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1 Introduction
For any positive integer g > 2 and Dirichlet character x mod ¢, the classical Gauss sum
7(x) is defined as

q
f(x)=Zx(a)e<g>,

a=1

where e(y) = ¥™.

This sum is very important in the study of the analytic number theory, so many authors
had studied its elementary properties, and obtained a series of important results. In fact,
if x is a primitive character modg, then one has the identity |t(x)| = ,/g. For the gen-
eral character x mod g, we have the estimate |t(x)| < ,/q. From some special characters
x mod g, the Gauss sum 7(x) has some interesting properties. For example, if p is a prime
with p =1 mod 3, and ' is any third-order character mod p, then we have the identity [1,
2]

() + T (¥) = dp,

where d is uniquely determined by 4p = d? + 27b* and d = 1 mod 3.

Zhuoyu Chen and Wenpeng Zhang [3] obtained a similar formula for the quartic Gauss
sum (see Lemma 2 below). Of course, there are also many similar results, and we are not
going to list them here. The reader can refer to Refs. [4—7] and [8] for details.

In this paper, we are considering such a sequence F(p) as follows: Let p be a prime with
p=1mod 8, ¥ be any eighth-order character modp. For any integer k > 0, we define the
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sequence Fi(p) as

) )

ST W) v

Fi(p)

The sequence Fi(p) defined in (1) is clearly a second-order linear recurrence sequence.
However, to find the exact value of this sequence, noting that Fy(p) = 2, we must know its
first term Fj(p). Generally, F(p) is very difficult to calculate. But if i is an eighth-order
character modp, then we can deduce some interesting results. In this paper, we will focus
on illustrating this point. That is, we shall prove the following two results.

Theorem 1 Let p be a prime with p = 1 mod 8, then, for any integer k > 2, we have the
second-order linear recursive formula

Fi(p) = C - Fr_1(p) — Fr-a(p),

where Fo(p) =2, C=Fi(p) =+ /2 + %, and the constant o = «(p) is an integer, which is
closely related to prime p.

In fact, we have a very important square-sum formula,

(55 - (B75) <o

a=1

where ( ;) denotes the Legendre symbol mod p, r is any integer with ( IE) = —1(see Theorem
4-11in [9]).

Theorem 2 Let p be a prime with p =1 mod 8, then, for any real number k > 2, we have
the second-order linear recursive formula

For(p) = % - For_o(p) — For—a(p),

where Fo(p) = 2 and F,(p) = %.

. . 2 2 _
Since |o| < ,/p, the two roots of the equation x” — j’}%x +1=0are

a+iyp—a? a—i 2

p—a
X1 and xp= —F"——,
N VP
where i is the imaginary unit. That is, i* = —1.

Therefore, from the properties of the second-order linear recursive sequence we have

the computational formula

Some notes: How to determine the positive or negative signs of C = F;(p) in Theorem 1

Fy(p) = (

is an interesting open problem.
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Itis clear that ¢(5) = ¢(8) = ¢(12) = 4. Therefore, whether there is a similar second-order
linear recurrence formula for the fifth-order (or twelfth-order) character modp remains
to be further studied.

2 Several lemmas

In this section, we need to prove several simple lemmas, which is necessary in the proofs
of our theorems. Hereinafter, we shall use many properties of the classical Gauss sum and
Dirichlet characters modp (an odd prime); all of them can be found in Ref. [10], so they
will not be repeated here.

Lemma 1 Let p be a prime with p =1 mod 8, y be an eighth-order character modp. Then
we have the identity

Proof Since p = 1 mod 8, there exist 4 eighth-order characters modp, let ¥ be one of
them; x, denotes the Legendre symbol modp. For any integer m with (m, p) = 1, note that
we have the identities ¥ x, = ¥> and

p-1 2 p-1
Ze<%> = Z(l + m(a))e(%) = x2(m)T(x2) = x2(m) /P,

a=0 a=0

from the properties of the classical Gauss sum we have

= 1 S (b -1
ey B ()
a=0 Ve =) (W) ; b=1 v p
1 & b\ (ba?
- ble == =
r(w)b;w( )e(p )Z; ( P )
RV SE (2)
") & V(b)x2(b)e »
p-1
_YEDVP S 5, (9)
W) 5 1%
. 3
RG] o
t(¥)
On the other hand, from the properties of the classical Gauss sum we also have
p-1 p-1 p-1
1/f(a2—1) = 1/f((a+1)2—1) = I/f(a(a+2))
a=0 a=0 a=1
1 S ba+2)\ t) ka2 (2b
= b =¥ el 22
(V) ;“’( s '”“)e( » > () ;"’ ( )e(p )
=y2(2)- M 3)
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Note that ¥* = x5 and x2(2) = 1, from (2) and (3) we have the identity

2(72\ TZ(W’)
TV =r gy

This proves Lemma 1. 0

Lemma2 Letp be an odd prime with p =1 mod 4, A be any fourth-order character mod p.
Then we have the identity

a+a

p

p-1
2V + 20 = /p- Z‘( ) =2./p-a.
a=1

Proof See Lemma 2.2 in [3]. O

Lemma 3 Let p be a prime with p =1 mod 8, { be an eighth-order character mod p. Then
we have the identity
2y) AP 2

+

23 Ay) P

where « is defined as in Theorem 1.

Proof 1t it clear that if v is an eighth-order character modp, then 2 is also an eighth-
order character mod p. So substituting v by 1 in Lemma 1, and noting that y° = v, EG =

Y2, from Lemma 1 we have

2
2/ 2 °(¥)
_,. W 4
T (y?) P a9 (4)
Note that 2 is a fourth-order character modp, from (4), Lemma 1 and Lemma 2 we may
immediately deduce the identity

+

) ()

p( S+ ) <) ) <2

which implies the identity

?2(y) HYP) 2«

+ =

23 2y Jp

This proves Lemma 3. d

3 Proofs of the theorems

Now we will complete the proofs of our main results. First we prove Theorem 1. Let p be
a prime with p =1 mod 8, ¥ be an eighth-order character modp. For any integer k > 0,
we define

) )

o) = x0Ty
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It is clear that from Lemma 3 we have Fy(p) = 2 and

20 TW) PO ( W) | r<w3))2 )
Nz 2 (y3)  TAY) T3 ) )
From (5) we can deduce that
Fp)=+ 2<1+i)=c. ®)
N/

If k > 1, then from the definition of F(p) we have

T (y) rk(vﬁ))(r(w (¥

Filp) - Frp) = (fk(wa) ") \ewd W)

) = Fr1(p) + Feo1(p)
or the second-order linear recursive formula

Fr1(p) = C - Fr(p) — Fie1(p),

where Fo(p) =2 and Fi(p) =+ _/2(1 + %).

This proves Theorem 1.
Similarly, we can deduce Theorem 2. In fact, for any integer k > 1, from Lemma 3 we

have

2a ( () fz(lﬁ3)>< ) P

o5 0=\ 5y T oy \ s T )

NG > = Foi2(p) + For2(p)

or the second-order linear recursive formula

_2a

Far(p) N

- Fora(p) + Far_a(p),

where the first two terms are Fy(p) = 2 and F,(p) = %.

This completes the proof of Theorem 2.
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