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Abstract

In this paper, a time-delay rumor propagation model with a saturated control
function is established. Regarding time delay as a bifurcation parameter, Hopf
bifurcation is studied. By means of the normal form and the center manifold theorem,
a formula is put forward to determine both Hopf bifurcation direction and bifurcating
periodic solution stability, together with some numerical simulations to illustrate the
relevant theoretical results. Simulation results indicate that an appropriate
government control could make periodic oscillation behaviors of the system become
steady so as to improve the balance of a social system.
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1 Introduction

After an emergency takes place, the government sector serves as the subject of emergency
treatment. As far as the government is concerned, the associated contingency plan should
be initiated promptly, including emergency supplies distribution, rescue and information
release, etc. During emergency processing, a variety of rumors may be spread along with
it to affect government image, course of emergency processing and official contingency
strategies. The ultimate aim for studies on rumor propagation law and influencing fac-
tors is to effectively control and prevent rumors, guide public opinions, and bring down
damages caused by rumor propagation. Research on rumor propagation control strategy
is exhibited qualitatively in most cases. The exploration into controls over rumor propaga-
tion by qualification has become a hot spot in recent years [1-10]. As for the corresponding
theoretical accomplishments, most of them concentrate on rumor propagation regulation
by the government that takes advantage of media, etc. to carry out external environment
intervention strategy and individual immunity method.

Through media, etc., the government makes use of external environment intervention
strategy to control rumor propagation, and such a method has attracted increasingly more
attention from scholars and managers. Study on rumor propagation control is required to
sufficiently seize rumor propagation laws, psychological features of receivers, and inter-
ventions from the external environment, etc., so as to effectively deal with relevant prob-
lems. In recent years, scholars have achieved certain research accomplishments from dif-
ferent perspectives and focuses. Reinforcement of media coverage and timely information
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release by the government is an effective widely recognized measure for rumor propaga-
tion control at present. According to Huo et al. [11], factors such as media coverage and
governmental information transparency during propagation and diffusion are taken into
account to extend the D-K rumor propagation model; moreover, they also utilize the opti-
mal control theory to discuss an optimal control strategy for rumor propagation. Recently,
Zhang and Huang [12] have presented an 8-state ICSAR rumor propagation model with
government regulation and control. In their opinion, both high and low propagation rates
of rumors are able to lead to repeated propagations.

Asrumor propagation is similar to infectious disease transmission, the individual immu-
nity method for rumor propagation control is derived from the method of immunization
against infectious diseases. Many scholars have carried out relevant studies on immuniza-
tion strategies of infectious diseases, and rather plentiful research accomplishments have
also been obtained [13-16]. Without any doubt, theoretical guidance and methods for
references are provided for effective controls over rumor propagation by means of indi-
vidual immunity. In the process of control over infectious diseases, both treatment and
immunization play critical roles. In order to prevent and control transmissions of infec-
tious diseases such as measles, tuberculosis and flu, treatment is an important and valid
approach. As for the classic epidemic model, the cure rate of the infected is deemed to be
in direct proportion to the number of such infected people [17]. Therefore, dynamic prop-
erties according to which application of treatment affects these diseases should be studied.
The establishment of an appropriate cure function is a problem rather concerned about
by scholars at the time of performing theoretical analysis on epidemicity of diseases. In
literature [18—-25], they adopt diverse cure functions to probe into controls over epidemic
diseases and set up the corresponding epidemic models provided that different medical
resources are limited.

Among studies on rumor propagation, regardless of external intervention strategies that
are adopted to control it, the control capability of government cannot be enhanced un-
limitedly as far as the finiteness of various resources is taken into consideration. Likewise,
beneficial from research accomplishments of infectious disease studies, we can use the
study on a saturated cure rate of infectious diseases with treatment capacity constraints
for references.

Enlightened by research accomplishments above, in this paper, a rumor propagation
model that considers government control limits is constructed, and the relevant dynamic
properties are also analyzed.

The structure of this paper is arranged as follows. In Section 2, the model is constructed.
In Section 3, I study the local stability and the existence of Hopf bifurcation through the
study of associated characteristic equations. In Section 4, I study the direction and stability
of Hopf bifurcation. In Section 5, some numerical simulations are given to support our

theoretical predictions. Finally, this paper ends with a brief conclusion.

2 The model
This section describes a delayed rumor propagation model. Our goal is trying to create
a realistic model which can provide wide insight into predicting and controlling rumor
prevalence.

Based on the classical SIR epidemic model, in this work, the people can be divided into
three classes depending on their different states: ignorants (those not aware of the rumor),
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spreaders (those who are spreading it), and stiflers (those who know the rumor but have
ceased communicating it after meeting somebody already informed). For simplicity, we
use S(£), I(¢) and R to represent the densities of ignorant users, spreading users and stifle
users, respectively. To model the propagation of rumor, the following assumptions are
imposed:

(i) We consider the recruitment rate of the ignorants is a constant.

(ii) When an ignorant user is infected by spreading users, there is a spreading
incubation period during which the infectious agents develop on networks, and it is
only after that time that the infected user becomes himself infectious. Therefore,
defining a delay for the spreading incubation period is more appropriate.

(iii) Usually, when a rumor is spreading, the government will take effective actions to
control and remove the spreading users.
Our assumption on the dynamical transfer of the nodes is depicted in Figure 1. As a

result, our model can be represented as follows:

ds
EZA—ﬁSI—MS,

&~ BSI - alR(t - 7) - ul - £, v
9 = alR(t - 7) + {25 — uR,

where S is ignorant, I is spreader, and R is stifler. A is the recruitment rate of the ignorants,
B is the contact rate of ignorant and spreader, p is the death rate of nodes, « is the con-

tact rate of spreader and stifler, 7 is a non-negative constant representing the spreading

Bl
1+aq ]

incubation period. is a government control function which tends to a saturation level
when [ gets large.

In the following, we find all possible non-negative equilibria. Clearly, the system has two
feasible non-negative equilibria, namely,

(1) The boundary equilibrium El(%, 0,0) representing the state corresponding to the

extinction of spreaders and stiflers;
(2) The interior equilibrium E*(S*,I*, R*).
At the interior equilibrium point, we must have

A—BSI-puS=0,

BSI—aIR - ul - 5 = 0, (2)
IR + {24 — R = 0.
Solving the first and the third equation of (2), we have S = 3 1/:# and R = m

Substituting S and R into the second equation of (2), we have

AP + Ay? + Al + Ay = 0, (3)
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where

A =181,
Ay =afu+aop’ — a1 fu’ — Aaas B,
Az =ap® —onp’ - Bu’ — Ao — BB + Ao Bu,

Ay=ABu— 1’ - Bop®.

(4)

We make the following assumption:

(H) AB-p*—Bou<0.
The following results are obvious.

Lemma 2.1 If(H,) holds, then system (1) has at least one positive equilibrium E*(S*,I*, R*),

A _ Aul*
where §* = Bl and R* = o %) (u—al®) *

3 Local stability and Hopf bifurcation
In this section, we discuss the local stability and Hopf bifurcation of system (1) by analyzing
the corresponding characteristic equations.

Theorem 3.1 If BS* — u + By < 0 holds, then the equilibrium E; is locally asymptotically
stable.

Proof 1t is easily obtained that the characteristic equation corresponding to the equilib-
rium Ej is as follows:

(4 w? (2= BS" + 1~ 1) = 0. ®)

So, we obtain A; = —u < 0 and A, = B8S* — u + B;. Therefore, if (H;) holds, then A, < 0. It
means that the equilibrium £ is locally asymptotically stable. O

In the following, we consider the stability of the positive equilibrium E*. At the positive
equilibrium E*, the corresponding characteristic equation is

D(3) = 3% + p1A® + pak + p3 + (pad® + psh + pe)e”™, (6)
where

p1=2p+ Bl —as,
p2=—os(w+ BI*) + w(w + BI* — az) + 1B°S*,
p3=B2S T — (n+ BI*) pas,
pu=-al’ )
ps =’ I'R* + onal* — (u + BI*)al* + al*as,
Pe = (1 + BI*) (@’ R* + apal* + IMoverz) — B8 TI*a,
B Bioal”

ty=———""—, 3= ———.
(1 + o 1*)? (1 + oql*)?
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When t =0, Eq. (6) becomes

22+ (01 + pa)A* + (D2 + ps)h + p3 + pg = 0. ®)
By the Routh-Hurwitz criteria, we have the following results.

Lemma 3.1 Ifp; +pa>0,ps3 +pe >0, (p1 + pa)(p2 + ps) — ps + pe > 0 hold, then the positive
equilibrium of system (1) is locally asymptotically stable with T =0

Now the effect of the delay on the stability of the positive equilibrium of system (1) will be
discussed. Providing that there is a root of Eq. (6), it should satisfy the following equation:

—03 + prw = (—p4w? + ps) SinwT — psw cos wT,

o(p1 + p2 + pa) = —pswSInOT — (—pa0* + ps) cOS WT. ®
From Eq. (9), adding the squared terms for both equations yields
+ (p12 -2ps —pi)w4 + (p% —2p1p3 + 2paps —pg)w2 +p§ —pé =0. (10)
Let z = ?, then Eq. (10) becomes
2+ (p1* = 2p2 - p3)2° + (P3 — 201P3 + 2paps — P2)z + p3 — pg = 0. (11)
Denote
h(z) =2 + (p12 -2ps —pi)z2 + (p% —2p1p3 + 2pape —pg)z +p§ —pé =0. (12)

Lemma 3.2 Ifthe following conditions
o« IR + BS* 1 — afS*I* > 0, BS* 1+ aBS*T* — poy — a* I*R* — Bayay < 0 (13)
hold, then Eq. (11) has at least a positive root.

Proof From (7), we have

p3 +pe =B2S T — (1 + BI*) oy + (1 + BI*) o> I*R*
+ (u+ BIY)oal* - B*S* I,
(14)
p3—pe = P*ST 1= (1 + BI* o — (n + B )’ I'R*
)

— (e + BIY)aral* + B2S*Ia.
If conditions (13) hold, then p3 + ps > 0 and p3 — p < 0. Obviously, lim,_, 4(z) = +00.

Hence, there is at least z € (0,00), so that i(z) = 0. That is to say, Eq. (11) has at least a

positive root. |
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According to Lemma 3.2, Eq. (11) has a unique positive root, denoted by z,, and thus
Eq. (10) has a unique positive root wy = ,/zo. By (9), we have

(—pa®® + pe)(p1 + P2 + Pa)w + pso(-0* + pro)

cos(woT) = (15)
(Pa®® - p6)* + P2
Thus, if we denote
1 (=pa@? + ps)(p1 + P2 + pa)w + psw(—w? + prw) .
Tj = —| arccos 5 SR +2jm |,
w (paw® — pe)” + w?p3
j=0,1,2,..., (16)

then iwy is a pair of purely imaginary roots of (10) with T = 7/. Clearly, the sequence

{T/}%% is increasing and

lim 7/ = +o0. 17)
J—>+00

Thus, we can define

70 = 1° =min{7/}. (18)

Lemma 3.3 Let A(t) = a(7) £ iw(7) be the root of (6) near T = ‘L’é satisfying oz(té) =0,
w(t)) = wo. Suppose that, where is defined by (12), the following transversality condition

holds:
d(Re A
ARID | 2o, (19)
dt et
0
and the sign ofw |r:ré is consistent with that of h'(zp).
Proof Denote
R(A) = A3 + p1A% + pak + p3, (20)
Q1) = pa2® + psh + pe. (21)

Then Eq. (6) can be written as

R(\) + QM)e™ =0, (22)
and (10) can be transformed into the following form:

R(iw)R(iw) + Qi) Q(iww) = 0. (23)
Thus, together with (11) and (12), we have

h(w?) = R(iw)R(iw) - Q(iw) Q(iw). (24)



Li Advances in Difference Equations (2017) 2017:255 Page 7 of 22

Differentiating both sides of Eq. (24) with respect to w, we obtain
20l (0?) = i[R (iw)R(iv) — R(io)R (i) - Q (iv)Q(iw) + Qiw)Q (iw)]. (25)
If iwy is not simple, then wy must satisfy

d
o [R(A) + Qe ] =0, (26)

A=ieg
that is, wy must satisfy
R (iw) + Q' (iw)e™ ™0™ — 7,Qiwg)e 0™ = 0. (27)
With Eq. (22), we have

_ Q'(iwo)  R'(ivo)
Qiwo)  R(iwo)

To

Thus, by (23) and (24) we obtain

I B (Q’(iwo) R’(z‘wo)> ~ (Q’(iwo)Q(iwo) R’(iwo)z‘e(iwo)>
m(tp) = Im — — —— =Im S
Qiwo)  Rliwo) Qiwo)Qiwy)  R(iwg)R(iwg)
_ Im(Q'(iwo)Q(l'wo) - R'(iwo)R(iwo)>
R(iwo)R(iwo)

B ~i[Q (iwo) Qliwo) — R (iwo)R(iwo) — Q' (iwo) Qi) + R (iwo)R(iewo)]

B 2R (iwo)R(iewo)

_ wol(@3)

~ IR(iwo) >

Since Ty is real, i.e., Im(zo) = 0, we have /' (w?) = 0.
We get a contradiction to the condition /#'(w3) # 0. This proves the first conclusion.
Differentiating both sides of Eq. (22) with respect to 7, we obtain

d

[R()+QMe™ - rQ(A)e‘“]E - 2QN)e*T =0, (28)
which implies
dh AQ() _AQMIR (M) + Q' (M) — Q)]

dt - R + QM) -1Q1)  [R(e + Q1) - 1Q()P

_ M=RMR (M + QQ (1) - T1Q()I]
IR (1)e' +Q (1) - TQM)? ‘

It follows together with (25) that

d(Re \(1))
dt

T=10,A=iwQ

~ Ref2A[-ROR (1)e*™ + Q(1)Q (M) — 27| Q(W)[*]}r=rp iwo
B IR (1) +Q'(%) — 2T Q)2
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_ o[- R(iwn)R (i) + Qliwn)Q (iwn) + R (i) R(iwy) = Q (i) Qliewy)]
IR'(M)e**™ + Q' (1) — TQ()[?
W2 (@}) wih (20)

S IRME + Q) -2cQ0P - RO+ Q) - 22QPR 7

Clearly, the sign of & Re’\ f) |r=7, is determined by that of /'(zo). O
From the above analysis, we have the following theorem.

Theorem 3.2 From Lemmas 3.1-3.3, the following statements are true:
(i) When t € [0, 1), the positive equilibrium point of (1) is asymptotically stable;
(i) The Hopf bifurcation occurs at t = to. That is, system (1) has a branch of periodic

solutions bifurcating from the positive equilibrium near t = 1.

4 Direction and stability of Hopf bifurcation

In this section, we derive explicit formulae to determine the properties of the Hopf bi-
furcation at critical value 7/ by using the normal form theory and the center manifold
reduction developed by [26].

First, we let

1
fO=A-BSI-uS, [P =BSI—alR(t-1)-pul— L,
1+ Ol11
I
® - IR(t — AL _ R, 29
S = alIR( T)+1+a11 w (29)
f@) ) ai+jf(1) ’(’2) ) ai+/+l+kf(2) f§3) ) ai+j+lf(3) '
i~ 9Siap’ gk T 9SiIgU AR ORK’ T IIRIOR!

Denote 7/ by t* and introduce the new parameter j = T — t*. Normalize the delay 7 by

the time-scaling t — ¢/7. Denote

Uu(e) = (S@), 18, R®) ",

then system (1) can be rewritten as an abstract differential equation in the phase space
C = C([-7,0],R") of the form

dL[(t)

dt (T*)(Ut) +F(ut’ﬂ)’ (30)

where

u@)=U@+0), -t<6<o,

—(BI" + 1)1(0) — BS*(0)
Ly)(¢)=pn BI*$1(0) + a22(0) — ol *p3(—7) ) (31)
(aR* + a3)2(0) — uep3(0) + al*3(-7)

F(g,y) =L(y)¢ +q(¢,y) (32)
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and

D % i}l)‘P{(Q)?’é(O)
qlp ) = (7" + 1) Disjlik= W i;lzlgwi(o)(plz(o)(/’é(o)@é(—l) +h.o.t., (33)
Y ijric2 l,(zs 03(0)¢5(0)¢h (-1)

for ¢ = (o1, 92, 03)" € C.
Then the linearized system of (30) at the positive equilibrium is

du()

S, (34)

Based on the discussion in Section 3, we can easily know that for v = t*, the characteristic
equation of (6) has a pair of simple purely imaginary eigenvalues Ag = {iwoT*, —iwoT*}.
Let C := C([-1, 0], R3), consider the following FDE on C:
,"Z:L(T*)(Zt). (35)
Obviously, L(t*) is a continuous linear function mapping C([-1,0],R?) into R3. By the

Riesz representation theorem, there exists a 3 x 3 matrix function n (-1 <6 < 0), whose
elements are of bounded variation such that

0
L(t*)(p) = / [dn(0,7*)]e(0) forgeC. (36)
41
In fact, we can choose

-Brr+p) ST 0

n(@,r*):r* BI* ay 0 |é00)
0 aR* +a3 —u
0 0 0
—t*l0 0 —aI* |806+1), (37)
0 0 oal*

where § is the Dirac delta function.
Let A(7*) denote the infinitesimal generator of the semigroup induced by the solutions
of (35), and let A* be the formal adjoint of A(7*) under the bilinear pairing

0 ro
(¥, 9) = (¥(0),4(0)) - /1 o V(& —-0)dn6)¢()dE

o 00 O
=(1//(0),¢(0))+r*/ v@+1)|0 0 —al* |¢®)do (38)
B 0 0 aff

for ¢ € C,vy € C* = C([0,1], R®). Then A(t*) and A* are a pair of adjoint operators. From
the discussion in Section 3, we know that A(t*) has a pair of simple purely imaginary
eigenvalues £iwot*, and they are also eigenvalues of A* since A(t*) and A* are a pair of
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adjoint operators. Let P and P* be the center spaces, that is, the generalized eigenspaces
of A(t*) and A* associated with Ay, respectively. Then P* is the adjoint space of P and
dim P = dim P* = 2. Direct computations give the following results.

Lemma 4.1 Let

o = i+l ep _iw(iw+BIF+ )+ BESHT*
1= pS* 7 - ﬁS*(aI*e‘in*—az) ’ (39)
x _ BM+utio x _ (iw—a)(io+BI* +1)+BS*
o1 = pr< 0y = aR*+ag .
Then
- _
pi(0) =" (1, 01,00)7, p0)=p(0), -1<6<0, (40)

is a basis of P associated with A and

ql(s) = (1,0,1*,0,2*)6—1'0)01'*5’ QZ(S) = 6]1(5), 0<s<1, (4'1)
is a basis of Q associated with Ay.

Let ® = (¥1, d,) and W* = (¥, W5)T with

Re{eiwor*é}
0) + 6 . *
®,(0) :Pl( )2192( ) - [ Refoeie0r)
Re{oyei@0™"?}
coswoT*0
0 sinwt*0 — L coswr*
BS* BS*
1 2 2 Ok T* * *
ﬂS*((aI*cos(wr*)—a2)2+sin2(wr*)) (((_a) +ﬂ S )(Ol[ COS(C()‘L' )—0!2) ?

—(BI* + p)wsinwt*) cos wt*0 — (sinwt*(—w? + B2S*I*)
+ w(BI* + p)(al* cos(wt*) — az)) sinwt ™)

and
(0) = p2(6) Im{e 0™} sinwot*9
pi\G) —p2 ion ¥ si *9 S w70+ si 0
@2(0): 5 _ Im{ale’“’of 9} _ _ Bsinwot +wco;¢;)£r +Usinwo T ,

iwgT*0 Bi sinwt*0+By coswt*0
Im{Uze } BS*((@* cos(wt*)—az)2 +sin2 (w7 *))

for 6 € [-1,0], where
By = (- + B*S*I*) (al* cos(w1*) — az) — (BI* + p)wsinwt*,
By =sinwt*(-® + B2S*I*) + w(BI* + w) (al* cos(wt*) - a3),

Re{e—iwo t*s}

18) + q2\S .
“I‘T(S) = w = Re{o‘l*e_lwot*s}
Re{o;e 07"s)
coswoT*s
_ (BI*+u) cos wgT*s+w sinwg t*s
- 51* ’

(B2S*I* —w2 —ap (BI* +11)) cos wo T*s+wq (BI* +pu—ag) sin wo T*s
BI*(R*+a3)
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Im{e—iwor*S}
= | Im{o; e 075}

Im{az’ke"iwof*s}

z@w—m@

¥2(s) 2i

—sinwgT*s
wcoswoT*s—(BI* +11) sinwgT*s
= A
—(B2S*I* —w® —an (BI* +11)) sinwo T*s+wq (BI* +pu—a2) cos wy T*s
BI*(aR*+a3)

for s € [0,1]. From (38), we can obtain (¥, ®;) and (¥}, ®,). Note that
(qu,p1) = (W), 1) = (W5, @o) +i[ (U, @2) + (¥, D) ]
and
(q,p1) =1+ 0101" + 090 — T al* (0202* - 0201*)67@0# := D*,
Therefore, we have

(9, 0) = (45, @) = Re[ D'},

(V) @) + (W3, @) =Im{D*}.
Now, we define (V*, ®) = (U, &) (j, k =1,2) and construct a new basis ¥ for Q by

-1

U= (0, W) = (W%, @) v

Obviously, (¥, ®) = I,,, the second order identity matrix. In addition, define fy =
(£3,£2,£3), where

Let ¢ - fy be defined by

c-fo = ClEL + &S + c3E3

for c = (c1,¢2,¢3)7, ;€ R (j=1,2,3).
Then the center space of linear equation (34) is given by PcyC, where

Peng = (Y, (0.f0)) - fo, ¢ €c (42)
and C = PcnC & PsC, here PsC denotes the complementary subspace of PcyC and (-, -) is

the Euclidean product.
Let A;+ be defined by

Ag(0) = 9(0) + Xo(O)[L(*) (¢(0)) - 9(0)], ¢ €BC, (43)
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where Xj : [-1,0] — B(X, X) is given by

0, -1<6<0,
Xo(6) = (44)
I, 6=0.

Then A.+ is the infinitesimal generator induced by the solution of (34), and (30) can be
rewritten as the following operator differential equation:

U, = AU, + XoE(U,, ). (45)

Using the decomposition C = PcyC @ PsC and (42), the solution of (30) can be rewritten

as
U= [ D) o+ w0 0, (46)
%5(2)
where
xi(t) |
<x2 (t)> = (¥, (Unfo))s (47)

and h(x;, x5, 1) € Pyc with 4(0,0,0) = Dh(0,0,0) = 0. In particular, the solution of (30) on
the center manifold is given by

u:=o () - fo + h(x1,%2,0). (48)
x2(t)

Setting z = x; — ix, and noticing that p; = ®; + i®,, then (48) can be rewritten as

1 zZ+2Z 1 _ _
Ur=-o| 7 7 | for+wiz2)==piz+p2 fo+ Wz2), (49)
2 i(z-2) 2
where W(z,z) = h %2, _z2_—iz, 0). Moreover, by [26], z satisfies
z=iwyT*z + g(z,2), (50)
where
8(z,2) = (W1(0) — iW2(0))(F (U7, 0). fo)- (51)
Let
z? z?
W(z,%) = WZQE + WHZE + WOZE + .- (52)
and

z? z?
g(z,2) = g0 > + 8112Z + Zo2 Z v (53)
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From (49), we have

%
(F(U;,0).00)
(1) (1) (1)
20 + 11 o+ 3 02 02
1,(2) (2) 2 2 -2iwt* (2) (2)
«2 | 2/2000 +3 02007 zfoozo 2t 2foooz‘7 e + 110001 * 101002
_ —iwt* —iwt* (2) 2 _—iwt*
=g +f100102‘3 +f01100102 +f0101‘71‘72e +foonos€
24(3) 1 ,(3) —2iwT* (3) (3)
2f200‘71 * 0‘ 020‘72 oo205€ + /1100102 + fig10102¢€
—iwT*

(3) 2
+fonoze

—iwT*

1) +f1(11)(02 + 62) +f0%)0262
2000 +f02000101 +f0020‘72‘72 +f0002‘72‘72 +fnoo("l +01) +f1010(
T¥22 +09) +f1001 ope et ) +f0110 0103 + 0107)
4 + fo(lz())l(m&ge ) + ]”0%;1(026265‘”* it
f20001‘_71 +fo(§<))‘7252 +fo((?;)2‘7252 +f1(130)(f7152 +0107)
+ f101 (016267 + G100 + fon (09652€

+ oze““’

PR — ik -
HOTT 4 or09e” T + 0909e

Lk %
T + 02026 T )
(1) iwgT* (1) ~

2fzo /11 02€ 2Jo2 ‘72

1,(2) (2) -2 2iwt* (2) (2) =
2 | 2/2000 * 2f0200 2f0020 +3 2 000202‘3 + 110001 * 101002

* (2) =2 jiwgr*

+ +f1001‘7 e +ﬁ)110‘71‘72 +fo1o101‘723m01 + foonn 03 €°"

(3)—2 (3)—2 2 (3) = = (3) = = _iwpt*
zfzoo 1+t3 z 02002 +5 205 € ot + /1100102 + fo1 0102€"°°

iwgT™
+fon(’z €

(2f2%)(w (0) + 2w11 0)) + £ W5 (0) + 2w (0) + 20,w? (0)
+ 62w20(0)) +f4 (azew w<;3( 1) + doye 0T W (1)),1)
(22w (0) + Wi (0)) + £2), (WD (0)5, + 201w (0))
+foono (W5 (0)5s + 2ozw§'?<o>> + fooba (Why (-1)Ge 0™
+ mwﬁ?( 1)e—l'w0f*) +f2 (2wﬁ>(0) + w2 (0) + 201w(1)(0) + 51w“>(0))
+ /2 (w2 (0) + 2wu>(0) +20,w2(0) + 02w 0(0)) + ﬁggl 20( -1)

+ 2wu>( 1)+ azelww Wil (0) + 202e”wof wu )(0) ) + fom(Zolw )(0)
+— + 01w20 )(0) + 20214/11 (0) + 02w20 /(0)) +f0101(01w20( -1)+ 201w ( 1)
+ 2026"‘“0’ w11 (O) + oze“"of w20 (O)) +f0011(2021/v11 (1) + 02w20 (—1)

+ 202w§3)(0)e”"”0’* + Gyel®ot” (3)(0)) 1)
(fzoo( W2o( ) + 2(71W ( ) +ﬁ)20(02W20 (0) + 20—2W11 (0))
+ foo (62607 W) (<1) + 20707 wg?( 1) +£2 20w (0)
+ 01W20( )+ ZUgwﬁ)(O) + 62w(220)(0)) +f101 alw(;g(—l) + ZUIW(S)( 1)
+20 e"“"of*wﬁ)(O) + 62w(22())(0)ei“)07*) +f0(fl)(2agwu)(—1)

+ UZWzo( 1)+ 202w11)(0)e‘i“’°’* + 62w(238(0)e”"01*), 1)

X227+,
where

(W, (9)1 / Wi 0)(x)dx, i+j=2,neN.
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Let (Y1, Y2, ¥r3) = W1(0) —iW,(0). Then, by (51), (52) and (53), we can obtain the following

quantities:

(1) 2 (2)
£20 —_{[ fzo "’fn 2+_ 02 02]1/’1 |: 2000 _fozoo 1 foozo 2

2 —2iot* —iwt*

(2) (2) (2) (2)
_foooza e +f110001 *f101002 + fi00102€ + fo1100102

@) Ciott @) 2 - L o2 150
+ for01010267" +f001102 r ]W + |:§f200‘71 + 50‘ 020‘72

2 —2iwt* (3) (3) —iwt* 3) 2 -iwt*
_foozfI + 1100102 + fi10102¢€ +Jon0%2€ Vs (>

#
gu =%{[f2%) 102+ 32) + 1350252111 + [Fro00 + 2000101 + figh 0252
+f(§(2)2)20262 +f1(120)0(01 +01) +f1(021)0(02 +09) +f1(0231 (age""‘”* + 6zei“’f*)
+ félzl)o(ol&z +0109) + fo(12(;1 (016zei“’r* + 6lage_i“”*) + fo((z)h (025267
+ 6zage_iw’*)]1p2 + [fz(g’z)ol&l +f0(22)02&2 +ﬁ)(g)20262 +f1(138(<7162 +0107)

+f1(g’1) (olc'rzem* + c'flcrze—iwr*) +f0(131) (crzcbeim* + 025ze_iwr*)]1/f3},

1 1
_ M) 52 (2) @ - 2) =2
go2 ——”:2/‘20 + D Ge 0™ 4 f }ﬁl + |:2fzooo + ifozoofﬁ + Efoozo%

~2 2int (2) (2) = (2) = iot* (2) = = (2) = = iwgt
+ 5J000202 € +f10001 * 101002 +f100102€ +f01100102 + fo1010102€

1 )
—2 m)or (3) =2 2iwgt* (3) = =
+foou :|‘/f2 + |: f200‘71 + fozo 2 T @ 00292 € + /1100102
iwgT™ 2 za) T
"'f101‘7152€ 0 +f 0 ]%03},

[<2f20 (w20( )+ 2w§ (0 )) +f11 (w20 (0) + ZW(S)(O) + 2a2wg)(0) + 52w(213(0))

+ £33 (52607 WS (<1) + done 0 W (<1)), 1)y + (frono (2w11(0) + wig(0))
+f0(§2)0 (w(220)(0)61 + Zalwﬁ)(O)) +f0§20 (W(Z%)(O)a'z + 202wﬁ)(0))

+f(§§)02 (w(z?g(—l)62ei“’°’* + ZUZWﬁ)(—l)e_i"’OT*) 1(120)0 (Zw(ﬁ)(()) + W(ZZO)(O)

+ 201w (0) + 1w (0)) + £ (WSn (0) + 2w (0) + 205w (0) + Gawing (0))
+ o0 (WS (=1) + 2w} (<1) + G260 Wiy (0) + 205707 wi)(0))

+fito 201w (0) + 31w (0) + 205w7 (0) + Gawhy (0)) + £, (61w (~1)

+ 201w (<1) + 205670 WD (0) + 526707 W (0)) + foon (202w (1)

+ 62w(230)(—1) + 202w§§)(0)e’i“’°’* + 6zei“’°’*w230 (0)), 1)1//2 + (fz(g)o (6114/(220)(0)

+ 20’1Wﬁ)(0)) +f0(§2) (62w(230)(0) + Zazwﬁ)(O)) + 0((3))2 (62ei‘“°T*w(23())(—1)

+ 2aze_iw°’*wﬁ)(—1)) +f1(130) (201w§?1’)(0) + olw(z?g(O) + 2azw§?(0) + &ZW(ZZO)(O))

+ﬁ(§’1) (c_rlw(zsg(—l) + 26lwﬁ)(—1) +205e7 07" (2)(0) + crgw(z)(O)e”"OT )

+f011 (202""11 (-1 + ango( 1)+ 2(72w11 (0)e 07" 4 O Wy )(O)e“”of ) 1>w3].



Li Advances in Difference Equations (2017) 2017:255 Page 15 of 22

Since W (8), W11(0) for 6 € [-1,0] appear in gy, we still need to compute them. It fol-
lows easily from (52) that

W (z,2) = Waozz + Wi (22 + 22) + WopZZ + - - - (54)
and
2 =2

z z
AW = Apx WZOE +Ar* Whzz +At* WOQE e (55)

In addition, by [26], W (z(¢), z(t)) satisfy

W =AW+ H(z,2), (56)
where
2 52
_ z _ z
H(Z,Z) = H20— +H11zz +H()2— + -
2 2 (57)
= XoF(U},0) - (¥, (XoF(U},0).f0)) - for
with Hy € PsC, i + j = 2. Thus, from (49) and (54)-(56), we can obtain that
2iwgT* — Arx)Who = Hayg,
(2iwo YWao 20 (58)

—A«Wn = Hy.

Notice that A« has only two eigenvalues +iwyt* with zero real parts, therefore, (56) has

a unique solution Wj; (i + = 2) in PsC given by

Wao = (2iwot* — Ar+) " Hao,

Wi = —AZtHy. )
From (57), we know that for -1 <6 <0,
H(z,z) = —®(0)W(0)(F(U},0)./0) - fo
_ _<p1(9) ;m(e),pl(mz—ipzw))(\111(0)%(0)) < F(UE0)fo) o
= —% [£1(0)(W1(0) - i%¥5(0)) + p2(6) (¥1(0) + iW1(0)) ] x (F(U;,0).fo) - fo
= 3 [20mi @) + 20012 fo~ 3 [a (6) + 2upal6)]e2 fo+ -
Therefore, for -1 <0 <0,
Hy(0) = —% [2001(0) + 202p2(0)] - o (60)

Hu(0) = —%[gupl(@) +gup2(0)] - fo (61)
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and

H(z,2)(0) = F(U},0) - (¥, (F(17,0).£5)) - for

1o + 002+ 52) + [y 0252
fz(gz)o + 0(%0‘7151 +fo((2))20‘7262 +fo(32)2(7252 +ﬂ(12())o (01 +01)
T* +f1(021)0(02 +02) +Jcl(()2F))1 (ope7 oty 4 f0(121)0 (01‘62
Hz(0) = Bl 0102) +f0(12(;1(<71523’m* +0102€ )+fo%il(02<_rze”‘”*
+ Gp0ope Ot )fz(gz)al&l + fo(g())dzﬁz + fo(g)zgz(}z
+fuo (0102 + 5107) +f1(§’1) (015,67 —iwr*)
+f(§i%1)(0252€m*

+ 0y€

—iwt*

+ 0107€

iwr*)

+ 0y0%€”
1 _
-3 [£2071(0) + g02p2(0)] - £,

1 1 - -
f2(0) +f1(1)(c72 +03) +ﬁ)(2)0202
(2) (2) — (2) = (2) = (2) =
fzooo + /02000101 +f90200202 + f50020202 + fri00(01 + 01)

- 2 i * - : * 2 - -
* +f1010(c72 +09) +f1(0())1(aze 1O 1G0T ) +f0(u)0(0102 + 6103)

T
Hy(0) =— o 0 ' )+) ' |
4 +.][()(12())1(01026le* + Ulaze_lwt*) +ﬁ)((2)il(0'20'26lwf* + O—Zo-ze—lwz*)
3 56 3 5.5 3, - -
Fo00151 + fig0a52 + 0(0)20202 +fin(0153 + 53107)
+fi§1)(01626iwr* + 610—26—1w7: ) +ﬁ)11 0'2(}26[“”* + 0-25-26—&01:*)

1 -
-3 [€up1(0) + g p2(0)] - f.
il
By the definition of A.«, we get from (59) that
. 1 -
Wao(0) = 2iwot* Wao () + 3 [£2001(0) + G02p2(0)] - fo, —1<6<0.

Note that p;(0) = p1(0)e°™", -1 <6 < 0. Hence

Wzo(m-E[ e )+ 3 pz(e>] fo + Ee?ot?,

and

E= Wzo(o)——[ a‘f" p1(0) + w‘; *p2<o>] fo-

Using the definition of A;+ and combining (59) and (65), we get

2iw0r*[ (0) - f+ pg(O) f+E:|
2w0T
_L(T*)I: lg20*p1(9) 'f+ lgOZ*p2(9) -f+Ee2iw°T*0:|
2600‘[ 6&)()1'

%) +f1(11)(02 +03) +f(g><7252

Frobo +Foabo0151 + foaho0252 + foons 0202 + fiige (01 + 1)
+ ]’1(021)0(02 +09) + ﬁ(ggl(aze‘i“’f* +52697) + fo(121)0 (0165 + 610%)
0T | G oye 0T 4 fo%il(az&zei“’

.E*

= — 2 B
2 +f6(131(0’10’2€

3 — 3 — 3 — 3 - _
fz(oz)alcrl +f£)(22)0’20'2 +f£)(0)20202 +f1(10)(0'10'2 + 0'10'2)

3 - : * - 7 * 3 -
+f1(01)(01026“‘” + 0102e7%7) +ﬁ)(11) (o907e

* - PR
T+ 8p09e7%7)

L% _ L%
T + O.zo.ze—la)t )
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(62)

(63)

(64)

(65)
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1 _
- E[gzopl(o) + g p2(0)] - f.
02
Notice that

L(z*)[p1(0) - fol = iwot*p1(0) - fo,
L(z*)[p2(0) - fol = —iwoT*p2(0) - fo.

Then we have

2iwyT*E — L(r*) (Eezi“’of*g)

O+ 1D (03 +62) + £3) 025
fz%%o +f0(§2)00151 +fo(é)2002<_72 +f0%2)202<_72 +f1(120)0(01 +01)
+ﬁ(021)0(02 +02) +ﬁ(()2())1 (0ze +Gre") +f0(121)o (0102 + 0102)
2 | (013267 + G102e7™) 4 fi0) (025267 + Grome ™)

3) - 3) - 3) - 3y, -
fz(oz)alal +f0(22)02<72 +f0(0)20202 +f1(10>(c71(72 + 0107)

—iwt*

3 - : * - i * 3 - . * - _4 *
+fl(01)(alage”’” + G100e7" )+j%(u)(02crze"” +0,0,e7°7)
From the above expression, we can see easily that
-1
2iwg + BI* + 1 BS* 0
. 1 *
E== —-BI* 2iwg — oty al*e 2t
. _ 7 *
0 aR* +a3 2wy + p —al*e et

fo + 001+ 52) + fi 026
Fobo +far000151 + fiohg®252 + fyoba0252 + fiioo (01 + 51)
+f1(§1)0(02 +02) +f1(02())1(026_im* + 626 7) +f(§121)0(0152 +0109)
+f2) (016267 + 5102677 ) + f2) (025267 + Gr00e7T)
FaobO151 + fooh025 + fiop 0282 + s (016 + 5102)
+ (0152697 + 3102677 ) + o) (0252

X

P _ L%
T + O_Zo..ze—la)f )

By a similar way, we have
. 1 .
Wi(0) = E[gupl(Q) +gup20)] fo, -1<6<0,
and

Wn(0) =

2o [—g11p1(9) +§11p2(9)] fo+F.

Similar to the above, we can obtain that
-1
1 BI* + 1 BS* 0
F= ) -BrI* -y 0
0 aR* +az  2iwg + W
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1 1 - ) -
f2(0) +f1(1)(02 +03) +f0(2)0202
(2) (2) — (2) = (2) = (2) =
J2000 + 02000101 + f00200202 + f50020202 + frig0 (01 + 01)

2 - 2 ) * - i * 2 - -
+f1(01)0(c72 +03) +f1(031(aze 10T 4 G.e'T ) +ﬁ)(u)0 (0109 + 6103)
+ fo(lz())l(al&geim* + G100 0T") + fo(éil(@&zei“”* + Gyore @)

3) - 3) - 3) - 3, - -
fz(oz)oqcrl +f(v)(22)0‘20'2 +f£)(0)20’20’2 +f1(10)(0'10'2 + 0'10'2)

+f1((§1) (0‘15'26in* —iwr*)

- i * 3 - : * -
+ G102e7%7) +f0(11)(02026“”7 + 0909€

So far, W5 (0) and W4;(0) have been expressed by the parameters of system (1). There-

fore, go; can be expressed explicitly.

Theorem 4.1 System (1) has the following Poincaré normal form:

£ = iwoT*E + c1(0)E 1€ + 0(1€1%),

where

c1(0) =

’

|g02|2] L&

— 2o 1% — o2l
[gzogn lgu1 3 5

2(,()01’*
so we can compute the following results:

_ Re(a(0))
Re(M/ (%))’
ﬁz =2 RC(Cl(O)))
_Im(cl(O)) + 0o Im(X (7%))

2= )
woT*

Oy =

which determine the properties of bifurcating periodic solutions at the critical values t*,
i.e., oy determines the directions of the Hopf bifurcation: if o5 > 0 (03 < 0), then the Hopf
bifurcation is supercritical (subcritical) and the bifurcating periodic solutions exist for T >
T*; B determines the stability of the bifurcating periodic solutions: the bifurcating periodic
solutions on the center manifold are stable (unstable) if B> < 0 (B2 > 0); and T determines
the period of the bifurcating periodic solutions: the periodic increase (decrease) if T, > 0
(T, <0).

5 Numerical simulation
In this section, numerical simulations of some examples are presented to illustrate the

theoretical results.

5.1 Stability of the boundary equilibrium E;

Let the parameters of system (1) be A = 0.8, 8 =0.2, 51 =0.7,01 =0.2, © = 0.6, and @ = 0.7.
Calculation reveals that the boundary equilibrium of system (1) is (1.3333, 0, 0). Obviously,
condition () holds. According to Theorem 3.1, system (1) is locally asymptotically stable
at the boundary equilibrium for all T > 0, as shown in Figure 2. This means that with these

parameter values the rumor will not be propagated.
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Figure 2 Local asymptotic stability diagram for 14
system (1) forall T > 0.
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Figure 3 The amplitude of the density of
spreaders with delay 7t increasing € [0, 2.5].
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system (1) when 7 = 0.5.
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5.2 Stability and Hopf bifurcation of system (1)

Let A =0.6, 8 =05, 1 =07, a1 =04, u =01, @ = 0.4. Calculation reveals that the
positive equilibrium of system (1) is (3.4459,0.1482,2.4059) and the critical value is
7o = 0.9583. Figure 3 gives the maximum and minimum of the density of spreaders for
system (1) when t € [0,2.5]. From it we can find that when t < 0.9583 the amplitude is
zero, which means system (1) is locally asymptotically stable at the positive equilibrium
E*, as observed in Figure 4. That is, the rumor continuously propagates with a fixed den-
sity of spreaders. When 0.9583 < t < 2.5, as 7 increases, the amplitude will increase. That
is, system (1) is unstable and oscillation occurs, see Figure 5. As Figure 5 shows, when
7 =1, the periodic solutions emerge from the positive equilibrium E*, which implies that
the rumor explosively spreads in a short period and may destroy network stability and
block regular communications in online social networks, or even cause a panic in the real

society.
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Figure 5 Instability diagram and periodic 55
solutions for system (1) when 7 = 1.
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Figure 6 The spreaders vary with B; increasing.
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In addition, when 7 = 7o = 0.9583, we get ¢1(0) = ~0.6013 + 6.8425i, 0y = —g 0725 =
12.9212 > 0, B, = 2Re(c1(0)) < 0. According to Theorem 4.1 in Section 4, the bifurcated
periodic solutions of system (1) when 7o = 0.9583 in the whole phase space are orbitally

asymptotically stable, and the Hopf bifurcation is supercritical for o, > 0.

5.3 Effect of the government adjustment power
Taking the same parameters as in Section 5.2, but $; varies in [0,1], the corresponding
situations of spreaders are shown in Figure 6. Numerical evidence shows that with the
increase of the adjustment power f;, the adjustment power makes the population of the
spreaders reduced. This is to say, if the government uses TV (the most popular and believ-
able media in China) to announce the truth, the population of the spreaders will reduce
immediately.

In addition, if we let =1 and B; = 0.1, then the positive equilibrium is locally asymp-
totically stable (see Figure 7). However, if we let B; = 0.8, then the positive equilibrium be-
comes unstable as is shown in Figure 8. It means that the government adjustment power

has great effect on system (1).

6 Conclusions

In this paper, we considered a delayed rumor model with a saturated control function.
Through the theoretical analysis and numerical simulation, we found that government
adjustment power can affect system’s stability. These can be found in Section 5.3.

By using DDE’s stability theory, we take delay t as a bifurcation parameter to study the
Hopf bifurcation of system (1). Theoretical analysis and numerical simulations show that
the discrete delays are responsible for the stability switch of the model, and a Hopf bifur-
cation occurs as the delays increase through a certain threshold (see Section 5.2).

Page 20 of 22
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Figure 7 Local asymptotic stability diagram for
system (1) with T =1and ; =

0
0 100 200 300 400 500 600 700 800 900 1000
SR

Figure 8 Instability diagram and periodic
solutions for system (1) when T =1 and 8, =0.8.
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In summary, our study contributes to rumor management by offering an interplay model
between rumor spreading and government adjustment. According to the transmission
of the rumor, the government should use TV (the most popular and believable media
in China) to announce the truth, then the population of the spreaders will be reduced
immediately.
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