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Abstract

In this paper, we study a kind of difference equations with Riemann-Liouville-like
fractional difference. The results on existence and attractivity are obtained by using
the Picard iteration method and Schauder’s fixed point theorem. Examples are
provided to illustrate the main results.
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1 Introduction
In this paper, we study the fractional difference equation

AS ult)=f(t+a,ult+a), teNyae(01],

(1.1)
AL{u(t)|1-0 = Uos
where AY is the Riemann-Liouville-like fractional difference, which is defined in later
sections, f : N, x R — R, f(¢,u) is continuous with respect to ¢ and u, and N, = {o, 0 +
La+2,...}.

In the last decade, fractional differential equations have been recognized as valuable
tools to describe many phenomena in various fields of engineering, physics, science, and
so on. A huge number of results focused on fractional differential equations; see the
monographs of Kilbas et al. [12] and Zhou [17, 18], the papers [1, 10], and the references
therein. Within the past ten years, however, there has been more interest in developing
discrete fractional equations, that is, fractional difference equations. This development
has demonstrated that fractional difference equations have a number of unexpected diffi-
culties and technical complications [2-6, 9, 13—-15].

Motivated by the works mentioned, in this paper, we investigate the existence and at-
tractivity of solutions for fractional difference equations. In Sect. 2, we describe the dis-
crete fractional difference calculus and some properties. The main results are obtained
in Sect. 3. Using the Picard iteration method, we prove the existence of equation (1.1) in
Sect. 3.1. In Sect. 3.2, we also obtain the existence of attractive solutions for fractional
difference equations. Section 3.3 is devoted to inducing the existence and attractivity of
equation (1.1) by Schauder’s fixed point theorem according to the introduced weighted
space. Finally, we provide three examples to illustrate our results.
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2 Preliminaries
This section is devoted to some preliminary facts.

Definition 2.1 (see [5, 11]) Let v > 0. The vth fractional sum is defined by

ATF() = ﬁ S (- 0() " f0s), 2.1)

where f is defined for s =4 mod (1), and A"f is defined for £ =a + v mod (1), W) =

T'(t+1)
r(t-v+1)’

defined on N, to functions defined on N, .

o(s) =s+1,and I' is the gamma function. The fractional sum A~ maps functions

Definition 2.2 (see [5, 11]) Let >0 and m — 1 < u < m, where m is a positive integer.

The uth fractional difference is defined as
ALf(E) = A" (A 1F(2). (2.2)

Lemma 2.1 (see [4]) Assume that i + 1 is not a nonpositive integer. Then

[ +1)

(p+v)
—_—t . 2.3
M'(uw+v+1) 23)

A;Vt(ﬂ) -
Lemma 2.2 (see [4]) Assume that the following factorial functions are well defined. Then:
(1) AW = =D,
(if) (2= p)et0) = g0t
(iif) 2 =T(u+1);
(iv) ) = (¢ - v)(“)t(”).

We indicate the following properties of the gamma function (see [7, 12]):
(i) forallx € R, excludingx=0,-1,-2,...,

Cx)r(1-x)=— ;

sin(mx)

(ii) the gamma function is logarithmically convex function on the positive real axis, that
is, log I"(x) is convex.

By the log-convexity property of the gamma function we have that

F(ax+(1-A)y) <T*@IT'@), 2e(0,1),%y>0.

Lemma 2.3
(i) IfO<a <1, then (tV)* <@,
(i) Ifa>1andv >0, then

- (¢t -[t] +av)

t(fv) “ 71,‘(70“}) t e R*.
()" = Fe(z—[£] +v) Jorte

Here [t] means the integer part of ¢t.
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Proof The proof of (i) is given in [4]. Chen [8] proved (ii) for ¢t € N;. We prove (ii) for all
teR*:
T e+ DT +av + DIY(E-[£] +v)
= -1 (= 1) T+ av)(E -1+ ) (- (6] + av)

X F(t— [£] +ow)F"‘(t— [£] + v)

e )l ()] e wr (o gZm)

X F(t— [£] +av)I‘°‘(t— (£] + v)

< |:t"‘ (1 + ;)a] [(t— 1) (1 + %)a] . [(t— [t])a<1 ar _”[t]))a}

X F(t— [£] +ow)1"°‘(t— [£] + v)

=+ ) (E =1+ )" (= [e] +0) T (¢ =[] + V)T (¢ - [E] + av)

=Tt +v+1(¢-[t] +av),

where the inequality 1 + %% < (1 + 7)* is used. Then

re-1(t + 1) _ (- [f] +av) 1
Te(t+v+1) ~ Te(t—[t+v) TE+av+1)

Hence

(¢ U))Ol_ re(t+1) <l"(it—[t]+ozv) T+1)  TE-[+av)
_Fﬂt(t+v+l)_ra(t_[t]+v)'F(t+av+1)_ra(t_[t]+‘))

—av)

for t € R*. The proof is completed. g
Remark 2.1 In (i), if t — [t] + av € (0, 1), then we also have that

(t(—\’))a < t(_av).

Lemma 2.4 (see [12, (1.5.15)]) The quotient expansion of two gamma functions at infinity

is

lz+a) ., 1
Terb) =z (1 + O<;>) (|arg(z + a)| < 7, |2z| — o00). (2.4)

By Lemma 2.4 we can easily get that
50 ast— 0o (v>0) (2.5)

and

t@

E_)() ast— oo (a<b). (2.6)
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Lemma 2.5
(i) If-1<t<r, then t™ >r™ forv>0;
(ii) Ifv—-1<t<r, thent™ <r" forv>0;
(iti) Ifa,B >0, then tPt) < B~ fore> g —1.

Proof (i) Since

) T+ DI(r+v+1)
) T T(t+v+ DO(r+1)
FrE+1)I(r+v+1)
- FOr+v+1D)+ Q-0+ D) DA -A)F+v+1)+AE+1)

v
r—t+v

where A = € (0,1), by the log-convexity property of the gamma function, we get that

(=) ~ FrE+1)I(r+v+1)
FO) T T +v+ 1)+ A=A+ D)L= A)(r+v+ 1)+ At +1))
re+1)(r+v+1)

= Tr+v+ ) (T + 1))

=1.

Then £ > " for -1 <t <rand v > 0.
(ii) Since

t™ T+ )r(r-v+1)

P T TE-v+1D)Ir+1)

similarly to (i), we can easily get that ) <) forv—1<t<randv>0.
(iii) By (i) we know that

9 <@t- )Y fore>p-1.
According to (iv) of Lemma 2.2, it is easy to get that
(O < () (¢ _ B)) _ B forps g1,
The proof is completed. O

Remark 2.2 Chen and Liu [9] obtained (i) of Lemma 2.5. However, the proof holds in the
case that £ — oco. Then we give the proof as before.

Lemma 2.6 (see [3]) Leta,v eR,a>v>-1,and a <b. Then

b
b +1 (v+1) _ (v+1)
§:§”=( ) a’’ 2.7)
p— v+1
In particular, ifa = v, then
b
b+1 (v+1)
Yoo D (2.8)

v+1

§=V
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Remark 2.3 Let v > 0 be noninteger, and let m — 1 < u < m, where m is a positive integer.

Set v = m — . Then we have

t—i

—g—p)W
S (t-o06)" = % (2.9)

s=a+v

Lemma 2.7 (see [4]) Let f be a real-value function defined on N,, and let ,v > 0. Then
we have the following equalities:
(i) AL (AZF®) = AZf (1) = AZVALFO);

a+p

(i) A" AF() = AAF(E) - S f(a).

Definition 2.3 The discrete Mittag-Leffler function is defined by

> t(”a)
n
QMLH:E AFGETE (1A <1),
n=0

where o, 8 € R* and A € C.

Notice that the series is absolutely convergent for |A| < 1. In fact, since

] Lt +1)
‘ C(no+ B)| ‘ I'(t—no+ 1) (no + B)
I'(t+ 1) (na —t)sin(w (¢ — no + 1))
’ 7wl (na + B) ‘

10+ )M (na —t)
T I'(no + B)
1
T

IA

It + 1)(C(t+ 1)" (T (na + B)1"
I'(na + B)

1 (DE+ 1)
7 (C(na + B))

< (C@E+1)™7

IA

/4
forn = mefH and > 21, we have
o 00
@) T(t+ 1)
Z A ’ < (r'( ) Z AP
! I'(na + B) T T

o

. . (o .
It is easy to see that the series Y - )‘nr(;Tiﬁ) (|A] < 1) is absolutely convergent.
Definition 2.4 A solution u of the fractional difference equation (1.1) is said to be attrac-

tive if u(t) — 0 as t — oco.

The space {77 is the set of real sequences defined on the set of positive integers where
any individual sequence is bounded with respect to the usual supremum norm. It is well

known that, under the supremum norm, ;7 is a Banach space [16].
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Definition 2.5 (see [16]) A set Q of sequences in O is uniformly Cauchy (or equi-
Cauchy) if for every ¢ > 0, there exists an integer N such that |x(i) — x(j)| < ¢ whenever

i,j >N for any x = {x(n)} in Q.

Theorem 2.1 (see [16, Discrete Arzela—Ascoli’'s theorem]) A bounded, uniformly Cauchy

subset Q of L3¢ is relatively compact.

Definition 2.6 Let (X,d) be a metric space. An operator T : X — X is a Picard operator
if there exists x* € X such that Fix T = {x*} and the sequence {T"(xo)},en converges to x*

for all xg € X.

Theorem 2.2 (Schauder’s fixed point theorem) Let Q2 be a closed, convex, and nonempty
subset of a Banach space X. Let T : Q — Q be a continuous operator such that T2 is a

relatively compact subset of X. Then T has at least one fixed point in Q2.

According to Definitions 2.1-2.2, it is suitable to rewrite the fractional difference equa-

tions (1.1) in the equivalent summation equation

1 & -
u(t) = %t(“‘l) + @ ;(t - a(s))( 1)f(s +o,u(s+a)), teN,. (2.10)

3 Main results
3.1 Results via Picard iteration method
Theorem 3.1 Assume that

(Hy) f(t, u) satisfies the Lipschitz condition

[f(t,w1) —f(t,u2)| < Alug — ua, (3.1)

where 0 < A < 1 is independent of t;
(Hy) there exists a constant M > 0 such that |f (¢, u(t))| <M fort € N,.

Then the fractional difference equation (1.1) has at least one solution.

Proof Define the sequence {g,(-) : n € Ny} as follows:

_ M0 e
&o(t) F(a)t , teNg, (3.2)
Zn(t) = go(t) + ﬁ ; = a(s))(a_l)f(s +a,gri(s+a)), teNy,neN,. (3.3)
s=0

Clearly, by induction we have

)

n-1
[6n(6) =11 ()] < MA™ s
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In fact, for n = 1, by condition (H;) we can conclude that

1 t—
lg1(t) - ir—}:
s=0

o)
Mo +1)

Without loss of generality, we assume that

(r=-1)e)

n-2
[g1-1(0) = gn-2t)| < MA™ s s

Then
(s + a)n=De)

(a-1) n-2
0a(6) - gnlt)|_Ar()Z o) M e T

o mA!
T T((n-1a+1)

(nar)

AT(t + o)D)

_ n-1
=MA D(na +1)
Set
() = lim g,(t) = lim (g, (t) - go(£)) + go(t) = > (g8 - gea (1) + o).
k=1

k_tka)
T(ka+1)

Since the series 2 ") A = 2F, 5(A, 1) is absolutely convergent for 0 < A < 1, the
existence of the solution for the fractlonal difference equation (1.1) is proved. The proof

is completed. O

3.2 Results via Schauder’s fixed point theorem
In this section, we deal with the existence and attractivity of the solution for fractional
difference equations by a fixed point theorem. First, for any u € £3°, we define the operator

T as follows:

t—-a

1
Tu(t) = —2 gD 4

@ T (t=0©)“(s+o0uts+a), teN, (3.4)

s=0

Then the existence of the solution of the fractional difference equation (1.1) is equivalent
to that T has a fixed point.

Theorem 3.2 Assume that
(Hs) there exist constants By € (a,1), 8 >0, and Ly > 0 such that

[f(t, u)| <Li(t+ )PP forteN, andu e R. (3.5)
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Furthermore, suppose that

|20 (a—1)+ Lil'(1-p1) a(

a-p1)
ON Tl+a-p) =1

Then the fractional difference equation (1.1) has at least one solution in S,. Further, the
solutions of (1.1) are attractive.

Proof Choose y > 0 sufficiently small such that
a+y—-1<0, 1-81-y6>0, a+y—-pP1—-y8<0,

and

17 @+ y)@rD LiT'(1-B1-v9)

(@=pr+y-v8) <1,
') F(1+oz—,31—y5)(a+y) -

For t € Ny, define the closed subset S; C £5° as follows:
Si={uetd: |u®)| <t forteN,}.

It is easy to see that S; is a closed, bounded, and convex subset of the Banach space £5°.
In the case § > 1, we can get the following inequality by (ii) of Lemma 2.3 and Re-
mark 2.1:

- o +7y96)

(G (-78) ~ 4(-v8)
t t <t fort e N,.
( ) T Ta+y) - *

Combining this with (i) of Lemma 2.3, we have
(t(_y))(S <t for§>0,teN,. (3.6)

We first show that 7T is continuous in S; and maps S; into S;. Applying (Hs), (3.4), and
(3.6) to any u € S;, we have

1 & _
|Tu(t)| < % (1) m 2 (t — o(s))( )[f(s + o, u(s + Ol))|
|uo) 1 & ( 5
0l (a-1) (=p1)
< —t + — t—o(s) Li(s+a+1) u(s + )
() (@) S:()( ) 1 ’ ’
< ol oy + L 3 (t- a(s))(afl)Ll(s to+ y8)(”3‘)‘u(s + oz)|(S
“Tw' T
< |40 fa=1) | L 5" (t - a(s))(a_l)(s ro+ yé‘)(*ﬂl)((s + a)(,y))s
=T Do) &
< | 1o fo=) Ly <« (t—a(s))(a_l)(s +a+y8) P (s + o))
=T [(0) &
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|20 (@-1) < -B1-v38)
SF(a)t F( Zt o(s (S+Ol) 1=y
_ |20 t(a_1)+ L1F(1—/31—)/5) (t+a)(a_/31_y5)
') Frl+a-pB1-y9d)
< 1 (@-1) LiT(1-p1—-y9) fa=Bi-v8)
~ ') rl+a-p - yrS)
= |uo (t+y)erD 4 LiF(-p1-vyd) (t + )@ Prorder) )¢y
I'(x) Frl+a-pB1-y9)

|uo] (a+y-1)
s(r( w+y)

Lir(1-p- V‘S)( +y)ePrrs) ) )
F(l +o —,31 8)

< t(*y)’
which implies that 7" maps S; into S;.
By (2.5) it is easy to see that for all ¢ > 0, there exists K; € N, large enough such that

LIF(I _ﬂl - ]/(S) ct B1-v8) ~ E and “o t(a—l) < E
F(1+a—ﬂ1—y8) -2 ') -2

fort € Ny,x,. (3.7)

Let uy,u € S1, n=1,2,..., and lim,_. 4, = u. Applying (2.9), for t € {o,x + 1,..., ¢ +
K — 1}, we have

|Tu,,(t) - Tu(t)|

1 t—a (a_l)

< @) 2 (t=0 ()" |f(s+ 0t unls + @) = f(s + o, uls + )|

= %Oé) s;O (t- 0(5))(“’1) el [ (s + ot un(s + @) = f (s + ,uls + ) |
@)

f (s + ot (s + @) = f (s + o, uls + @))|

= max
I« + 1) sefo,1,...k-1]

(¢ +K; — 1)@
<—— max
Mo +1)  se0l,..K-1]

If (s + o (s + @) = f (s + o, uls + )|

— 0 asun— o0.
For t € Ny.x,, by (3.6) we also have

’Tun(t) - Tu(t)|

L S (o ) o st )
s=0
¢ 2 5 o) vy Pl
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=v s Z(f - G(S))(a—l)(s +o+ )/5)(—/31)((5 + a)(_y))a

(t— o(s))(a )(s +a+y8) (s +a) )

= g (-0 ©) ey

2L T(1-Bi—y9)
T TA+a-pB1-yd)

(=]

(¢ + a)(a—ﬂl—ys)

< 2iTPA -1 =) a-prys)
" Tl+a-pi-yd)
<e.
Hence we can get that
|| Tey, — Tua|| = sup‘Tu,, Tu(t)’ —0 asn— oo.

teNy

Thus T is continuous in Sj.

In the following, we prove that TS is relatively compact. For ¢;, t; € Ny.x,, we have

o Uy (o
| Tu(ts) - Tu(t)| < e )t( 1)_T2)t§ b

fy—a

Z tz—a(s) (s+ot,u(s+oz))
5=0

t1—o

- ﬁ Z(tl - a(s))(afl)f(s + o, u(s + o))
s=0

Uo  (a-1) Uo  (x-1)
< — —t
“I'(a) 2 () *

fh—a

1 (a-1)

+ m;(tz—a(s)) (s +oa,uls+a))
1 t-a b

g ;(n ~0(5)“f (s + a,uls + a))

< U t;a—l) L Mo §o¢—1) . Lir(1-p1—-yé) t;ot—ﬁl—yé)
I'(x) I'(a) I'l+a-p,-y96)
Lir(1-p1-vy9) fe=Pr-y®)
Fl+a-pg-yd)"
< 2e.

Therefore {Tu : u € S1} is abounded and uniformly Cauchy subset by Definition 2.5. Hence
TS, is relatively compact by Theorem 2.1. Due to Schauder’s fixed point theorem, T has
a fixed point. All functions in S; tend to 0 as £ — 00, and hence the solution of (1.1) is

attractive. The proof is completed. g
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3.3 Results in a weighted space
Let £3° be the set of all real sequences u = {u(¢)};5, with the norm [lu|| = sup,y,, [u(£)|.

Then (€2°, ] - ||) is a Banach space. For any u € £3°, we introduce a new norm as follows:
s, = su |u(?)]
I WS
where B, € (o, 1). It is easy to see that (£2°, || - ||g,) is also a Banach space.

Define the closed subset

M) 1-
S, - {ue@?:llullﬁz < (at]uo| + M)T (a + 52)}

Mo +1)
Obviously, Sg, is a bounded, closed, and convex subset of the Banach space (£5°, || - | ,)-

Definition 3.1 A functionf : [0,00) x R — R s ,-continuous if for any ¢ > 0, there exists
8 =8, > 0 such that for all (¢, u1), (¢, uy) € [0,00) x R, we have

[f(t,u1) —f(t,u2)| <&,

provided that ‘"tl(;zu)z‘ <34.
Obviously, « is a solution of (1.1) if and only if the operator T has a fixed point.

Theorem 3.3 Assume that (Hy) holds and f is Bs-continuous. Then the fractional dif-
ference equation (1.1) has at least one solution in Sg,. Further, the solutions of (1.1) are

attractive.

Proof We first show that T is continuous in Sg, and maps Sg, into Sg,. Applying (3.4), for
any u € Sg,, we have

o— t-a
|Tu(e)| _ |uolt™ 3 (- 06)'
tB2)  — I'(a)th2) [‘(a)tﬁz —

“ 1 (s+a,u(s+a))’

t—a

(t-o(s) "

s=0

Joagl £
+
T T(a)tB?)  T(a)tp2)

~ |Lt()|t(a_1) M@

" T(@)t® " T(a+ 1)
_lmlCE=p+1)  MI(t-pr+1)
T T(@l(t-a+2) Ta+D)lE-a+1)
- (or|ug| + M)T(ax + 1 - B)
- Mo +1)

’

which implies that 7' maps Sg, into Sg,.
Let u,,u € Sp,, n=1,2,..., and lim,_, o #,, = 4, which means that |lu, — ul|g, — 0 as
n — 00, that is,

|o4n () — u(t)|

sup ————— = 0 asn— oo.
teNy t
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Combining this with (2.9), we have

| T (2) — Tu(2)|
t(B2)

= W ;(t - a(s))(“—l) lf(s + o, Uy (s + Ol)) —f(S +o,u(s+ o{))|

e t-a )
= T (1-96)

et@
C Do+ 1))

<e.
Hence we get that

Tu, (t) — Tu(t
 Tity — Tl = SHP{M}
teNy

e — 0 asn— oo,
and thus T is continuous in Sg, .

In the following, we prove that TS, is relatively compact. To this end, we define

Tu(t)

fort e Ny, u € Sg,.

According to this process, it is easy to see that {Hu(-) : u € Sg,} is uniformly bounded.

Next, we prove that {Hu(-) : u € Sg,} is uniformly Cauchy. For t;,; € N, such that t; < £,
we have

|HM([2) - Hu(t1)|

~ ’ Tu(ty) Tu(ty)

t;ﬂz) tﬁﬂz)
Motéa_l) uot§°‘_l) 1 2=

Z(tz - o(s))(a_l)f(s +o,u(s + oz))

< - +
r(a)tgﬂ” Fe? | | red?

t1—o

/32) Z o(s (s+a,u(s+a))

_ luol (F(tz—ﬁ2+1) r‘(151—,32+1)>
+
T T)\T'er-a+2) T'(ti-a+2)

ty—o

+ mZ( a(s)) f(s+a u(s +a))
2 s=0

+ W ;(tl - a(s))(a_l)f(s +o,uls + a))

_ uol <F(t2—52+1) F(tl_ﬂ2+1)>
+
" T)\T't-a+2) T'(ti-a+2)
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th—a t—a
M -1 M -1
+ 7(132) (t2 - o(s))(a - — G (0 - o(s))(a )
D)ty Z C(a)y™
|M0| (F(tz—ﬂ2+1) F( —,32+1)> . Mtgx) . Ml{a)
MNta-a+2) T(t1-a+2) F(a+1)t§ﬂz) F(a+1)t§ﬂ2)

|M0| <F(t2—ﬂ2+1) . L'ty —po+ 1))
lfg—Ol+2 F(tl—()[+2)

M (F(tz—ﬁ2+1) F(tl—ﬂ2+1)>
+ +
Mo+ D)\ T'tp—a+1) T(H-a+1)

ria 67 (0 (o)
rraen € (0(5)) v (e0f3)

— 0 ast; — 00,ty —> 00.

Page 13 of 15

Therefore, {Hu : u € Sg,} is a bounded and uniformly Cauchy subset by Definition 2.5.
Thus {7 Tl t) :u € Sg,} is relatively compact by Theorem 2.1. Hence T'(Sg,) is relatively com-

pact in S 8, Due to Schauder’s fixed point theorem, T has a fixed point. All functions in Sg,

tend to 0 as £ — 00, and hence the solution of (1.1) is attractive. The proof is completed.

4 Example
As applications of our main results, we consider the following examples.

Example 4.1 Consider the equation

A% u(t) = (£ +0.7)O sinu(t +0.5), teN,
AZ§2u(t)]1=0 = 0,

where f(t, u(t)) = (t + 0.2)"%7 sin u(t), t € Ny5. Since
[f(t,u1) —f(t, u2)| = |(¢ +0.2)77 (sinuy — sinuy)|

_raw
~ T (24)

l11 — us|

and

I'(1.7
[f(t,u)‘ !(t+02)(°7 sinu| < (1.7) for t € Nos and u € £,

~Tr(2.4)

O

(4.1)

(4.2)

(4.3)

(4.4)

(H;1) and (H;) hold. By Theorem 3.1 we get that (4.1) has at least one attractive solution.

Example 4.2 Consider

A2 u(t) = (£ +0.7)0Du!2(t +0.5), teN,,
AZY2u(t)|s=0 = 0,

(4.5)
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where f(t,u(t)) = (t + 0.2) %74 2(t), t € Nys. Since o = 0.5, B1 = 0.7, § = 1.2, y = 0.2, we

have that

a+y-1<0, 1-8,-y8>0, a+y—-B1-y8<0, (4.6)
and

[f(t, u)| <Li(t+y8) P’ forteNpsandue 5% 4.7)

Then (Hj3) holds. By Theorem 3.2 we get that (4.5) has at least one attractive solution.

Example 4.3 Consider

A% u(t) = (£ +0.7)07 sin((£ + 0.5)“%9u(£ + 0.5)), te Ny,

(4.8)
A=53u(t)|s=0 = 0,
where f(t, u(t)) = (£ + 0.2) %7 sin(t-09u(¢)), t € Nos. Let B = 0.6 € (0.5,1). Since
[f (&, u1) = f(t, u2)| = |(¢ +0.2)707 (sin (¢ ) — sin(£0%uy) )|
< F(17) t(_0'6) (0.6) |M1 - Ll2|
= T(24) £06)
I'(1.7) |y — uy|
< s Al 4.9
“T@24) 109 (49)
and
(=0.7) s (~0.6) F(17) o
[f(t, u)| = |(t +0.2)" sm(t X u(t))| < m fort € Nos and u € £35. (4.10)

Then f is B;-continuous, and (H;) holds. By Theorem 3.3 we get that (4.8) has at least one
attractive solution.
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