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1 Introduction
In this paper, we consider the existence of positive solutions of the nth-order Sturm—
Liouville boundary value problem (BVP)

u (&) +f (& u(®), ' (t),...,u" V() =0, tel0,1],
u®0)=0, 0<k<n-3, (1.1)
au2(0) - Bu"V(0) = 0, yu"2(1) +8u"P(1) =0,

where n >3, f:[0,1] x R,”! x R — R, is continuous, R, = [0,00), and a, B, ¥ and & are
constants and satisfy

B =>0, §>0, a+p>0, y+38>0, pi=ay +ad+ By >0, (1.2)

which allow @ and y to be negative. This problem models various dynamic systems with
n degrees of freedom in which # states are observed # times; see Meyer [1]. For some of
the simple cases that the nonlinearity f does not contain a derivative term, the existence
of positive solutions has been researched by many authors; see [2—11]. Zhou, Chu and
Baleanu [12] studied a fractional differential equation boundary value problem and ob-
tained existence results of positive solutions. For the cases of # = 3 or # = 4 and the non-
linearity f containing a derivative term #”, the existence of positive solutions has also been
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discussed by some authors; see [13—15]. Hajipour, Jajarmi and Baleanu [16] presented an
accurate discretization method to solve some highly nonlinear boundary value problems.
However, for the more general BVP (1.1) there are relatively few studies.

Wong [17] has considered the special case of BVP (1.1) that the nonlinearity f does not
involve the derivative term #"~(¢), namely the boundary value problem

u(@) + f (&, u(t), w (0), ..., u" 2 () =0, te[0,1],
u®(0)=0, 0<k=<n-3, (1.3)
om(”*m(O) — ,Bu(”’l)(O) =0, yu(”’z)(l) + 5M(n71)(1) -0,

and he has obtained the existence of a solution by assuming that BVP (1.3) has lower
and upper solutions v and w such that v"-2(t) < w"-2(¢) on [0, 1], and the nonlinearity f
satisfies

f(tr V(t), V/(t)r ey V<n_3)(t)1xn—2) Sf(tr X05X15 03 Xn-3, xn—Z)

<f(t,w®, W @),....w" (), x,),
for any (¢, x0,%1,...,%4—2) € D, where
D:=[0,1] x [v(e), w(t)] x [V'(©), W ()] x --- x [V (&), w2 (2)].

Wong’s discussion is based on Schauder’s fixed point theorem and a truncating technique
for the nonlinearity f. We note that, for BVP (1.3), there is a corresponding maximum

principle.
Lemma 1.1 Let u € C"[0, 1] satisfy

_u(n)(t) = 01 te [O) 1]1
u®0)=0, 0<k<n-3, (1.4)
au2(0) — BuD(0) > 0, yu"2(1) + su"V(1) > 0.

Then u®(t) > 0 forevery t € [0,1], k=0,1,...,m— 2.

Therefore, Wong’s method is feasible to BVP (1.3). Since the maximum principle does
not involve the derivative term #*~, that is, Condition (1.4) does not entail that "~V (¢) >
0 on [0, 1], this method is not applicable to BVP (1.1). A few years later, Grossinho and Min-
hoés [18] developed Wong'’s result and established the existence of a solution to the more
general BVP (1.1) in the presence of lower and upper solutions. In the discussion, to obtain
the estimate of the derivative -V, they require that the nonlinearity f(t, %o, %1, ..., %,_1)
satisfies the Nagumo-type growth condition on x,,_; in D x R:

(NC) There is a continuous function % : [0,00) — (0,00) satisfying fooo Z<—‘i; = 00, such

that

[f(t:xoyxlyu'rxn—l) E h(|xn—l|)’ (t!xoyxlyn-rxn—l) S D X R
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Recently, Agarwal and Wong [19] discussed the existence of positive solutions of the

special nth-order boundary value problem

U () + £t u(®), W (t),...,uD(t) =0, te[0,1],
u®(0)=0, 0<k=<n-3, (1.5)
au2(0) — BuD(0) = 0, yu"2(1) +8u"V(1) =0,

where 1 < g < n - 2. They converted BVP (1.5) to an equivalent (m — g)th-order Sturm—
Liouville boundary value problem of integral-differential equations, and using Krasnosel-
skii’s fixed point theorem in cones they obtained existence results of one or more positive
solutions. However, this method is not applicable to the more general BVP (1.1) owing to
the presence of a derivative %! in the nonlinearity f. Lately, the present author Li [20]

considered the fully second-order boundary value

-u"(t) =f (&, ult),u'(t), tel0,1],
u(0) = u(1) =0,

(1.6)

which is a special form of BVP (1.1). Using the theory of fixed point index in cones Li
obtained existence results of positive solutions under the nonlinearity f(¢,«,y) showing
superlinear or sublinear growth in x and y. But the discussion in [20] relies on the spatial
boundary condition #(0) = (1) = 0 and cannot be directly extended to the more general
BVP (L.1).

Motivated by the research mentioned, in this paper we develop a different technique
to discuss the fully nth-order boundary value problem (1.1). Our purpose is to obtain
the existence of positive solution to BVP (1.1). By a positive solution u of BVP (1.1) we
mean u € C"[0, 1] satisfying (1.1) and u(¢) > 0 for ¢ € (0, 1). By using the theory of the fixed
point index in cones we establish existence results of positive solutions for BVP (1.1). In
our results, we present some inequality conditions on the nonlinearity f (£, x9,%1,...,%,_1)
when |(xg,%1,...,%,-1)| is small or large enough to guarantee the existence of positive so-
lutions. These inequality conditions allow that f(¢,x¢,%1,...,%,-1) may be of superlinear
or sublinear growth in (xg,%1,...,%,-1) as |(x0,%1,...,%,-1)] = 0 or 0o, and they are com-
paratively easy to check in applications. For the case that f (¢, xo,x1,...,%,_1) has superlin-
ear growth in (xo,%1,...,%,-1) as |(x0,%1,...,%,-1)| = 00, similar to [18] we require that
f(t, x0,%1,...,%,_1) satisfies a Nagumo-type growth condition in x,_1; see Assumption (F3)
of Sect. 3. The Nagumo-type condition restricts f to have at most quadric growth on x,,_;.
Our work naturally generalizes and extends the known results for some special Sturm—
Liouville boundary value problems [2—11] and complements the work of Refs. [17-20].

The paper is organized as follows. In Sect. 2 some preliminaries to discussing BVP (1.1)
are presented. We discuss the corresponding linear boundary value problem and present
some properties of a positive solution of the linear boundary value problem, then we
choose a cone K in work space C"71[0,1] and convert BVP (1.1) into a fixed point prob-
lem of a completely continuous cone mapping A : K — K. Our main results are stated and
proved in Sect. 3. Finally, in Sect. 4 we present some applications to illustrate the applica-

bility of our main results.
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2 Preliminaries
We use C(I) to denote the Banach space of all continuous function u(£) on I := [0, 1] with
norm |u| ¢ = maxee |u(t)|. Generally, for m € N, C"(I) denotes the Banach space of all
mth-order continuous differentiable function on I with the norm |u|c» = max{|u|c,
I« llc,..., 1" | c}. Let C*(I) be the cone of all nonnegative functions in C(I).

To discuss BVP (1.1), we first consider the corresponding linear boundary value problem
(LBVP)

_u(n)(t) = h(t); te [07 1],
uP0)=0, 0<k<n-3, (2.1)
au2(0) - Bu"1(0) = 0, yu2(1) + su"V(1) = 0,

where 1 € C(I). Setting v = u"~?), the LBVP (2.1) is rewritten as the second-order bound-

ary value problem

—v'(t)=h(t), tel0,1],

(2.2)
av(0) — Bv'(0) =0, yv(1) +8v'(1) =0,
and the (n — 2)th-order initial value problem (IVP)
=2ty =v(t), tel0,1],
uw"(t) =v(t), tel0,1] 2.3)

u®0)=0, 0<k<n-3.

Let G(t,s) be the Green function corresponding to the linear boundary value problem
(2.2). It is well known that [17, 19]

G(t,s):l B+as)d+y(1-t), 0<s<t<], 2.4)
PlB+at)§+y(l-5), 0<t<s<l.

Lemma 2.1 The Green function G(t,s) has the following properties:
(a) G(t,5) > 0and G(t,s) = G(s,t) fort,s e I.
(b) G(t,s) < LG(s,s) fort,s € I, where L = max{1, b %} >1.

a+p’
(c) G(t,5) = aG(t,t)G(s,s) for t,s € I, where o = >0.

P
max{B,x+pB}-max{s,y+48}

Proof For the properties (a) and (b), see [13, Lemma 2.3], and we only need to show (c).
For any ¢,s € (0, 1), since G(¢,s), G(s,s) > 0, by (2.4) we have

p
G(t,s) _ | Graneassy 0<s<t<]l,
G(t,1)G(s,s .
L0669 | Gl 0=t=s=L
. 1Y
T maxe/(B + at) - maxee (6 + y(1-1))

0

=0 >0.
max{f,« + B} - max{s,y + &}

Hence, (c) holds. O
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Lemma 2.2 Foreveryh € C(I),LBVP (2.1) has a unique solution u := Sh € C"(I). Moreover,
the solution operator S : C(I) — C"Y(I) is a completely continuous linear operator.

Proof For any h € C(I), by the Green function of the solution, BVP (2.2) has a unique
solution

1
v(t) = / G(t,s)h(s)ds := S;h(t), tel, (2.5)
0

and the solution operator S, : C(I) — C?(I) is continuous. Obviously, IVP (2.3) has a

unique solution,

L prs1 Sn-3
u(t) = / / .- / V(Sp_2) ds,_o---dsydsy = J,_ov(t), tel, (2.6)
o Jo 0

and the solution operator ], , : C(I) — C"2(I) is continuous. Consequently, u =
Ju-1(Sah) = (Ju—2 o Sp)h is a unique solution of LBVP (2.1), and the solution operator
S =Jy2 08 : CI) > C"(I) is continuous. By the compactness of the embedding of
C"(I) — C"Y(I), S: C(I) — C""}(I) is a completely continuous linear operator. O

Define a function on I by
o o
o(t) = zG(t,t) = Z(a+,3t)(y +8(1-1), tel, (2.7)

where L and o are positive constants in Lemma 2.1, then 6(¢) > 0 for ¢ € (0,1). Define a
positive constant by

BS+ad+ay/2

1
o ::max/ G(t,s)ds =
tel Jo 14

(2.8)
Lemma 2.3 Let h € C*(I). Then the unique solution u = Sh of LBVP (2.1) has the following
properties:

(@) u2(t) > |u"2|cO(t) for every t € I.

(b) u(t),u/(t),...,u" (&) >0 foreveryt € I.

(c) There exists & € (0,1) such that u” V(&) = 0, u" V() > 0 for t € [0,&] and

u"D(t) <0 for t € [€,1]. Moreover, |u”V || ¢ = max{u""1(0), —u"~D(1)}.
@) llullc <llwllc <--- < |u"2lc.
@ "2 e <Tollu® e, 4" Vc < llu]c.

Proof (a) Let 1 € C*(I) and u = Sh be the unique solution of LBVP (2.1). Set v(£) = u"~2(¢),
then v is a unique solution of BVP (2.2) given by (2.5). By (2.5) and Lemma 2.1(a) and (b),

we have
1 1
0<v(t)= / G(t,s)h(s)ds < L/ G(s,s)h(s)ds, tel
0 0

This implies that

1
e <L / G5, $)h(s) ds.
0
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Therefore, by Lemma 2.1(c), we have

1

1
V(t)=/ G(t,s)h(s)dsza/ G(t,t)G(s,8)h(s)ds
0 0

1
~00)-L | Gl d= 00l
0
Namely, the conclusion of Lemma 2.3(a) holds.
(b) Since "2 (t) > 0 for t € I, integrating this inequality and using the boundary con-
ditions #(0) = #/(0) = - - - = u"3(0) = 0, we have

t
u" () = / u"I()ds>0, tel,
0

t
u(e) = f () ds=0, tel,
0

t
u(t):/ u(s)ds>0, tel
0

Hence, the conclusion of Lemma 2.3(b) holds.

(c) Let v(t) = u"2(¢). Since v'(t) = —h(t) < 0 for every ¢ € I, it follows that v/(¢) is a
monotone nonincreasing function on /. Since v is a unique solution of BVP (2.2), by (2.4)
and (2.5) we can obtain

1
v (0) = g /0 (y +6(1 —S))h(s) ds >0,

1
V(1) = 3 / (o + Bs)h(s)ds < 0.
P Jo

From these facts we conclude that there exists & € (0, 1) such that v/(£) = 0, v/(¢) > 0 for
te€[0,&] and v/ (¢) < O for ¢ € [£,1]. Moreover,

[V = max|[v/(®)] = max{v/(0),~v'(1)}.

tel

Thus, the conclusion of (c) holds.
(d) By the boundary conditions of LBVP (2.1), we have

t
u<k-l>(t)=/ uP)ds, telLk=1,2,....,n-2.
0

Hence,

t
yu<k—1>(t)y=/ uO ()| ds < t|u®) . teLk=12,...,n-2.
0

So we have

[0l = [ k=122

namely the conclusion of Lemma 2.3(d) holds.
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(e) For every t € I, by (2.5) we have

1 1
0<u"2(t)=v(t) = f G(t,s)h(s)ds < f G(t,s)ds - ||hllc
0 0

1
< max/ G(t,s)ds - |hlc = F0||u(”)| o
0

tel

so we have |u"?| < I'o||u"|c. Furthermore, by (c) there exists & € (0,1) such that
u"V(£) = 0. Hence

<lt-&|u|

t
’u(”’l)(t)’ = ‘/ u"(s)ds
&

c’

this implies that ||V < |u™||c.
Hence, the conclusion of Lemma 2.3(e) holds. O

Next we consider the linear eigenvalue problem (EVP) corresponding to LBVP (2.1)

—u () = qu(®), tel0,1],
u®0)=0, 0<k<n-3, (2.9)
au2(0) - Bu"1(0) = 0, yu (1) + su"-Y(1) = 0.

Similar to the second-order Sturm-Liouville boundary value problem [21], we have the

following.

Lemma 2.4 EVP (2.9) has a minimum positive real eigenvalue 1 > 0. Moreover, L, has
a positive unit eigenfunction, namely there exists ¢p1 € C"(I) N C*(I) with ||¢p1]lc = 1 that
satisfies the equation

—¢"(6) = Mi (1), te0,1],
pP0)=0, 0<k<n-3, (2.10)

a0 - 0) =0,y (1) + 5" (1) =0.

Proof According to [21, Lemma 1.1], we show that the solution operator S of LBVP (2.1)

has the strong positivity estimate

Sh > |IShlcJu-20, heC* (). (2.11)
Let & € C*(I) and u = Sh, then u"~? = S,/1. By Lemma 2.3(a) and (d),

Soh(t) = u" > w2 0() > lullcO@) = Skl o), tel,
that is, Soh1 > ||Sh|| 6. By the positivity of the operator J,_» : C(I) — C(I), we have

Sh =Ju-2(S2h) = |IShl| cJu-20,

namely, (2.11) holds. Therefore, by [21, Lemma 1.1] the conclusion of Lemma 2.4 holds. [J
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By [21, Lemma 2.3], the minimum positive real eigenvalue A; of EVP (2.9) is also the
minimum positive real eigenvalue of the conjugate eigenvalue problem

(=)W () = aw(t), tel0,1],
aw(0) — pw'(0) =0, yw(l) +8w'(1) =0, (2.12)
w®(1)=0, 2<k<n-1,

and the conclusion of Lemma 2.4 also holds for EVP (2.12), that is, we have the following.

Lemma 2.5 The minimum positive real eigenvalue Ay of EVP (2.9) is also a minimum pos-
itive real eigenvalue of EVP (2.12). Moreover, Ay has a positive unit eigenfunction, namely
there exists Y, € C"(I) N C*(I) with ||Y1||c = 1 that satisfies the equation

1"y @) = Ay (e), te(0,1],
ay1(0) - B1'(0) = 0, y¥1(1) +68y1'(1) =0, (2.13)
viP1)=0, 2<k<n-1

Now we consider BVP (1.1). Let f : I x R, x R — R, be continuous. Define a closed
convex cone K in Banach space C""}(I) by

K={ueC'(D)u®(t)>0forte,k=0,1,...,n-2}. (2.14)
By Lemma 2.3(a) and (b), S(C*(I)) C K. For every u € K, set

Fu)(t) :=f(tu®),d ®),...,u" V), tel (2.15)
Then F : K — C*(I) is continuous. Define a mapping A : K — K by

A=SoF. (2.16)

By Lemma 2.2, A : K — K is a completely continuous mapping. By the definitions of S and
the strong positivity estimate (2.11), the positive solution of BVP (1.1) is equivalent to the
nonzero fixed point of A. We will find the nonzero fixed point of A by using the fixed point
index theory in cones.

Let E be a Banach space and K C E be a closed convex cone in E. Assume €2 is a bounded
open subset of E with boundary Q2 and A : K N Q — K is a completely continuous map-
ping. If Au # u for any u € K N 92, then the fixed point index i(4, K N 2, K) in Cone K is

well defined. The following lemmas [22] are needed in our discussion.

Lemma 2.6 Let Q be a bounded open subset of E with 6 € Q, and A : KN Q — K a
completely continuous mapping. If nAu # u for every u € KN 9Q and 0 < u < 1, then
iA,KNQK)=1.

Lemma 2.7 Let Q2 be a bounded open subset of E and A : K N Q — K a completely contin-
uous mapping. If there exists e € K \ {0} such that u — Au # te for every u € K N 0Q2 and
>0, theni(A,KNQ,K)=0.
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Lemma 2.8 Let Q2 be a bounded open subset of E,and A, A, : KN Q — K be two completely
continuous mappings. If (1 — s)Au + sA1u # u for every u € KN 3Q and 0 <s < 1, then
i(A,KNQ,K) =i(A;, KN Q,K).

3 Main results

In this section, we show the existence of positive solutions of BVP (1.1). Let f : [0,1] x
R," ! x R — R, be continuous and the constants «, 8, y and § satisfy (1.2). We present
some inequality conditions on the nonlinearity f (¢, xo, %1, . ..,%,_1) when |(xg,%1,...,%,1)|
is small or large enough to guarantee the existence of positive solutions. Here |(xo,x1, ...,
%uo1)| = (420 1?2 is the Euclidean norm of (xg, &1, ..., %,.1) € R”. Let G = I x R x R

denote the definitional domain of f. Our main results are as follows.
Theorem 3.1 Assume that f : [0,1] x R," ! x R — R, is continuous and satisfies the
following conditions:

(F1) there exist nonnegative constants ag,as, .. .,a,-1 satisfying

Tolag +a1 + -+ +au_s)+a,_1 <1ands >0 such that
St x0,%1,. .., %,-1) < doXo + @1X1 + -+ - + Ap_2Xn2 + Aoy X1

Sfor (t,%0,%1,...,%4-1) € G with |(x0,%1,...,%4-1)| < &;
(F2) there exist constants by > 1, b1,by -+ ,b,_1 > 0 and H > 0 such that

S(&%0,%15 .., %p21) = boxo + b1xy + -+ + by_oXu_g + by_1|%,_1]

Sfor (¢, %0,%1,...,%,-1) € G with |(x0,%1,...,%,-1)| > H;
(E3) for any M > 0, there is a continuous function hy : R, — (0, 00) satisfying

foo rdr - 00 (3 1)
o hm(r)+1 '
such that

f(t’xOrxlr-nyxn—l) S hM(|xn—l|) (32)

fOr ﬂll (terrxlr' . o;xn—l) el x [O,M]Vl—l x R.
Then BVP (1.1) has at least one positive solution.

Theorem 3.2 Assume that f : [0,1] x R,” x R — R, is continuous and satisfies the
following conditions:
(F4) there exist constants bg > M1, b1,by -+ ,b,_1 > 0 and § > 0 such that

S(&%0,%15 .. %p21) = boxo + b1xy + -+ + by_oXu_g + by_q|%,_1]

Sfor (t,%0,%1,...,%n-1) € G with |(x0,%1,...,%n-1)| < &;
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(E5) there exist nonnegative constants ag,as, . . .,a,_1 satisfying
Tolag +a + -+ ay_o) +a,_1 <1 and H > 0 such that

St %0, %15, %021) < doXo + A1%1 + -+ - + Ay_oXp_2 + Ay X1

for (¢, x0,%1,...,%,-1) € G with |(x0,%1,...,%,-1)| > H.
Then BVP (1.1) has at least one positive solution.

In Theorems 3.1 and 3.2, the conditions (F1), (F2), (F3) and (F4) are inequality
conditions, in which the nonlinearity f compares with a linear growth function of

(%0, %1, ...,%,_1) of the form of
£(t, %0, %15 .« Xp_1) = CoXo + CLXL + * - Cp2Xp—2 + Cp1 [ K1)

as |(xg,%1,...,%,-1)| is small or large enough. These conditions are concise and applicable.
See Sect. 4.

In Theorem 3.1, the conditions (F1) and (F2) allow that f (¢, x9, %1, .. .,%,_1) has superlin-
ear growth in (xg,x1,...,%,-1) as |(x0,%1,...,%,-1)] — 0 and oo, respectively. In this case,
we need the condition (F3) to restrict the growth of the nonlinearity f(¢, xo,%1,...,%,-1)
on x,_;. (F3) is a Nagumo-type growth condition. In Theorem 3.2, the conditions
(F4) and (F5) allow that f(t,x0,%1,...,%,-1) has sublinear growth in (xo,x1,...,%,_1) as
[(x%0,%1,...,%,-1)] — 0 and oo, respectively. In this case, the Nagumo-type condition (F3)

is needless. In fact, we can easily show that (F5) implies (F3).

Proof of Theorem 3.1 Choose the Banach space E = C""}(I). For convenience, we denote
the norm ||u||cn-1 of E by ||u||g. Let K C E be the closed convex cone defined by (2.14) and
A : K — K be the completely continuous mapping defined by (2.16). By Lemma 2.3, the
positive solution of BVP (1.1) is equivalent to the nontrivial fixed point of A. Let 0 < R; <

R, < +00 and set

Q1 ={u e El|ullg <R}, Q= {u € E||lullg < Ry} (3.3)
We prove that the A has a fixed point in K N (2, \ Q1) when R; is small enough and R,
large enough. The proof is separated into the following steps:

Step (1). Choosing R; € (0,8//n), where § is the positive constant in Condition (F1), we

prove that

iA,KNQLK) =1. (3.4)
To this end, we verify that A satisfies the condition of Lemma 2.6 in K N 92, namely

HAu#u, YueKNoaR,0<u <1 (3.5)

If (3.8) does not hold, there exist g € K N 927 and 0 < wg < 1 such that uoAuy = up.
Since uo = S(oF (¢0)), by the definition of S, 1y is the unique solution of LBVP (2.1) for
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h = poF(uo) € C*(I). Hence, uy € C"(I) satisfies the equation

—ug (t) = pof (& uo(0), u(®), ..., ug” (@), te(0,1],
uP0)=0, 0<k<n-3, (3.6
aud2(0) - uy ) =0, yul (W) + sl (1) = 0.

Since uy € K N 921, by the definitions of K and 2;, we have

(t,u0(®), up(2),...,uy () € G, tel,

|(0(®), (@), ..., V()| < Vnllwollnr <8, tel
Hence by Condition (F1) and Lemma 2.3(d) and (e), we have

1 -2 -1
F(t (@), u(8), - u§ ™ (8)) < aouo(t) + - + anaul 2 (E) + @ |uly V(@)

(n-1

S R I

<aolluollc++++ + o g

R Y IR o

< (Tolao +ay +- -+ ays) + an) |u’ |, tel.
By this inequality and Eq. (3.6) we obtain
0™ ()] < (Tolao + @ + -+ + @y2) + anr) U] o teEL
So we have
|uo™] o < (Tolao + a1 + -+ + anz) + anos) |l | - (3.7)

We say that ||uo" | ¢ > 0. If it is false, uj is the solution of LBVP (2.1) for 4 = 0, and by the
uniqueness of solution of LBVP (2.1) u = 0. This contradicts uo € 92;. Hence from (3.7)
it follows that

Dolag +ay +---+au2) +a,1 > 1,
which contradicts the assumption in Condition (F1). Hence (3.5) holds, and by Lemma 2.5,
(3.4) is proved.

Step (2). Let H be the positive constant in Condition (F2). Set

Co = max{|f (£, %0, %1,...,%s1) = (boXo + - - + by-2% 2 + by % [)| :

(trx()rxlr---rxnfl) € Gr (x();xl)~~)xnfl)| EH} + 17

then, by Condition (F2), we have

f(t,xo,xb .. -;xn—l) = bOxO oot bn—zxn—Z + bn—l|xn—1| - CO;

for every (t,x0,%1,...,%,-1) € G. (3.8)
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Set F1(u) = F(u) + Cy for every u € K, and define A; : K — K by

Ay =SoF. (3.9)
Then A; : K — K is a completely continuous mapping. Letting R, > §/./n, we prove that

i(A;, KNQy,K)=0. (3.10)

Let ¢ be the positive eigenvalue function of EVP (2.9) in Lemma 2.4. Since ¢; = S(A1¢1),

by Lemma 2.4 ¢; € K \ {6}. We show that A; satisfies the condition of Lemma 2.7 in K N
92, for e = ¢;, namely

u-AwuZtd, YueKNoQy,t>0. (3.11)
If (3.11) is false, there exist u; € K N 92, and 1y > 0 such that u; — Aju; = 19¢;. Since

uy =Ajug + o1 = S(F(uq) + Co + ToA1¢1), by the definition of S, u; is the unique solution
of LBVP (2.1) for & = F(u;) + Co + toA1¢01 € C*(I). Hence u; € C"(I) satisfies the equation

~u(8) = £ (6, ur(8), 44 (2), ..., ud (@) + Co + Tohaps (), te,
u(0)=0, 0<k<n-3, (3.12)
al20) - Bl P0) =0,  yu"?(1) +su" V(1) = 0.

Since u; € K N 9K, by the definition of K, (¢, u; (¢), 4} (t), ..., u(ln_l)(t)) € Gfort el. Hence
from (3.8) we see that

FEun @), 4,0, V@) = bour (6) + -+ + buatdl" (@) + by [ (8)| - Co

> boul(t) -Cy, tel
By this inequality and Eq. (3.12), we have

~u(8) = f (6, ur (O, uy (O), ..., ul(B) + Co + Toh11(8)
> bouy (t) + ToA 11 (2)
Zboul(t), tel.
Let ¥ (¢) be the positive eigenvalue function of EVP (2.12) in Lemma 2.5. Multiplying the

above inequality by v (¢) and integrating on /, then using integration by parts for the left
side, we obtain

1 1
M fo (e (6) dt = b /0 (69 (6) . (3.13)
Since uy = Sh, by (2.12),

u1(t) = Sh(t) = |ShllJu—20() = llu1llcJu-26(¢) >0, Vt € (0,1),
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so that fol u1 ()Y (¢) dt > 0. Hence, from (3.13) we see that A; > by, which contradicts the
assumption in (F2). This means that (3.11) is true. By Lemma 2.7, (3.10) holds.
Step (3). We use Lemma 2.8 to prove that

i(A, K N s, K) = i(A1, K N Ry, K) (3.14)

when R is large enough. For this purpose, we show that A and A; satisfy the condition of
Lemma 2.8 in K N 92, when R is large enough, namely

(1-s5)Au+sAiu#u, YueKNiR,0<s<l. (3.15)
If (3.15) is false, there exist uy, € KN 325 and sq € [0, 1] such that (1 —sg)Auy + SoA1us = Uy.
Since uy = S((1 — s0)F(uz) + soF1(u2)), by the definition of S, u; is the unique solution of

LBVP (2.1) for i = (1 —s9)F(uy) + soF1(up) € C*(I). Hence u, € C"(I) satisfies the equation

~u(£) = £ (6, ua(8), uy(8), ..., us " (O) + 50Co,  te,
uP0)=0, 0<k<n-3, (3.16)
aud2(0) - Bul'(0) = 0, yuld=2(1) + sud V(1) = 0.

Since u; € K N9, by the definition of K, (¢, ux(t), u5(2),. .., u(zn_l)(t)) € Gfor t € I. Hence
by (3.8), we have

F(tu2(0),15(8), .., 1S V() = botua(®) + -+ + buatsd 2 (8) + by |1V (8)] - Co

> boug(t) -Cy, tel.
Hence by Eq. (3.16),

—u"(0) = £ (6 ua(8), u(8), ..., uy (D)) +50Co
> bous(t) — (1 —0)Co,

> bouy(t) — Cy, tel.

Multiplying this inequality by v (£) and integrating on I, then using integration by parts
for the left side, we obtain

1 1 1
M /0 WOy (0 dit = by /0 (O (O dt - Co /0 () dt

1
> by / (Y (0) dt - Co.
0

From this inequality it follows that

f Oy dr < (3.17)
0 2 ! “bo-A1 '

On the other hand, by Lemma 2.3(a),

uy2(6) = |uy ) 60, tel
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Since uy = ]n_gu(znfz) and /o : C(I) - C(I) is a positive operator, acting on the above in-

equality by /,,_2, we have
(n-2)
wy(t) = |uy ™| Ju2b(0), teL

Multiplying this inequality by v (¢) and integrating on I, we obtain

(3.18)

1
[ weomode =l
0

where
1
Mo = f Jna0(E00n (0) dt
0

is a positive constant by the positivity of J, 0 on (0,1). Combining (3.18) with (3.17), we
obtain
Co

(n-2) .
[ e = S 5 =M (3.19)

For this M > 0, by Condition (F3), there is a continuous function /;; : R, — (0, 00) sat-
isfying (3.1) such that (3.2) holds. By Lemma 2.3(d), we have

0<u@0) < || < |ud? | <M, teLk=01,...,n-2.

'l

Hence from (3.2) it follows that

F (& ua8), (@), ., uS D (@) < Iiag (|l 2)

), tel
By this inequality and Eq. (3.16), we obtain
~u(8) < hu(juy " @)]) + Co,  tel (3.20)
By (3.1) we can easily obtain
©  rdr
./0 N+ Co

Hence there exists a positive constant M; > M such that

/ M rdr (3.21)
—_— > . .
o hu(r) +Co

By Lemma 2.3(c), there exists & € (0, 1) such that u(z"_l)(é) =0, u(zn_l)(t) >0 fort € [0,£&]
and u({'*l)(t) <Ofortelg,1],and ||u(2"71) llc = max{u(znfl)(O), —u(znfl)(l)}. Hence ||u(2"71) lc =
ud0(0) or | )¢ = —ud"(1). We only consider the case of [|ul"™"||c = u{"™(0), and

the other case can be treated with a quasi-way.
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Since ué"il) (t) > 0 for ¢ € [0,£], multiplying both sides of the inequality (3.20) by u(znfl) ®),

we can obtain

(n-1) (n)
oy (Duy (2) Gy ero
—hM(u(z"’l)(t)) G <uy (), tel0§]

Integrating both sides of this inequality on [0, £] and making the variable transformation
r=ul"V(¢) for the left side, we have

(n-1)
Oy
(n-2) (n-2) (n-2)
. —u"20) < |lu <M.
/o h(r)+Co 2 ©) -5 = ] Hc—

Since u{"™(0) = |l V|| c, it follows that

(el

Uy e rdr
— < M.

/0 hy(r)+ Cy —

Combining this inequality with (3.21), we conclude that
|V < M. (3.22)

By Lemma 2.3(d) and (3.19), we have

2= ||M§"72)||C§M§M1, k=0,1,...,n-2.

2"l =

By these inequalities and (3.22), we obtain

lualle = max{lluzlic, |uh | oo 5| o} < M. (3.23)

Now let R, > max{My,8//n}. Since u, € K N 382, by the definition of Q, |||z = Ry >
M, which contradicts (3.23). This means that (3.15) is true. Hence by Lemma 2.8, (3.14)
holds.

Step (4). Finally, from (3.10) and (3.14) it follows that

i(A, K N2y, K) =0. (3.24)
By the additivity of the fixed point index, (3.4) and (3.24), we have
i(A,K N (2\ 21),K) = i(A, KN Q,K) —i(A,KNQ,K) =-1.

Hence A has a fixed point in K N (€2, \ ©1), which is a positive solution of BVP (1.1). The
proof of Theorem 3.1 is completed. g

Proof of Theorem 3.2 Let E = C""1(I), K C E be the closed convex cone defined by (2.14)
and A : K — K the completely continuous mapping defined by (2.16). Let 2,2, C E be
defined by (3.3). We prove that A has a fixed point in K N (2, \ ;) when R; is small enough
and R, large enough.
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Firstly, choosing R; € (0,5/+/n), where § is the positive constant in Condition (F4), we
prove that

i(A, KN Q1,K) =0. (3.25)

Let ¢, be the positive eigenvalue function of EVP (2.9) in Lemma 2.4. Then ¢, € K'\ {6}.
We show that A satisfies the condition of Lemma 2.7 in K N 9%, for e = ¢;, namely

u-Au#t¢p, YueKNo;,t=>0. (3.26)
If (3.26) is false, there exist uy € K N 021 and t; > 0 such that w4 — Aug = 71¢;. Since

uy = Aug + 111 = S(F(ua) + T1r1¢1), by the definition of S, u, is the unique solution of
LBVP (2.1) for i = F(uy) + 1111 € C*(I). Hence uy € C"(I) satisfies the equation

~u(0) = £ (6,10, U (8), ..., () + i (), tel,
uP0)=0, 0<k<n-3, (3.27)
auld2(0) - B P0)=0,  yul (1) +sul V) =0.

Since uy € K N 021, by the definitions of K and €2;, we have

(6, ua(0), ty(®), ..., ul () € G, tel,

| (ualt), u(8),..., " O] < Vrlluallcnr <8, tel.

Hence by Condition (F4), we have

F(ua®), 4@, ... u ™V ©) = boua(®) + -+ buaul > (O) + by [uf V)]

> boua(t), tel.
By this inequality and Eq. (3.27), we obtain
() > boua(t), tel
Let 1 (¢) be the positive eigenvalue function of EVP (2.12) in Lemma 2.5. Multiplying the

above inequality by v, (¢) and integrating on /, then using integration by parts for the left
side, we have

1 1
)»1/ us(t)y(t) de > bo/ us ()1 (8 d. (3.28)
0 0

Since u4 = Sh, by (2.12) wua(t) > |uallcJu—26(t) > O for every ¢t € (0,1), so we have

fol uq(t) Y1 (¢) dt > 0. Hence, from (3.28) it follows that A; > by, which contradicts the as-

sumption in (F4). This means that (3.26) is true. Hence by Lemma 2.7, (3.25) holds.
Secondly, we prove that

i(A,KNQK) =1, (3.29)
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when R, is large enough. For this purpose, we show that A satisfies the condition of
Lemma 2.6 in K N 92, namely

AU Fu, YueKNo,,0<u<1. (3.30)

If (3.30) is not true, there exist u#5 € K N 92, and 0 < 1 < 1 such that w1Aus = us. Since
us = S(u1F(u5)), by the definition of S, us € C"(I) satisfies the equation

—u() = iaf (&, us (), g (®), ., 1), £ (0,1,
WP0)=0, 0<k<n-3, (3:31)
an2(0) - Bul (0) =0, yul (1) +sul"V(1) = 0.

Let H be the positive constant in Condition (F5). Set

Cr = max{ |f (8,00, %1,...,%s1) = (d0%0 + - -+ + Gp-2Xn2 + A1 [Xn1]) | -

(t,%0,%1,...,%,-1) € G, (xo,xl,...,x,,_l)‘ §H} +1.

By Condition (F5), we have

S x0,%1,. ., %0-1) < doXo + -+ - + Ap2Xna + An1lxe1| + Co,
for every (t,x0,%1,...,%4-1) € G. (3.32)
Since us € K N 92y, by the definition of K, (¢, us(t), ug(t),. .., u(s"_l)(t)) € Gfort e l. Hence
by (3.32) and Lemma 2.3(d) and (e), we have
/ (n-1) (n-2) (n-1)
S (&us(0), ug(6), - ug™ " (0)) < aous(e) + -+ + anoug () + anr|ug )|+ Cy
<apllusllc+ -+ dus ||u(5”’2) | +an ||u(5”71) Ilc+C

<@+ an) [+ @ Jug ™+ G

< (Tolao +ay +-- +ans) + @) [ud| .+ C1, tel
By this inequality and Eq. (3.31) we obtain
|us™(0)] < (Tolao + a1 + -+ + @) + ) [l | o+ C1y L€l
So we have
s < (Colao + a1+ -+ na) + ar) |4 . + C.
From this it follows that
s = - Ry (539

< .
CT1-(Tolao+ar+-+aus)+ay1)

Hence, by Lemma 2.3(d) and (e), we have

”fsn_l) ” c}

luslle = llusllcnr = max{llusllc, ||us .-,
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= max{ Jul | o ||}
< max{To|ul”| o, [ 4" -}
<o+ 1)Ry:=R. (3.34)

We choose R > max{R,8//n}. Since us € K N d82,, by the definition of Q, ||lus| s = R >
R, which contradicts (3.34). This means that (3.30) is true. Hence by Lemma 2.6, (3.29)
holds.

Now by the additivity of the fixed point index, (3.25) and (3.29), we have

(A, KN (Q2\ 21),K) =i(A, K NQy, K) - i(A,K N Q1K) = 1.

Hence A has a fixed point in K N (2, \ ©,), which is a positive solution of BVP (1.1). The
proof of Theorem 3.2 is completed. g

4 Applications
In this section, we present some applications of Theorems 3.1 and 3.2. For convenience,
we introduce the following notation:

f _ liminf minf(ter)xlwurxn—l)
0 (%0,%1 - n-1)€G, L€l |(x0;x1;~--:xn—1)| '
[(%0,%1 s+rs%—1)|—0

. L,X0) X150 05 X
f°= limsup maxf( Sl 1)

)
(%0,X1-%n—-1)€G, tel |(x0’x1: oo xxn—l)l
|(%0,%1 y+-1r%p—-1)|—0

f _ liminf minf(t¢x01xl1---:xn71)
0o =

)
(041 tn-1)€G,  tel  |(X0,%1,...,%p_1)]
[(%0,%1 y-rXp—1)| =00

. £, %0, X150 s Xy
fe= lim sup maxf( o n1)

(%01 5kp_1)€G, L€l [(X0, %1, ... Xp—1)]
(00,21 ye-eri7—1)| =00

Theorem 4.1 Assume thatf :[0,1] x R,"! x R — R, is continuous and satisfies Assump-
tion (F3) and the following condition:

(F6) fo < mrfoo > A1,
then BVP (1.1) has at least one positive solution.

Proof By the definitions of f° and f.,, we easily verify the following facts:

fo < m — (Fl) hOldS,
- 0

foo > A1 = (F2) holds.
Hence, by Theorem 3.1, BVP (1.1) has at least one positive solution. O

Theorem 4.2 Assume that f : [0,1] x R, x R_ — R, is continuous and satisfies the fol-
lowing condition:

(F7) fb > )\.l,foo < m
Then BVP (1.1) has at least one positive solution.
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Proof By the definitions of fy and f*°, we can easily obtain

fo> X1 = (F4) holds,

1
® < ———— = (F5) holds.
Y <(;'1—1)I‘0+1 (F5) holds
Hence, by Theorem 3.2, BVP (1.1) has at least one positive solution. O

Conditions (F6) and (F7) describe the growth state of f on (xo, %1, ...,%,-1) as |[(xo,%1,...,
%*n-1)| = 0and |(xo,%1,...,%,-1)| = 00, and they contain the usual superlinear and sublin-
ear growth conditions of f at 0 and co. Theorems 4.1 and 4.2 naturally extend some results
in [2-11].

Example 4.1 Consider the third-order Sturm-Liouville boundary value problem

u”(8) + ut(e) + u3) + u* (1) =0, te0,1],

(4.2)
u(0)=0,  24(0)-u"(0)=0,  -u'(1)+3u"(1)=0,
corresponding to BVP (1.1), n = 3, the nonlinearity
St x0,%1,%2) = x0" + 21° + 252, (4.3)

and the coefficients of the boundary condition

Clearly, o, B8, y and § satisfy (1.2). By the definitions (4.1) and (4.3), we easily see that
f(t,%0,%1, %) satisfies the Nagumo-type condition (F3) on x,, and

=0, fo=00.

Hence, f also satisfies Condition (F6). By Theorem 4.1, BVP (4.2) has at least one positive

solution.

Example 4.2 Consider the fourth-order Sturm—-Liouville boundary value problem

u®(0) + Ju2(O) + w (@) + u(t) + (), telo,1],

(4.4)
u(0) = «/(0) = u”"(0) =0, 2u”(1) +3u"(1) = 0,
corresponding to BVP (1.1), n = 4, the nonlinearity
St %0, %1,%2,%3) = /X2 + %1% + %27 + %32 = | (0, %1, %2, 23)| 7, (4.5)

and the coefficients of the boundary condition
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Obviously, &, B, y and § satisfy (1.2) and by (4.5) f satisfies

fo =00, fe=0.

Hence f satisfies Condition (F7). By Theorem 4.2, BVP (4.4) has at least one positive so-
lution.
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