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1 Introduction
In this paper we deal with the N x N tridiagonal matrix

by ap 0 --- 0 0 0 0 0
agp bl ay - 0 0 s 0 0 0
0 @ b, --- 0 0 0 0 0
o o0 o0 --- b 0 0 0
J= M A : (L1)
0 0 0 s CM dM+1 s 0 0 0
0 0 0 s 0 0 s dN_g CN-3 0
o o0 o --- 0 0 <o+ CN-3 dn—2 N2
0 0 0 s 0 0 s 0 CN-2 dN—l

where a,, b, € C, a, #0 and

cp=ayla, ne{M,M+1,...,N -2},

dy=bpla, ne{M+1L,M+2,...,N-1},

and « # 1 is a positive real number.
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The definitions and some properties of GSF are given in [1-6]. The inverse problem
for the infinite Jacobi matrices from the GSF was investigated in [3—6], see also [7]. The
inverse spectral problem for N x N tridiagonal symmetric matrix has been studied in [8]
and the inverse spectral problem with spectral parameter in the initial conditions has been
studied in [9]. The goal of this paper is to study the almost symmetric matrix J of the form
(1.1). Almost symmetric here means that the entries above and below the main diagonal
are the same except the entries a,; and cy.

The eigenvalue problem we consider in this paper is Jy = Ay, where y = {y,}} is a col-
umn vector. There exists a relation between this matrix eigenvalue problem and the second
order linear difference equation

An-1Yn-1+ bnyn +ayYue1 = AowYn, ne€{0,1,...,M,...,N -1},

(1.2)
a_1=cy1=1,
for {y,})__,, with the boundary conditions
y-1=yn=0, (1.3)
where p, is a constant defined by
O = {(lx ?Vi';?;[[_ | a0 (1.4)

These expressions are equivalent. The problem (1.2), (1.3) is a discrete form of the Sturm-

Liouville operator with discontinuous coefficients

d d
T [P(x) Ey(x)} +q(x)y(x) = Ap(x)y(x), x € [a,b], (1.5)
y(a) = y(b) = 0, (1.6)

where p(x) is a piecewise function defined by

1, a<x<cg,
lo(x):{ 2 a27!1,
a®, c<x<bh,

[a,b] is a finite interval, « is a real number, and c is a discontinuity point in [4,b]. On
eigenvalues and eigenfunctions of such an equation, see [10], and the inverse problem for
this kind equation has been investigated in [11].

2 Generalized spectral function

In this section, we find the characteristic polynomial for the matrix / and then give the
existence of linear functional which is defined from the ring of all polynomials in A of
degree <2N with the complex coefficients to C. Let us denote by {P,(A)}__,, the solution

of equation (1.2) together with the initial data

y1=0,  y=1 (2.1)
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By starting with (2.1), we can derive from equation (1.2) iteratively the polynomials P, (1) of
order n, for n = 1, N. In this way we obtain the unique solution {P,(1)}\, of the following

recurrence relations:

boPo(A) + agPi(A) = APo(A), cn-1=1,
an1P,1(A) + b, P,(A) + a,Pn1(A) = AP,(A), mnefl,2,...,M}, (2.2)
Cn—IPn—l(k) + ann(k) + CnPn+1()‘) = )"Pn()\): ne {M + 1) oo ¢N - 1}7
subject to the initial condition
Py(r) = 1. (2.3)
Lemma 1 The following equality holds:
det(J — AI) = (-1)Naoas - - - aprcarss - - - en-1Pn(X). (2.4)

Therefore, the roots of the polynomial Py(\) and the eigenvalues of the matrix | are coin-

cident.

Proof We will consider the proof in three cases. For each n = 1, M, let us define the deter-

minant A,(A) as follows:

bo—r  ap 0o - 0 0 0
ao by —A a; 0 0 0
0 a by—x 0 0 0
A 09) : : : : :
0 0 0 bps—%  ays 0
0 0 0 ay_3 by —A Ao
0 0 0 0 nny bpi—A

Then expanding A, (1) by adding a row and column and finding the determinant of A,,,1(A)

by the elements of the last row, we obtain

Aua(A) = by =2) Dy (W) —ap_y Dy (), n=1,M,0o(3) = 1. (2.5)
Now for n =M + 2,N, let us define A,()) as follows:
by — A ag 0 0 0 0 0 0
ag b1 — A al 0 0 0 0 0
0 ai by — A 0 0 0 0 0
0 0 0 by — A am 0 0 0
0 0 0 M Ayl — 2 0 0 0
0 0 0 0 0 dys—A  Cus 0
0 0 0 0 0 Cn-3 dy_o—A ()
0 0 0 0 0 0 Cn_2 dy_1—-A
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By using the same method, we get
Bpa(R) = (dy = 1) By (M) =iy By (M), (2.6)
and finally, for n = M + 1, we find
AM+2()\') = (dM+1 - )\) AM+1 ()‘-) —amem AM ()‘-) (27)

Dividing (2.5) and (2.7) by the product ag - - - a,,_1, (2.6) by the product ag - - - a,_2¢,-1, we
can easily show that the sequence

hoi=0, ho =1, hy=(D"ag-ap1) 0, V), n=1M+1,
hy=(-1)"(ao - cma - en)” Du(X), n=M+2,N,
satisfies (1.2), (2.1). Then /4, is solution of (1.2), (2.1). We can show it by P, (1) for n = 0,N.

Since An() is also equal to det(J — AI) if we combine (2.5), (2.6) and (2.7), we obtain (2.4),
foralln € {0,1,...,M,M +1,...,N}. a

Theorem 1 There exists a unique linear functional Q : Con[A] — C such that the following
relations hold:

Q(Pu(M)P,(1)) = aﬂ, m,nel{0,1,...,.M,...,N -1}, (2.8)
n
Q(Pu(M)Py(1) =0, me{0,1,...,M,...,N}, (2.9)
where 8,y is the Kronecker delta, 1 is defined by

1, mn<M»mM,
n= (2.10)
o, m,n>M,

and Q(P()\)) shows the value of Q2 on any polynomial P().).

Proof In order to show the uniqueness of 2 we assume that there exists such a linear
functional €, satisfying (2.8) and (2.9). Let us define the 2N + 1 polynomials as follows:

P,(\) (n=0,N-1), P,(0)Py(A) (m=0,N). (2.11)

It is clear that this polynomial set is a basis for the linear space Cyx[A]. Indeed the polyno-
mials defined by (2.11) are linearly independent and their number is equal to dimension
of Cyn[A]. On the other hand, by using (2.8) and (2.9), the quantities of the polynomials
given in (2.11) under the functional € can be found as finite values:

Q(P, (1)) = 5% ne{0,1,...,M,...,N -1}, (2.12)
Q(Pu(A)Py(1)) =0, me{0,1,...,N}. (2.13)

Therefore, by linearity, the functional Q defined on Cyx[A] is unique.

Page 4 of 13
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To show the existence of €2, let us define it on the polynomials (2.11) by (2.12), (2.13) and
then we expand 2 to over the whole space Cyy[A] by using the linearity of €. It can be
shown that the functional 2 satisfies (2.8), (2.9). Denote

Q(Pu(M)P,(A)) =By, mnel{0,1,...,M,...,N}. (2.14)

It is clear that B,,,, = By, for m,n € {0,1,...,N}. From (2.12) and (2.13), we get

Bmo = BOm = Smo, me {O, 1,...,M}, (2.15)
8
Bpo =Bom =2, me{M+1,...,N}, (2.16)
o
B =Bynm =0, mel{0,1,...,N}. (2.17)

Since {P,(1)}} is the solution of (2.2), we derive from the first equation of (2.2), using (2.3),
A= b() + LZ()Pl()»).
Inserting this into the remaining equations in (2.2), we get

ﬂn—lpn—l()") + bnpn()‘) + ﬂnpn+l()") = bOPn()‘) + aOPI()‘)Pn()‘)’ ne {1! 2,.. "M}!

CnaPua(A) + dyPy(X) + cyPpi1(X) = boPy(X) + agPL(AM)P,(X), ne{M+1,...,N-1}.

If we apply the linear functional Q2 to both sides of the last two equations, by taking into
account (2.15), (2.16), and (2.17), we get

Bnl = Bln = 8,,1, ne {0,1, . .,M}, (218)

nl

é
Bu=Biy =2 ne{M+1,...,N). (2.19)
a
Further, recalling the definition of p, in (1.4), we write

am—lpm—l()") + mem()\.) + ﬂumJrl()\.) = )"pmpm()\)) me {1, 2,0..,M,...,N — 1},
ay1P,_1(A) + b,P,(\) + a,Py1(A) = Ao, Py(A), ne{l,2,...,M,...,N—1}.
If the first equality is multiplied by P,(1) and the second equality is multiplied by P,,(}),
then the second result is subtracted from the first, we obtain:

formne{l,2,...,M},

Am-1Pp 1 (M) Py (A) + by Py (M) Py (L) + @y Py (M) P (1)

= ﬂn—lpn—l()")Pm (A) + bnpn()")Pm()\) + anPrH-l ()\)Pm()\)i
forme{l,2,.... M},ne{M+1,...,N -1},

A1 P (M)Py(X) + by Py (M)Py(A) + @ Py (M) Py (1)

= 1Py (WP (A) + duPy(M)Pyy (M) + €y Py (M) Py (A),
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forme{M+1,...,.N-1},ne{1,2,...,M},

Cm—lpm—l ()\)Pn()") + dem()V)Pn()") + Cum+1()")Pn()\)
= an—lpn—l()")Pm ()") + ann()\)Pm()") + anPn+1()\)Pm()\)r

formmne {M+1,...,N -1},

Cm—lpm—l()‘)Pn()‘) + dmpm()‘)[)n()‘) + CumJrl()‘)Pn()L)

= Cyo1PuotM)Py(X) + dy Py(M) Py (X) + €y P (A)Pry (X).

If the functional 2 is applied to both sides of these equations, and using (2.15)-(2.19),
we obtain for B,,, the following boundary value problems:
form,ne{l,2,...,M},

Am-1Bim1n + By + AwBun = an1Bu1m + buBum + anBuiims (2.20)
forme{l,2,.... M},ne{M+1,...,N -1},

Am-1Bm-1n + DBy + @Buiin = Cn1Bu-1,m + ApyBum + ¢uBuiim» (2.21)
forme{M+1,...,N-1},ne{1,2,...,M},

Cm1Bm-1n + AuBimn + CuiBmiin = Gu-1Bu-1,m + buBum + anBurim» (2.22)
formne{M+1,...,N -1},

Cm1Bm-1n + AuBn + CiBusin = Cno1Bu-1m + AuBum + ¢uBuiim, (2.23)
forn €{0,1,...,M},

B0 = Bou = no» B = Biy =3, Bnu =Bun =0, (2.24)

forne {M+1,...,N},

) 1)
Byo = Boy = 7“ Bu =By, = 71 By = Buy = 0. (2.25)

After starting with boundary values (2.24), (2.25) and using equations (2.20)-(2.23), we

can find all B,,,, uniquely as follows:

B, =6, m,ne{0,1,...,M},

)
By =2, mmne{M+1,...,N -1},
o

B =0, me{0,1,...,M,M+1,...,N}. 0

Definition 1 The linear functional €2 defined by Theorem 1 is called the GSF of the ma-
trix J given in (1.1).
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3 Inverse problem from the generalized spectral function

In this section, we solve the inverse spectral problem of reconstructing the matrix J by
its GSF and we give the structure of GSF. The inverse spectral problem may be stated as
follows: determine the reconstruction procedure to construct the matrix J from a given
GSF and find the necessary and sufficient conditions for a linear functional € on Cyx[A],
to be the GSF for some matrix / of the form (1.1). For the investigation of necessary and
sufficient conditions for a given linear functional to be the GSF, we will refer to Theorems
2 and 3 in [8]. In this paper, we only find the formulas to construct the matrix /.

Recall that P, () is a polynomial of degree n, so it can be expressed as

n-1
P, () =y, (x" + ankxk), ne{0,1,...,M,...,N}. (3.1)
k=0

where y, and x, are constants. Inserting (3.1) in (2.2) and using the equality of the poly-
nomials, we can find the following equalities between the coefficients a,, b,, c¢,, d, and

the quantities y,, xuk:

a, = Vi O<n=<M),y =1,
Y+l (32)
= M<n<N-2), ag=—2,
VYn+1 AYM+1
bn = Xnn-1 — Xn+Ln (0 <n=< M): X0,-1 = 0:
(3.3)
dy = Xnn-1 = Xn+ln M<n<N-1).
It is easily shown that there exists an equivalence between (2.8), (2.9), and
1) _
Q("P,() = =, m=0,mnef0,1,...,M,...,N-1}, (3.4)
NVn
Q(M"Py(1) =0, m=0,N, (3.5)
respectively. Indeed, from (3.1), we can write
m-1
QPu(MPu(M) = Y QM Pa(X)) + Vin Y xRNV P,(R)). (3.6)
j=0

Then, since
. } 5
W= "Pi), je{o1,...,N},
i=0

it follows from (3.6) that (3.4), (3.5) hold if we have (2.8), (2.9) and conversely if (3.4), (3.5)
hold, then (2.8), (2.9) can be obtained from (3.6) and (3.1).
Now, let us introduce

t=Q()), 1€{0,1,...,2N}, (3.7)

which are called ‘power moments’ of the functional €.

Page 7 of 13
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Writing the expansion (3.1) in (3.4) and (3.5) instead of P,(A) and Py(}), respectively,
and using the notation in (3.7), we get

n-1
tusm + Y Xukbiom =0, m=0,n—-Lne{L,2,...,N}, (3.8)
k=0
N-1
ton + Y xktin =0, (3.9)
k=0

n-1

tan+ Y Xnkbien = % ne{0,1,...,N -1}, (3.10)
pry NV

where 7 is defined in (2.10).

As a result of all discussions above, we write the procedure to construct the matrix in
(1.1). In turn, in order to find the entries a,, by, c,, d, of the required matrix J, it suffices
to know only the quantities y,, x.«. Given the linear functional €2 which satisfies the con-
ditions of Theorem 2 in [8] on Cyx[A], we can use (3.7) to find the quantities ¢; and write
down the inhomogeneous system of linear algebraic equations (3.8) with the unknowns
Xn0» Xnls - -+ » Xnn—1, fOr every fixed n € {1,2,...,N}. After solving this system uniquely and
using (3.10), we find the quantities y,, and so we obtain a,, b,, c,, d,, recalling (3.2), (3.3).
Therefore, we can construct the matrix /.

Using the numbers ¢; defined in (3.7), let us present the determinants

to 4 ce t,
h L oty

D.,=|. . |, n=0,N. (3.11)
ty tyar o Loy

From the definition of determinants in (3.11), it can be shown that the determinant of
system (3.8) is D,_;. Then, solving system (3.8) by using Cramer’s rule, we obtain

k
D -
Honk = — D"‘l, k=0,n—1, (3.12)
n—1

where DY) (k = 0,m) is the determinant formed by exchanging in D,, the (k +1)th column
by the vector (£,:1, tms2, - -» tams1) | - Next, substituting equation (3.12) of x,« into the left-
hand side of (3.10), we find

) nD,
yn =
Dn—l

) (3.13)

where 7 is defined in (2.10). Now if we set DE:,") = A, then we obtain from (3.2), (3.3), by
using (3.12), (3.13),

Y% Dn—an+1

4, = £ Y << M—1),D =1, (3.14)
D,
JoaDy_1D ~Dp_1D,
ﬂM:iM’ CM::EM, (3.15)
D JaDy
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Y% Dn—an+1

¢, =+ D M<n<N-2), (3.16)
n

Dy A

by=—2-="1 (0<n<M),A =0, (3.17)
Dn Dn—l
Dy D

dy=—2 2" (M<n<N-1),A=t. (3.18)
Dn Dn—l

Hence, if 2 which satisfies the conditions of Theorem 3 in [8] is given, then the values a,,
by, ¢y, d,, of the matrix J are obtained by equations (3.14)-(3.18), where D, is defined by
(3.11) and (3.7).

In the following theorem, we will show that the GSF of Jhas a special form and we will
give a structure of the GSF. Let J be a matrix which has the form (1.1) and 2 be the GSF

of J. Here we characterize the structure of Q.

Theorem 2 Let Ai,..., A, be all the eigenvalues with the multiplicities m, ..., m,, respec-
tively, of the matrix J. These are also the roots of the polynomial (2.4). Then there exist
numbers By (j = 1, my, k =1, p) uniquely determined by the matrix ] such that for any poly-
nomial P(L) € Con[A] the following formula holds:

P m o
2(P0) =33 PP ) (3.19)
k=1 j=1

where PY=V (1) denotes the (j — 1)th derivative of P(\) with respect to ).

Proof Let J be a matrix which has the form (1.1). Take into consideration the difference
equation (1.2)

Ap1Yn-1 + by + @nYui1 = Aoy, n€{0,1,...,N-1La1=cya1 =1, (3.20)
where {y,,}fl\[:_1 is desired solution and

1, 0<n<M,
Pn =
o, M<n<N-1.

Denote by {P,(1)}__; and {Q,(A)}\_, the solutions of (3.20) satisfying the initial condi-

n= n=

tions

P1(})=0,  Py(n) =1, (3.21)

QM) =-1, Qo(2) =0. (3.22)

For each n > 0, the degree of polynomial P,(}) is # and the degree of polynomial Q,(2) is
n — 1. It is clear that the entries R,,, () of the resolvent matrix R(A) = (J — AI)~! are of the

form

Ionpn()‘-)[Qm()L) +M@A)P,(N)], 0<n<m<N-1,

Rym(A) = onPr(M)[Qu(A) + M(AM)P,(M)], 0<m<n<N-1,

(3.23)
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where

Qv
MO == 6y

(3.24)

and p,, is defined in (1.4). Let f = (fi,f2,...,fv-1)] € CN be an arbitrary vector. Since

ROV = —f; ; o(%),

as|i| — oo, wegetforeachn € {0,1,..., N-1} and for a sufficiently large positive number r

1

N-1 1
fu= —0 Fr{;an(x)fm} d + /r o(ﬁ) dx,

where I, is the circle in the A-plane of radius r centered at the origin.

Let all the distinct zeros of Py(1) in (2.4) be Ay,..., A, with multiplicities n,...,m,,

(3.25)

respectively. Then

Pn(d) =c(h = 2q)"™ -+ (A = An)™,

(3.26)

where c is a constant. We have 1 <p <N and m; + - - - + m, = N. By (3.26), we can write
Qv

iy as the sum of partial fractions:

(3.27)

where f;; are some uniquely determined complex numbers which depend on the matrix J.

Inserting (3.23) in (3.25) and using (3.24), (3.27) we get, by the residue theorem and pass-
ing then to the limit r — oo,

P mi

"l }
fu= - — | 0, F(L)P, (1) , ne{0,1,...,N-1}, (3.28)
;;(]—1)! d/vl[ ] ety
where
N-1
FO) =) fuPu(h). (3.29)
m=0
Now define the functional €2 on Cyn[A] by the formula
P By i
_ i—1
Q(P()) = kX; 121 Gt 0 PO € Canlal (3.30)

Thus, (3.28) can be written as follows:

L Q(EGIP),

On

ne{0,1,...,N-1}. (3.31)
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Now by using (3.29) in (3.31) and the arbitrariness of {f,,}\\_1, we see that the first relation

in Theorem 1,

QPu(MPy(A)) =8y m,m€{0,1,..., M}, (3.32)

mn

Q(Pu(1)P,(1)) = 6a , mne{M+1,...,N-1}, (3.33)

holds. Moreover, from (3.26) and (3.30), we have also the second relation in Theorem 1,
Q(Pu(1)Py(1) =0, me({0,1,...,N}. (3.34)
These mean that the GSF of the matrix J has the form (3.19). a

Now, we shall work out two examples to illustrate our formulas. In the first example, in

order to determine y,,x and y,, we will use (3.8)-(3.10).

Example1 Take into consideration the case N = 3, M = 1, and the functional 2 described
by the formula

1
Q(P()) = 3 (P(0) + P(1) + P(2)).
It is clear that the functional defined above has the structure given in Theorem 2 and

satisfies the conditions of Theorem 2 in [8]. So it can be chosen as a GSF. From (3.7) we

calculate all ¢ as follows:

(3.35)
17 65
t3 =3, ty = —, ts =11, te = —.
3
Then solving the system of equation (3.8) by using the values in (3.35), we get
1
x10 = -1, X2,0 = 5> X21 =2,
3 (3.36)
x30 =0, X31=2, X32 =—3.
Now inserting the quantities in (3.35) and (3.36) into equation (3.10), we obtain
-1 - j:\/g _y S (3.37)
Yo=1, N = 2’ V2 = \/2—~ .

Now it follows from (3.2) and (3.3) that
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where (3.36) and (3.37) are used. Consequently, we find the four matrices /1 for Q as
follows:

2
b() ao 0 1 * 3 0
]i =1ap bl a | = :i:\/g 1 :t\/g
0 C1 dz 0 + /1 1
3a

The characteristic polynomials which are determined by the matrices /.. are obtained:
det(Ju —AD) = A(A —1)(A —2).

In the following example, by using Theorem 3 in [8], it can be shown that the necessary
and sufficient conditions for a given linear functional €2 to be the GSF hold and the matrix J
can be constructed from (3.14)-(3.18).

Example 2 Let us consider the functional Q2 defined by the formula for N =3 and M =1
Q(P(u)) = P(u) + 3P (i) + 4P" (),
where p is any number. From (3.7), we obtain

to=1,  t=Q(u)=p" +30u" + a1l -1, (3.38)

and from (3.38), we get numbers ¢; for [ =1, 6 as follows:

h=u+3, t2:p,2+6u+8,
ty = +9u? + 244, t =t +12u° + 4812, (3.39)

ts = u® +15u* + 803, to = u® +18u° + 120u*.

By using (3.39) and recalling (3.11), we find

D=1, Dy=ty=1, (3.40)
to ¢ 1 3
D=0 M- SR e (3:41)
h b nw+3 U +6u+8
1 Ww+3 ur+6u+8
Dy=| u+3 w>+6u+8 wd +9u% +24p | =512, (3.42)

w6 +8 wuP+9u+24u  pr+12u® +48u

and similarly, after some basic operations, we get D3 = 0. From the equality DI = A, we

determine
A= 0, AO =h=u+ 3, (343)
1 2y6p+8
A HEFORTE N o o4, (3.44)

B w+3 ud+9u?+24u
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1 W+3 w3 +9u? +24u
Ay=| p+3 ur+6pu+8  pt+12u +48u?| =-1536u. (3.45)

w6 +8 ud+9u?+24p  p®+15u* +80u
Now, it follows from (3.14), (3.15), and (3.16) that

16iv/2
Ja

ag = =i, a; = £16iv 20, ==
and from (3.17), (3.18) that
by = +3, by =pu+21, dy = — 24,

where (3.40)-(3.45) are used. Consequently, we find the four matrices /. for €2 as follows:

bo ag 0 M+ 3 +i 0
Je=lays b a|=]| =i n+21  £16i/2x | .
0 o d 0 HBZ 4

The characteristic polynomials which are determined by the matrices /1 are obtained:

det(Jy — A1) = (u — A)%.
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