b = Hp+2qy 7727 Yop = H2q772'
Pa+b = Hp+qy 1, Pa = pr7 @b = anr

y (2) = eP(z)—azm, n(z) _ eQ(z)—hz”’
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such that
T(r,¢) =S(r,e"), (e A). (25)

Ifaé¢{b, %, —b}, then 2a + b ¢ {2a,a + 2b,2b,a + b,a, b}. So by (24), (25) and Lemma 2.7,

we get Qoqip = H2p+qy2n = 0. Combining this and (18), we get oy = «. This is absurd.
If a = b, then, by (24), we get

(P2arb + as2p)€™ + (P20 + P26 + )€™ + (0u + @p)e™ = 0. (26)
Combining with (26) and Lemma 2.7, we get

H2p+q)/277 + Hp+2qy772 =0, HZp)/Z + ]_1251772 + Hp+q)/77 =0, Hp)’ + an =0.
Then, by (18), we get

ApP

ebiPy = etnQy,

{(aa —01)e? —ar(z + ) + o1 (z + M)}y = {(o2 — @1)e®1Q — ax(z + ) + 1 (2 + )}

Solving the above equation, we get {a(z + 1) — a1 (z + 1)} (¥ — 1) = 0, which implies oy = oy
or e = e?. This is absurd.
Ifa= g, then, by (24), we get

5p,m m 3,,m m b, m
b. 2b; b. b.
Pai2p€2 4 ((p2a+b + (pr)e <+ Parb€? 4+ ((pZa + q)b)e “ gpﬂeiz =0. (27)

Combining with (27) and Lemma 2.7, we get ¢,.2, = 0. Then, by (18), we get o = «3. This
is absurd.
If a = —b, then, by (24), we get

—2bz™ + (

P2 Prarh + 0T+ Qaran + 9p)e" + @€ =~ (28)

Combining with (28) and Lemma 2.7, we get ¢o, = 0, ¢, = 0. Then, by (18), we get o, =
Ayo; and o = Ay, which implies &y = «;. This is absurd. Theorem 1.2 is thus proved. O

Proof of Theorem 1.3 Suppose that f % A,f, let L(f(z)) = f(z + n) — 2f(2), then, by
Lemma 2.3, we get

N(r,L(f)) 5N(r,f(z+ n)) +N(r,f(z)) =2N(r,f) + S(r,f). (29)

Then, by (29) and Lemma 2.9, we get

1
—N(r, L—(f)> +S(r.f)

3
2T(r,f) < N(r,f) + ZN(V, > — (2N(r,f) = N(r,.L()))
j=1
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<N f) + N(r,f_%nf) —N<r, Li(f)) +S0.f)

< N(r.f) +S(r.f),

which implies T'(r,f) = S(r,f). This is absurd. Theorem 1.3 is thus proved. d
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