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Abstract
We consider an SIRS epidemic model with a more generalized non-monotone
incidence: x () = % with 0 < p < g, describing the psychological effect of some

serious diseases when the number of infective individuals is getting larger. By
analyzing the existence and stability of disease-free and endemic equilibrium, we
show that the dynamical behaviors of p < 1,p=1and p > 1 distinctly vary. On one
hand, the number and stability of disease-free and endemic equilibrium are different.
On the other hand, when p < 1, there do not exist any closed orbits and when p > 1,
by qualitative and bifurcation analyses, we show that the model undergoes a
saddle-node bifurcation, a Hopf bifurcation and a Bogdanov-Takens bifurcation of
codimension 2. Besides, for p = 2, g = 3, we prove that the maximal multiplicity of
weak focus is at least 2, which means at least 2 limit cycles can arise from this weak
focus. And numerical examples of 1 limit cycle, 2 limit cycles and homoclinic loops are
also given.

Keywords: Epidemic model; Non-monotone incidence; Hopf bifurcation;
Bogdanov-Takens bifurcation

1 Introduction

When it comes to modeling of infectious diseases, such as measles, encephalitis, influenza,
mumps et al., there are many factors that affect the dynamical behaviors of epidemic mod-
els greatly. Recently, many investigations have demonstrated that the incidence rate is a
primary factor in generating the abundant dynamical behaviors (such as bistability and
periodicity phenomena, which are very important dynamical features) of epidemic mod-
els [1-8].

In classical epidemic models [9], the bilinear incidence rate describing the mass-action
form i.e. BSI, where B is the probability of transmission per contact and S and I are the
number of susceptible and infected individuals, respectively, is often used. Epidemic mod-
els with such bilinear incidence usually show a relatively simple dynamical behavior, that is
to say, these models usually have at most one endemic equilibrium, do not have periodicity
and whether the disease will die out or not is often determined by the basic reproduction
number being less than zero or not [9, 10]. However, in practical applications, it is nec-
essary to introduce the nonlinear contact rates, though the corresponding dynamics will
become much more complex [11].

Actually, there are many reasons to introduce a nonlinear incidence rate into epidemic

models. In [12], Yorke and London showed that the model with nonlinear incidence rate
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B(1 — cI)IS with positive ¢ and time-dependent 8 accorded with the results of the simu-
lations for measles outbreak. Moreover, in order to incorporate the effect of behavioral
changes, nonlinear incidence function of the form H;(S,I) = ASPI? and a more general

form H,(S,I) = ﬁf]’ﬁl were proposed and investigated by Liu, Levin, and Iwasa in [13, 14].
They found that the behaviors of epidemic model with the nonlinear incidence rate H; (S, I)
were determined mainly by p and A, and secondarily by 4. Besides, they also explained how
such a nonlinearity arise.
Based on the work of Liu in [13], Hethcote and van den Driessche [15] used a nonlinear
incidence rate of the form
Srp

H(S,T) = =22
1+all

’

where «I? represents the infection force of the disease, 1/(1 + «l?) is a description of the
suppression effect from the behavioral changes of susceptible individuals when the in-
fective population increases, p > 0, ¢ > 0 and « > 0. They investigated the number and
stability of disease-free and endemic equilibria of an SEIRS epidemic model for p = g and
p > q and did not analyze the case of p < g.

To describe the psychological effect of certain serious diseases, such as SARS (see [16,
17]), Ruan in [18] investigated an SIRS epidemic model of incidence rate H(S,I) withp = 1,
q=2,i.e.,

Kl

=<
e =1 0F

By carrying out a global analysis of the model and studying the stability of the disease-free
equilibrium and the endemic equilibrium, they showed that either the number of infective
individuals tends to zero or the disease persists as time evolves.

Recently, in [19, 20], Ruan et al. studied the bifurcation of an SIRS epidemic model of
incidence rate H(S,I) withp =g =2, i.e,

kI?

= —0.
&) 1+al?

In particular, they referred to the nonlinear incidence H(S, ) in [20] and classified it into
three classes. (i) Unbounded incidence function: p > g; (ii) Saturated incidence function:
p = ¢; (iii) non-monotone incidence function: p < g. They also noted that the nonlinear
function can be used to interpret the “psychological effects” when p < g. More importantly,
they conjectured that the dynamics of SIRS models with non-monotone incidence rates
are similar to those observed by Xiao and Ruan [18] (i.e. when p = 1, g = 2), which has not
been proved yet.
Thus, in this paper, we endeavor to discuss an SIRS model

B -A-dS-Sx()+yR,
4 =Sx()—(d+wl, (1.1)
R —pl-(d+y)R,

where S, I, R are the number of susceptible, infectious and recovered individuals at time
¢, respectively, A > 0 is the recruitment of the population, d > 0 is the natural death rate
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Figure 1 Non-monotone incidence function x (/) A
x()

of the population, u > 0 is the recovery rate of infectious individuals, y > 0 is the rate of
losing immunity and return to the susceptible class, and

1P

K
Nt
XD =1 on

where p, g are positive constants with p < g (see Fig. 1).

Remark 1.1 Actually, we will study model (1.1) in a different way and get better results
compared with [21], such as the existence of equilibria, the order of Lyapunov value and
Bogdanov-Takens bifurcation. In [21], the author only got the first order Lyapunov value
and we get second, and they added two conditions in Theorem 4.2 to make sure the exis-
tence of Bogdanov—Takens bifurcation but we will prove these conditions are unnecessary.

The organization of this paper is as follows. In Sect. 2, we analyze the existence and
stability of disease-free and endemic equilibria and show that the behavior of p <1, p =
1 and p > 1 are distinctly different. When p < 1, there always exist an unstable disease-
free equilibrium and a globally stable endemic equilibrium. When p = 1, there exists a
unique endemic globally stable equilibrium under certain conditions. And when p > 1,
there exist at most two endemic equilibria for some parameter values. Then we prove that
the model exhibits a Hopf bifurcation when p > 1 and that the maximal multiplicity of the
weak focus is at least 2 if we take p = 2, g = 3. Also, numerical examples of 1 limit cycle,
2 limit cycles, and a homoclinic loop are given. In Sect. 4, we show that the system will
possess a Bogdanov—Takens bifurcation of codimension 2 under some conditions. Finally,

we will give a brief discussion.

2 Existence and types of equilibria

Summing up the three equations in (1.1), we get dN/dt = A — dN, with N =S + I + R. And
it is obvious that all solutions of this differential equation tend to A/d as t — +0o. Thus,
all important dynamical behaviors of system (1.1) occur on the plane S + I + R = A/d, and
then model (1.1) is equivalent to the restricted two dimensional system:

ds s A
@ =A-dS—1gm +v(G-S-D),

/4
i = Toatr — @+ L.

(2.1)

For convenience, we scale the phase variables and parameters as follows:

d+un d+ 1
S,Lt)=(4 » : ;
( ) ( PR K yd+,ur>
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r
(A/,d/,a/,y/):(A(d+y)p ad ’d+y’<d+u>q, 4 )
dd+u)Vd+upu d+u K d+

To avoid the abuse of mathematical notations, the parameters (A’,d’, &', y’) are still de-
noted by (A,d, «, y). Thus, system (2.1) reads

d. a A
@ =A-dx—1im vy =P, (2.2)
dy _ xpP _yéQ. '

dt — l+ayd

2.1 Existence of equilibria
Obviously, system (2.2) always has the disease-free equilibrium E = (4,0). Also, there may

exist an endemic equilibrium (x, y), where y satisfies the equation

f) =4, (2.3)

with f(y) = —ady? — (1 + y)y” + Ay*~L. And the derivative of f(y) on y is

)= —yp’Z[ocdqu’p*l +p(l+y)y-Ap- 1)].

Actually, the sign of f'(y) is determined by

h(y) = adgy™" + p(1 + y)y—Ap-1).

Then we will discuss the existence of positive real solution of Eq. (2.3) in three cases.

Casel p<1.

When p < 1, then k(y) is always positive, which indicates f(y) is decreasing on y for any
y> 0. On the other hand,

lilgl f{y) = +00, lim f(y) = —o0.
y—0F y—>+00
Thus, we can get the diagram for f(y) with 0 < p < 1 (Fig. 2(a)). Therefore, if 0 < p < 1, then
system (2.3) has a unique positive solution for any permissible parameters, which shows
that system (2.2) has a unique endemic equilibrium.

Casell. p=1.

f
) \ = fty) o =
q

Figure 2 The sketch map for function f(y). @ 0<p<1;(b)p=1;(c) p> 1
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When p = 1, then A(y) is always positive, which indicates f(y) is decreasing on y for any
¥ > 0. On the other hand,

f(O) =A, yEIPoof(y) =—-00.

Thus, we can get the diagram for f(y) with p = 1 (Fig. 2(b)). Therefore, if p = 1, system
(2.2) has a unique positive solution for d < A, which shows that system (2.3) has a unique
endemic equilibrium.

Caselll. p > 1.

When p > 1, then h(0) = -A(p—1) < 0, h(+00) = +oo and ' (y) = adgq(q—p +1)y7? + p(1 +
y) > 0. Thus function k(y) always has a positive real solution y,,, which is the maximal
value point of f(y) for y > 0 (see Fig. 2(c)).

Define

Am = fYm)- (2.4)

Then the number of solutions of (2.3) depends on the relation between the maximal value
of polynomial function f(y) for y > 0 (i.e. d,,) and parameter d.

Summarizing discussions above, the following theorem can be obtained.

Theorem 2.1 Model (2.2) always has a disease-free equilibrium Ey and the following con-
clusions hold.
(a) When 0<p <1, then system (2.2) has a unique endemic equilibrium E(%, ).
(b) When p =1, we have:
(1) ifd < A, then system (2.2) has a unique endemic equilibrium E(X,7);
(2) ifd > A, then system (2.2) has no endemic equilibrium.
(c) When p > 1, we have:
(1) ifd < d,, then system (2.2) has two endemic equilibria E; = (x1,y1) and

1+u¢y?

Ey = (%2, ¥2), with yy <y and x; = = (i=1,2);

(2) ifd = d,,, then system (2.2) has a unlique endemic equilibrium E,(x.,Y.), where
r = ek,
(3) ifd > d, then system (2.2) has no endemic equilibrium.

Remark 2.2 Theorem 2.1 indicates that the number of positive equilibrium of model (2.2)

is mainly determined by parameter p and secondarily by the other parameters.

2.2 Stability of equilibria

Firstly, we can obtain the nonexistence of periodic orbits in system (2.2) when p < 1.
Theorem 2.3 For p <1, system (2.2) does not have endemic periodic orbits.

Proof Consider system (2.2) for x > 0 and y > 0. Take the following Dulac function:

_l+ay!
_y—p,

D
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Then we have

d(DP) N aDQ) -l1-d+p-y-a(l+d+q-p)y!
ox ay P ’

which is clearly negative when p < 1. This leads to the conclusion. O

In the following, we will also discuss the stability of equilibria in three cases.

Casel p<1.

When p < 1, the linearization methods cannot be used to determine the stability of the
disease-free equilibrium directly, because the linear system is discontinuous at Ey. In this
case, replace y by a new variable ¢ = y'?, which does not change the existence of equilib-
rium theoretically, then (2.2) turns into

dx xg 1P %
S =A—dx— - — Vs,
l+ag 7P
ds (1-p)x
dr ~ T — S
1+ac 1P

However, E is not even an equilibrium of the above system, which implies that the disease-
free equilibrium Ej in (2.2) must be unstable.

In general, for any p, the stability of an endemic equilibrium E(x, y) is determined by the
eigenvalues of the Jacobian matrix of system (2.2)

b P! (-pralg-p)y?)
[ A A =T

» 1 4 2 malapr)
1+ayd (1-*—01)/‘1)2

Computing the trace and determinant at equilibrium E(x, y) directly, we get

N ) - j”(y)

— 0 det()= —,
1+aylr 1+ay4

where

oM =d+1-p+y +a(l+d+q-p)l.

Then the sign of trJ(E), det(E) is opposite to p(y) and f’(y), respectively. In addition, the
signs of the eigenvalues are determined by f'(y) and p(y). When p < 1, then f'(J) < 0 and
p() > 0, thus E is an attracting node.

Recall that the w-limit set of a bounded planar flow can consist only (i) equilibria, (ii) pe-
riodic orbits, (iii) orbits connecting equilibria (heteroclinic or homoclinic orbits) (see
[22]). Because there are neither limit cycles nor heterclinic or homoclinic orbits, the local
asymptotic stability of the endemic equilibrium guarantees the global stability. Thus, we
can obtain the global stability of E.

Casell. p=1.

When p = 1, the eigenvalues of E; of the Jacobian matrix are % — 1 and —d. Besides,
when p = 1 and d < A, then f'(j) < 0 and p(y) > 0, thus, E is an attracting node. Similarly,
the locally asymptotically stable of the endemic equilibrium guarantees the global stability.
Thus, we get the following theorem.
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Theorem 2.4
() Assume p < 1. Then we have:
(a) the disease-free equilibrium Eq of system (2.2) is unstable;
(b) the unique endemic equilibrium E is globally asymptotically stable.
() Assume p =1, we have:

(a) the disease-free equilibrium Ey of system (2.2) is a stable hyperbolic focus if
d > A; a hyperbolic saddle if d < A; a saddle-node if d = A;

(b) ifd > A, then the disease-free equilibrium E is globally asymptotically stable;

(c) ifd <A, then the unique endemic equilibrium E is globally asymptotically stable.

Remark 2.5 Actually, when p = 1, we can define the reproduction number R = %. Accord-
ing to Theorem 2.4, we see that when Ry < 1, then there is no endemic equilibrium and
the disease-free equilibrium is globally stable and that when R > 1, then there is a unique
endemic equilibrium which is globally stable. Particularly, when p = 1, g = 2, which has
been studied in [18]. They defined the basic reproduction number Rj = d(;—fu) for model
(1.1) (p = 1, g = 2) and got the same results.

Caselll. p > 1.

When p > 1 and d < d,,, it can be seen from Fig. 2(b) that f'(y1) > 0, f'(32) < 0, so E;
is a hyperbolic saddle and E, is an anti-saddle. Besides, E; is an attracting node or focus
if p(y2) > 0; E; is a repelling node or focus if p(y2) < 0; E; is a weak focus or center if
trJ(E;) = 0.

Define

S_p-l-yp-al+q-phs . p-l-yi-al+q-phi

2.5
1+ayd 1+ayl 25)

then obviously, p(y2) > 0 if and only if d > d, p(y,) < 0 if and only if d < d, p(y2) = 0 if and
only if d = d and p(y,) > 0 if and only if d > d*, p(y,) < 0 if and only if d < d*, p(y,) = 0,
p,) =0ifand only if d = d*.

Obviously, when p > 1, then the eigenvalues of Ej are —1 and —d. Thus, equilibrium Ej
is always locally asymptotically stable for all parameters allowable when p > 1.

Theorem 2.6 When p > 1, E, is always locally asymptotically stable.

Theorem 2.7 When p > 1 and d < d,,;, system (2.2) has two endemic equilibria Ey and E,.
Then the equilibrium E; is a hyperbolic saddle, and the equilibrium E, is an anti-saddle.
Moreover,

(1) equilibrium E, is attracting if d < d < d,,;

(2) equilibrium E, is repelling if d < min{d,,,, d};

(3) equilibrium E, is a weak focus or center if d = d<d,.

According to Theorem 2.7, the following corollary is obtained.
Corollary 2.8 When d > p — 1, then E, is always an attracting node.

When d = d,,, the equilibria E; and E, coalesce at E,, which is degenerate because the
Jacobian matrix of the linearized system of (2.2) at E, has determinant 0. Then we get the
following result.
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Theorem 2.9 When p > 1 and d = d,,, E, is a saddle-node if d # d*.

Proof When d = d,,, system (2.2) has only one endemic equilibrium E,. If d # d*, we have
trJ(E,) # 0.

Let u =x — x,, v=y — ¥, system (2.2) becomes

D = fou + forv + fruuv + foov? + O, v) ),

(2.6)
= giot + go1v + guuv + goov* + O(|(u, ) |?),

where
—1 q
- %Y (—p+alg—p)ys
o= —d- )f’q, fum ey + v (-p gq 12108
1+ ayx (1 +ayx)?
W (—p + alg - p)y)
Ju = ,
(l+ay*)
29 P (=(p + apy])? —agyl(1 - g + a(l + g@)yD) + p(1 + ay)(1 + a(1 + 29)y?))
_ﬁ)Z )
2(1 + ay?)?
o g = 1 4 22 0= la—P)l) _ ' —alg—phyl)
YT ayZ' o1 (1 +ayh)? ’ (1 +ayl)?

29 (0 + apy?)? + aqyi(l - g+ a(1 +q)yh) — p(L + ayD) A + (1 + Zq)y*))
2(1 + oy 73

8oz =

When d = d,,;, we have det(E,) = fiogo1 —fo1810 = 0. Since f1o < 0 and g1 > 0, the signs of fy;
and go; are different, otherwise, fo; = go1 = 0. Actually, when go; = 0, then f5; = -1 -y #0.
Therefore, we get go; # 0. With the change of variables (u,v) — (x,y) defined by

1 1 1
=— Siogor U+ 10 v, = J10 U+ S0
Jo1(fio + go1) Jfi0 + 8o Jfio + go1 Jio + go1

v,

system (2.6) is rewritten as

-1
dx _ __ dy T(p-Dpralg-prD)aply3) 2
dt 2g10(1+ay2) 1+d—p+yp+a (1+d+q p)yz)

+buxy + boeoy* + O(|(x,9)°) = X(x, ),

(2.7)

2 = (fio + go1)y + ca0x® + c11xy + co2y” + O(|(%,9)1%) £ Y (%, ),

where
b —2foaf 1088 +forgor(—fiofir +firgor + 2f10g02) + /51 (fro —gm)gn
11 =
S (Fio + go1)
b f10g01( f02g01 + forgo1 (—fi1 + Zo2) +f01g11)
02 =
S (fio + go1)
o (f02f10 —for(fio(fi1 — go2) +fo1g11))

flo(flo + g01

2f02f10g01 +forfio(fifi1 —fi1go1 + 2801802) + S (fo —g01)g11
Jovfio(fro + go1)
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go1(forfiofi1 +foaf10801 + fo1801802 + [ €11)
Co2 = >
So1(fio + go1)

And obviously, fio + g1 # 0 if d # d*. By the implicit function theorem, there exists a
unique function y = v(x) such that v(0) = 0 and Y(x,v(x)) = 0. Obviously, we can solve
by Y(x,v(x)) = 0:

v(x) =

(ﬁ)zflzo — for(fio(f11 — go2) + for811)) » 3
_ ol s 2n)? &>+ O(|x).

Substituting y = v(x) into the first equation of (2.7), we can obtain

de __ dpM(p-Dpra@-prDa-pyh) + O(1xP)
dt 2001 +ay))1+d-p+yh+a(l+d+q-p)3) '
Theorem 7.1 in Chap. 2 of [23] indicates that E, is a saddle-node of system (2.2). O

The number of endemic equilibria and the corresponding stability for three cases p < 1,
p=1and p > 1 discussed in this section and they are summarized in Table 1. In addition,
for p < 1, we take p = 1/2, g = 3 and give the phase portrait (see Fig. 3). For p = 1, we take
q = 3 and present the corresponding phase portrait of d > A and d < A, respectively (see
Fig. 4). Also, p > 1, we take g = 3 and show the phase portrait of d < d,, (see Fig. 5).

Remark 2.10 Summarizing the three cases discussed above, one can easily observe that
the dynamical behaviors of system (2.2) are completely different for these three cases.

Table 1 Number and stability of endemic equilibria

Condition ~ Number  Stability

p<l d>0 1 globally stable

p=1 d<A 1 globally stable
d=A 0

p>1 d<dpy 2 a saddle and an anti-saddle
d=dm 1 degenerate sigularity
d>dn 0

Figure 3 The global stability of E when p=1/2,q=3,A=1,d=01, =1,y =0.
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(b)

03

0.2

> 0151

01

Figure4 p=1,g=3,A=1,0=1,y=01.(@@)d= 1.1, the disease-free equilibrium £q is global stable;
(b) d =0.8, Eg is unstable and endemic equilibrium £ is globally stable

Figure5 p=2,g=3,A=1,y =0.1, equilibrium £y is locally stable, £; is a saddle and (@) d =0.2, « =0.1, £, is
an attracting node; (b) d=0.1, @ = 1, £, is a repelling node

3 Hopf bifurcation

In this section, assume that p > 1 and 0 < d < d,,,, then system (2.2) has two endemic equi-
libria, E1(x1,91), E2(%2,y2). From the above discussion, we can see that equilibrium E; is
always a saddle and that trJ(E;) = 0 if and only if d = d, and detJ(E,) > 0. Therefore, the
eigenvalues of J(E,) are a pair of pure imaginary roots if d = d. From direct calculations

we have

dal)| 1
dp() laa 1+

£0.

Thus, d = d is the Hopf bifurcation point for (2.2), according to Theorem 3.4.2 in [24]
Then one may want to get the maximal multiplicity of the weak focus E, when d = d.

Since the normal form of (2.2) is very complex for an unfixed constants p, g, thus, in the

following, we take p = 2, g = 3 for an example and prove the maximal multiplicity is at

least 2. If p = 2, g = 3, system (2.2) turns into

2
Ao _ A go_ W
dt =A-dx T+ay® vy

dy _ _x?
dt = Teayy ~

(3.1)
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and we can get the corresponding expressions of £(y), ¥y, dy, d for model (3.1),

fO) =—ady® —(1+y)y* + Ay,

=1+ y)+y(Q+ y)2 + 3adA

" 3da

dy = —adyi -1+ y)y% + Ay,

d= 1‘)’%_20‘3/3
o lvayy

We can see easily from d > 0 that y, < 1. In the following, we will study when d = d < d,,,
which implies E; (x5, 2) is a weak focus, the multiplicity of Ej.
For convenience, define

y*(era)

_ 3+3n(-4n+a(8+ ¥3(=39 + ¥2(12y3 + (=54 + y2(54 + y2(—9y2 + (81 + 2y3(=30 + ¥3 + 3ay2 (=15 + ¥3))))))))
YL+ ay3) (1 +ayz(9 +y3(=7 + aya(~18 +2))))

)

for 0 <y, <1 and o > 0. We need to find suitable values of y,, o that make y*(y,,) > 0.

59
63’

> 0and when y, = %, a =60, then y* = —1 < 0. Thus, define the following set:

Unfortunately, we cannot determine the sign of that, but when y, = %, a=1,thend=

» _ 13,676,102
V= 47485

Q={(2a)la>0,0<y, <1,y*(y,a)>0}.

Theorem 3.1 When d = d < d,,, then model (3.1) undergoes a Hopf bifurcation at equilib-
rium E,. Moreover,

(1) ify £y* or (y2, ) ¢ Q, then E, is a multiple focus of multiplicity 1;

(2) if y =y* for (y2,a) € Q, then Ey is a multiple focus of multiplicity at least 2.

Proof Introducing the new time by dt = dt/(1 + ay®). By rewriting 7 as ¢, we have

% =A(l+ay) —dx(1 + ay®) —xy? — yy(1 + ay®), (32)

Z—{ =xy? —y(1 + ay®).

Set u = x — %3, v =y — y5, then system (3.2) becomes

% =daoU + AoV + anuv + apv? + agsy® + appuv? — aduv’ — dyvt,
% = y3u + borv + 2youv + boyv? — dayny® + uv? — avt,
where

aw=y2(yy2—A),  an=-2-y+(@+3ay —4dy)y;,  an=-2y, - 3ady,
ag = —xy + 3(a + ay —2dy)y3, aos = Aa — adxy — 4dyy,, aip = —1-3ady,,

boy = 1 -2ay3, boa = %y — 6ay5.
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Let E denote the origin of x — y plane. Then we obtain
detJ(E) = arobor — y3ao1 = —yaf (¥2) >0,

and it is easy to verify that a;o + bg; = 0 if and only if d = d.Letw= (det](E))%, andx = —u
and y = 4%y + “y, we obtain the normal form of system (3.2),

w

& =—wy+ H(x,y),

Z—{ =wx + H2(x,y),

where

aro(dorarr — ag2a10)x®  wlagia — 2a02a10)xy  ag2wy?
() = 10(ao1a11 — ao2a10) s (ao1a11 02a10)xy  do2w’y

2 2 2
ap; ap1 ap1

2 3 3,3 2 2

+ ﬂm(ﬂmﬂlz — do3d10)¥ apsw-y + w*(ao1a12 — 36!036110)963/

3 3 3
o1 20 ag1

. arow(2ag1a12 — 3ag3aio)x>y N ayo(aody — apad)x N dywty*

3 4 4
ap; ag; 201
3(4ayody — dxy> 3 2(2a10dy — d)x*y?
+ w ajpay ap1o xy + ajow ajay aop1xa)x _)/
4 4
o1 201

alow(daydy — 3agad)x®y
+ ’

”gl
2 2 _ b 2
"Hz(x,y) _ ﬂlo(ﬂozﬂlo aoi( aop1)2 + ay(an 02)))%

2
anw

.\ (a0aty — ao(2amys + aiolai — 2bga)))xy N w(ao1boz + aopaio)y*

2 2
ap; ap1

. ajy(anzaly — aoi(@o + ao(arn + 4ays)))x’

3
agpw

. w(3aozaly — aoi(aor + aio(ar + 12ay,)))xy>

3
o1

. aro(ao (—2a01 — 2a10a12 — 12a100ty,) + 3agzaty)x>y

3
o1

N w(agaio — 4anayr)y® atylam (ad — ) — ardy)x*

3 m
o1 apw

N a3y(3agiad — dagio — 4arody x>y

7
201

N 3a3 w(agad — 2aga — 2a10dy )x*y?

“31
. arow?(amad — 4agia — dayody)xy?® N wi(—apia — arody)y*

7 1
201 o1

Using polar coordinates, x = rcos 6, y = rsin6, we obtain

dr

i Ry(0)r* + R3(0)r + Ry(0)r* + R5(0)r° + h.o.t. (3.3)
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For the differential equation (3.3), any solution (0, r¢) from initial value (0, ) can be an-
alyzed, where |rg| < 1. Thus, r(0, ) can be written as follows:

r(0,ry) = ri(0)rg + r2(0)r(2) +oeee (3.4)

It can be seen easily that 1(0) = 1, 72(0) = r3(0) = - - - = 0. Substituting the series (3.4) into
(3.3) and comparing the coefficients of ry, we can obtain the following differential equa-
tionson r;(6),j=1,2,...:

dri
do
dry
do
drs
o
dry
do
drs
do

=0,

= RZV%,

= 2R2r1r2 + Rgi"zl‘),

= Rz(]’% + 2}"17'3) + 3R37’%7’2 +R4Y'11L,

= 2Ry (ryr3 + r114) + 3R3 (rlrg + V%Vg) + 4R4rfr2 + Rsrf,

With the help of Mathematica 9.0, we get the first Lyapunov value as follows:

1 U
Ly =—r3(2m) = ,
*Tom 3(2m) 96a$, w’

where

n= W4(6112 - 120[_)/2) + W2 (alo(aﬁ + 6111[902 — 2(6101 + b%z)) + Zdolb()zyz
+ agy(an + 2be)y; + asy(ar — 120!)/2)) +dio (ﬂlo(ﬂu +2bgy) — 20101}’2)

x (ar0(ar1 — boz) + y2(2a01 + do2y2)).-
Simplifying n by d = d and f(y,) = d, then

_ y%,H(er a, ]/)
(1+ay3)3

where

Hze,y) = (2+y +a(l+2y)53 - 32’yy*ys + (=1 +4y)s5) {3 + 3[4 + ¥}y
+ a(18 - 39y§ - 9yy% - 54013/3 + 12y3 + 6)/)/2L + 540:)13 + 9ayy§ + 81042)/3
- 901)/; + 6ozyy§ - 600(2)13 + 18a2yy§ - 90a3yg

+ 2a2y%° - azyyéo + 6a3y%1)]}

and H(y2, 0, y) = 0 if and only if

o C2rapvay) , o
1+ay3(2 +ay3)) ’

Il
<
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Figure 6 The phase portraitof p=2,g=3,A=15.0804, ¢ = 1. (@) d =0.92, y =51.2025 an unstable limit
cycle; (b) d =0.910386, y =50.8022 2 limit cycles

In fact, y; is negative, since according to d = d we have —2 + ay3 = —(d + y3 + a(1 + dy3)) —
1<0. Thus, n =0ifand only if y = y* for (y2, ) € Q.

When y # y* or (y2,) ¢ 2, then E, is a multiple focus of multiplicity 1. When y = y*
for (ya2, ) € 2, then we can compute the second Lyapunov value Ls,

1
Ls = grs(%r).
Because of the complexity of Ls, we omit its expressions here. Actually, we cannot deter-
mine whether there exist parameters that make L5 equal to zero, but there exist parameter
values that make L5 # 0. For example, take y, = é and « = 1 then L5 = 1.8435 x 107> #0.
Therefore, E, is a multiple focus of multiplicity at least 2 when y = y* for (y,) € Q. O

Remark 3.2 As shown above, the Lyapunov value of order 2 is very small, thus, there may
exist other parameter values that make L5 equal to zero, which means the equilibrium E,
is a multiple focus of multiplicity at least 3.

Next, we present phase portraits for p = 2, ¢ = 3 and d = d < d,, to show that there
may exist 1 or 2 limit cycles under small perturbations of some parameters. Firstly, take
A =15.0804,0 =2,d =0.92, y = 51.2025, then there exist two endemic equilibria E;, which
isasaddle and E, which is an attracting stable node and there exists an unstable limit cycle
around E,, shown in Fig. 6(a). After that we change the parameter d and y to 0.910386
and 50.8022, respectively, then there exist 2 limit cycles around E; and the small one is
unstable, the big one is stable from inside and unstable from outside, shown in Fig. 6(b).

Remark 3.3 It is should be emphasized that, for some parameter values when p =2, g =3,
an unstable homoclinic loop arises, which is shown in Fig. 7.

4 Bogdanov-Takens bifurcation

The purpose of this section is to study the Bogdanov-Takens bifurcation of system (2.2),
when there is a unique degenerate endemic equilibrium. Since when p < 1, the equilib-
rium E of system (2.2) is globally stable for any allowable parameter values, when p = 1
and d < A, the equilibrium E of system (2.2) is globally stable for any allowable parameter
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Figure 7 Whenp=2,g=3,A=150804,d=09222, o =2, y =51.2024, equilibrium E; is stable and there
exists an unstable homoclinic loop

values and when p > 1, we get system (2.2) has a unique endemic equilibrium E, (., y.) of
multiplicity 2 if d = d,,,, according to Theorem 2.1. Thus, for system (2.2), when p > 1 and
d = d,,, there may exist a Bogdanov—Takens singularity.

Lemma 4.1 is from Perko [25], it will be used in the proof of Theorem 4.2.

Lemma 4.1 The system

& — y + Ax* + Bxy + Cy* + O(I(X, Y)?),
D _ Dx? + Exy + B2 + O((X, Y)P),

is equivalent to the system

d.
@ =
% :Dx2 + (E + 2A)xy + O(l(Xr Y)|3)’

in some small neighborhood of (0,0) after changes of coordinates.

Theorem 4.2 Assume p > 1. Suppose that d = d,,, = d*, then the only interior equilibrium

E, of system (2.2) is a cusp of codimension 2.

Proof Let u = x —x,, v =y — y,, system (2.2) becomes

D~ fou + forv + fruuv + foov? + O(I(, v) ),

dv 5 3 (41)
o = Guou + gor1v + guuv + goav + O(|(,v)[°),

where

4 %y (=p + alg - p)yi
P PG ALl )

N
Jio 1+ay! (1 +ayh)?

’
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—q,_ q
fu=y* (—p +alg - p)ys)

’

(1 +ayl)?
i XV p( (p+apyD)? —aqyl(1—q+a(l + q)yl) + p(1 + ay?)(1 + (1 + 2q)y%))
02 = 21+ ayly? ,
P =14 Y 0a-phh) - alg-ply)
o714 ayl’ 0 (1+ayh)? ’ (1 +ayl)?

2y P (o + apyD)? +agyl(l — g+ (L +q)yd) - p(1 +ayD)(A + a(1 + 2!1)3/*))

goz = 2(1 + ayl)3

Applying the non-singular linear transformation T : (x,y) — (u,v), defined by x =v, y =
giou — fiov, system (4.1) is transformed into

% =y + b1x? + byxy, 42)
% = b3x? + baxy + Qa(x,y),

where Q;(x,y) is a smooth function in (x, y) at least of the third order and

guflo by = _&

) ’
Lio g10

by =802 —

2 —_—
bs = fifi1 — fiogo2 +f02g10_f10g11, b4=f11g10 flogn‘
&10 810

By Lemma 4.1, we obtain a topologically equivalent system of (4.2).

d.
@ =
D = bsx® + (ba + 2b1)xy + Q3(x,9),

where

AdRo(ys R(y.
CARG) o R
2y, (1 + ay)?’ ¥x(1 + ayl)?

where

Ro(y) = (p+oepyq)2 +oaqy?(1+2d—q+2 +ay’ +a(2d + q)y7)
—p(1+ay?)(1+2d + 2y +a(l +2d +29)y7),

R(y) = (p + apyq)2 + aqu(l +d—q+2y +ay? +a(d + q)yq)
—p(1+ay?)(1+d+20” + (1 +d +2q)y7).

According to d = d*, the expressions of Ry(y.) and R(y.) can be simplified as follows:

Ro(:) = —(L+ay?)((p - Dp +a(l +g-p)(g-p)yl),
R:) = aqyi(-q+y2) - py2 (1 + ay?).
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In addition, from the expression of d* in (2.5), we see that d* > 0 if and only if

YW<p-1-a(l+q-p)yl

Simplifying R(y.) once more by the above inequality, we obtain

R(yx) < —(1+ay?) (py” + aq(1-p +q)y?),
which indicates that b3 < 0 and by + 2b; < 0. Thus, E, is cusp of codimension 2. O

Suppose that parameters (Ao, do, &, ¥o) make the condition d = d,,, = d* satisfied, where
d,, and d* are defined in (2.4) and (2.6), respectively. We choose A and d as the bifurcation
parameters and study whether system (2.2) can undergo a Bogdanov-Takens bifurcation

under a small perturbation of (Ao, dp) or not. Now we study

9 = (Ao +&1) - (do + £2)x — T2z — Yo,

dy _ %P
dt — l+agyd v

(4.3)

where (g1, €2) are parameters in the neighborhood of (0,0). Applying a linear transforma-
tion T : (x,y) — (u,v), defined by u = x — x,, v = y — y,,, we can reduce system (4.3) further
to the form

U — U + ayou + agyv + ajuv + agv* + ®1(u, v, €1, 62),

;” (4.4)
d_]t/ = blou + b(nV + buMV + b02V2 + d>2(u, V€1, 82),

where
U=¢1-x:82,  aio=—do— 72
1+ aoys
dor =~y + %9: (=p + aolq — )yt L Y Cpraola—py)
01 = — ) 11 = )
(1 + apyl)? (1 + apyi)?
e %92 P (=(p + aopyD)? — aoqyl(1 - q + ao(1 + @)yd) + p(1 + aoy?) (1 + ao(1 + 29)y7))
02 2(1 + agyl)? ’
P e o1 B P —aola-pyD) y (0 - aolg - plyi)
R aoyl’ o (1 +agyi)? ' H (1 + agyi)? '
by %97 P ((p + aopyD)? + aoqy? (1 — q + ao(1 + @)yd) — p(1 + 2oy (1 + o (1 + 2)y7))

2(1 + apy?)3

and ®;, ®, are C* functions of (u,v) at least of the third order in the neighborhood of
the origin. Another transformation 75 : (&, v) — («,), defined by x = v, y = byou + bp1v,

reduces system (4.4) to

& =y + axx” + anxy + P1(x,y,€1,2), ws)
% = biolU + biox + bory + baox® + by1xy + Oy (x, 9,1, 62),



Li and Teng Advances in Difference Equations (2018) 2018:217 Page 18 of 21

where
b bybrg — borb - -
ap = i, a = M, bio = —&2b01, boy = &3,
120) bio
[;11 R bo1bna , [;20 _ (=a11b01b10 + bo1bo2b1o + flozb%o - bélbu),
blO blO

and ®;, ®, are C* functions of (x, y) at least of the third order in the neighborhood of
the origin. Making the affine transformation: u = x, v = y + ax® + arxy + &Dl(x, ¥, €1,€2),

system (4.5) can be reduced to

% = bwU + bwu + b()lV + b20M2 + buI/lV + b02V2 + <I>2(u, v, €1, 82),
where

bio = bio + anbyoll + o1(e1,82), boy = —& + P81, 82),
b1y = byy + 2a50 + duler, £2),

byo = —anbo1 + by + ar1big + ¢3(81,82)f by = ay + a1,

and ®, is a smooth function in (#, v) at least of the third order, @1, ¢ are smooth functions
in (&1, &) at least of the second order, ¢, ¢4 are smooth functions in (g1, &2) at least of the

first order. Making the affine transformation x = u — b%uz, y =V — boyuv, we can obtain

d
@ =
% = bioU + biox + b1y + byox® + br1xy + Do (x,y, €1, €2),

where

- -l+p+a(-1+p— &~ - ~

b10=( pr ol P =y + 1, bor = &2, ¢,
1+ayt

- o —-q + - 1+ayt ~

by, = 2V Ca+y) py‘;( "
y(1 +ay?)

- 1 do+1 1+dyh) -

o Qo+ Lo valledp) o

295(1 + agyd)?

and ®, is a smooth function in (x, y) at least of the third order, &1, ¢ are smooth functions
in (¢1,&,) at least of the second order, ¢s, ¢4 are smooth functions in (g1, £,) at least of the
first order. Besides, from d* > 0 we see that 5, < p — 1 — ag(1 + q — p)y4, which ensures
b11 <0 in a small neighborhood of (0,0) for (g1,&;). And clearly, bag < O for (e1,€,) in a
small neighborhood of (0,0). Setting # = x + 2%10, v =7y, we have

du _
a =V

% =K + Lv + Mu? + Nuv + Uy (u, v, €1, €3),
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where
b, - bo1 — biob _ -
K=-2% 4+ by, =T M = by, N = by,

and ¥, is a smooth function in (i, v) at least of the third order. Notice that M <0, N <0 in
a small neighborhood of (0,0) for parameters (¢1, £3). Making the final change of variables

by x = Nﬁzu,y = %V, T= %t, we obtain
dx =
a = 3 (4.6)
@ = ?ay + Uy )
o= M+ oy + X7+ xy + Wa(x, y, €1, 82),
where U, is a smooth function in (1, v) at least of the third order,
N*(e2y5 — 19 + 208295 %)
M1 == ML+ aoyl) +01(e1,€2),
0
> (4.7)

~&aN(N(1—p) +2M + ao(2M + N(1 - p + q))y3) .

6(1,82),
2M2(1+oz0yg) h(e1,€2)

M2

and 61, 0, are smooth functions in (g1, &5) at least of the second order.
Note that

7. (”ﬂlggm f’m;gvgz)) _ N (M — do)(1 + aoy?) —35)
T\ dpaleren)  dualeren) - q :
11-2381 2 11-2382 2 00) 2M5(1 + 010)’2)2
It can be seen that 7 > 0, since M < 0, N < 0. Thus, the parameter transformation (4.7) is
a homeomorphism in a small neighborhood of the origin, and &; and &, are independent
parameters.

By the theorems in [26—28], we know that system (4.6) undergoes a Bogdanov—Takens
bifurcation for (¢1, &) in a small neighborhood of (0,0). And the local representations of
the bifurcation curves are as follows.

(i) The saddle-node bifurcation curve:
SN = {(81,82)|M1(81,82) = 0}'

(ii) The Hopf bifurcation curve:

H = {(e1, &2)|11(e1, €2) = —u3(e1, 82), 12 > 0}.

(iii) The homoclinic bifurcation curve:

49 s
H = {(81;82)’,1“(81,82) = —gﬂé(&;&z) +O0(3 ), iy > 0}-

On the basis of the bifurcation curves, the dynamics of system (4.3) in a small neighbor-
hood of E, as parameters (A, d) vary in a small neighborhood of (A, dy) can be concluded
as the following theorem.
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Theorem 4.3 There exists a small neighborhood of E, such that system (4.3) undergoes a
Bogdanov-Takens bifurcation as (&1, €2) are in a small neighborhood of (0,0). Moreover,
(i) system (4.3) has a unique positive equilibrium if (€1, &2) are on the SN curve;
(ii) system (4.3) has two positive equilibria (a saddle and a weak focus) if parameters
(&1,&2) are on the H curve;
(ili) system (4.3) has two positive equilibria (a saddle and a hyperbolic focus) and a
homoclinic loop if the parameters (&1, &2) are on the HL curve;
(iv) system (4.3) has two positive equilibria (a saddle and a hyperbolic focus) and a limit

cycle if parameters (g1, €2) are in the region between the H curve and the HL curve.

Remark 4.4 The existence of a Hopf bifurcation and a Bogdanov—Takens bifurcation when
p > 1 further shows that the dynamical behaviors tend to be more complex with the in-

creasing of p.

5 Conclusions
In this paper, we study an SIRS epidemic model with a more generalized non-monotone
incidence rate « SI? /(1 + «1?) with 0 < p < g, which describes the psychological effect when
there are a large number of infective individuals. We prove that the behavior of the model
can be classified into three various cases: p <1, p =1 and p = 1. When p < 1, there is
a unique globally asymptotically stable endemic equilibrium and the disease-free equi-
librium is unstable; when p = 1, there is a unique globally asymptotically stable endemic
equilibrium provided by d < A and no endemic equilibrium when d > A; and when p > 1,
there exist two endemic equilibria ifd < d,,, a unique equilibrium if d = d,,, and no endemic
equilibrium if d > d,,. By qualitative and bifurcation analysis, we prove that a saddle-node
bifurcation, a Hopf bifurcation, and a Bogdanov—Takens bifurcation can happen for the
system when p > 1. Moreover, for p = 2, g = 3, we calculate the first and second order
Lyapunov values and prove that the maximal multiplicity of weak focus E, is at least 2,
which implies that at least 2 limit cycles can appear from the weak focus with suitable
parameters. And we present numerical examples about 1 limit cycle, 2 limit cycles and a
homoclinic loop for p =2, g = 3.

In fact, we show that the model exhibits multi-stable states. This interesting phe-
nomenon indicates that the beginning states of an epidemic can determine the final states
of an epidemic to go extinct or not. Moreover, the periodical oscillation signifies that the

trend of the disease may be affected by the behavior of susceptible population.
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